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Rule Ensembles — Overview

Ensembles with base learners as simple rules (Cohen&Singer, 99)
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Rule Ensembles — Key Features

Highly interpretable hypothesis

Small set of rules i.e., low q

Simple rules e.g., short conjunctive propositions

Better generalization than conventional rule learners
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Rule Ensemble Learning — Formal Definition

Input:

Training Set: D=f(x1;y1);:::;(xm
;ym )g, xi2Rn and y i2f�1;1g

Basic propositions regarding input features (say, p in number)

Nominal e.g., xi = a and xi 6= a

Numeric e.g., xj � b and xj � b

Goal:

Construct conjunctive rules from basic propositions

Few in number
Short conjunctions

Compute corresponding weights (w; b)
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Rule Ensemble Learning — Challenging task

Extremely large, atleast O(2n), rule space!
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Rule Ensembles — Existing Methods

SLIPPER(Cohen&Singer, 99): AdaBoost + RIPPER — greedy

RuleFit(Friedman&Popescu, 08): ISLE + decision tree — greedy

ELCS(Gao et.al., 07): Genetic Alg. + post-pruning — sub-optimal

ENDER(Dembczynski et.al., 10): Minimization of empirical risk — greedy
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Proposed Methodology — Overview

Optimal search for rules over all conjunctions

Regularized loss minimization

Convex formulation

Discovers compact ruleset (small set with short rules)

Technical Contribution:

Efficient mirror-descent based active set method

Complexity: polynomial in active set size (� 2p)

Key Structure Exploited:

Sub-lattices with long rules are discouraged.
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A Primitive Formulation

Decision function1: sign
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v2V wvRv (x)� b
�

l1 regularize to force many wv to zero
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Hierarchical Kernel Learning (HKL)(Bach, 08)

Kernels arranged on DAG (lattice) are given
Optimal combination of kernels (Multiple Kernel Learning)
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HKL — Key Result

Active Set Algorithm:

Complexity: Polynomial in number of selected kernels

Condition: kernels are summable in linear time over a
sub-lattice

Our case:

Kernels indeed easily summable

Rv is nothing but product of few base proposition evaluations
Sum of exponential no. terms = Product of linear no. terms
E.g., 1 +R1 +R2 +R1R2 = (1 +R1)(1 +R2)
Our problem can be solved in reasonable time
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Proposed Formulation

Generalized HKL
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Active Set Method
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Active Set Method

Initialize active set with root node (W = f0g).
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Identify potential active set entries (i.e., sources(Wc))
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Active Set Method

Among them, optimality condition violators
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Append them to active set (W = f0; 1; 3; 4g).

(repeat until suff. cond. satisfied)
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Active Set Method

Append them to active set (W = f0; 1; 3; 4; 6; 7; 10g)
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Active Set Method

Final active set: W = f0; 1; 3; 4; 6; 7; 10g

(Complexity: Polynomial in active set size)
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Active Set Method

Final active set: W = f0; 1; 3; 4; 6; 7; 10g (Complexity: Polynomial in active set size)
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Active Set Method

Solution with HKL
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Active Set Method

Key difference from HKL: Node selected without its ancestor!
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Key Technical Result

Theorem

A highly specialized partial dual of generalized HKL is:

min
�2RjVj

g(�)

s.t. � � 0;
P

v2V �v = 1

where g(�) is the optimal objective value of the following convex
problem:

max�2Rm
Pm

i=1
�i�

1
2

�P
v2V

�v (�)(�>Kv�)
��
� 1
��

s.t. 0��i�C ;
Pm

i=1
�iy

i=0:

where �v (�) =
�P

u2A(v) d
�
u�

1��
u

� 1
1�� , �� = �

2(��1) and Kv is

matrix with entries: y iy j kv (x
i ;xj ).
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Solving small problem

Dual is min. of convex, Lipschitz conts., sub-differential
objective over a simplex.

Mirror-descent — highly scalable alg. for such problems.
Sub-gradient — solve lp-MKL (Vishwanathan et.al., 10).



Key Technical Result

Theorem

Suppose the active set W is such that W = A(W). Let the
reduced solution with this W be (wW ; bW) and the corresponding
dual variables be (�W ; �W). Then the reduced solution is a
solution to the full problem with a duality gap less than � if:

maxt2sources(Wc)

0
B@Pv2D(t)

0
B@ �>

W
Kv�W�P

u2A(v)\D(t)
du

�2
1
CA

��1
CA

1
��

�(
(wW ))2+2(���W )

where �W is a duality gap term associated with the computation of
the reduced solution.



Complexity: Polynomial in size of W?

Final

Sufficiency Condition:
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(wW ))2+2(���W )

�! 1 (��!1), suff. cond. tight

� = 2 (�� = 1), suff. cond. loose; computationally feasible

How much ground lost by replacing l1 with l1 ?

Not much: As kernels near bottom are extremely sparse!
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Performance Comparison

Dataset RuleFit SLI ENDER HKL HKL�=1:1

TIC-TAC-TOE 0:652� 0:068 0:747� 0:026 0:633� 0:011 0:889� 0:029 0:935� 0:043
(40, 2.51) (59, 2.35) (111, 2.46) (129, 1.85) (79, 1.77)

BLOOD TRANS. 0:549� 0:092 0:559� 0:100 0:489� 0:054 0:594� 0:009 0:593� 0:011
(18, 1.99) (6, 1.07) (58, 1.5) (242, 1.64) (7,1.40)

BALANCE 0:835� 0:034 0:856� 0:027 0:827� 0:013 0:893� 0:027 0:899� 0:023
(17, 2.18) (25, 1.88) (64, 1.99) (65, 1.65) (28,1.23)

HABERMAN 0:512� 0:072 0:565� 0:066 0:424� 0:000 0:594� 0:056 0:594� 0:056
(6, 1.68) (8, 1.14) (18, 1.87) (32, 1.27) (12,1.20)

CAR 0:913� 0:033 0:895� 0:024 0:755� 0:028 0.943� 0:024 0:935� 0:036
(34, 3.12) (141, 2.27) (80, 1.85) (87, 1.78) (50,1.68)

CMC 0:632� 0:013 0:601� 0:041 0:644� 0:026 0:656� 0:014 0:659� 0:008
(39, 2.41) (13, 2.13) (74, 2.65) (127, 1.96) (43,1.70)



Summary

Applied HKL to rule ensemble learning

Improved generalization
Bridged gap between kernel and rule learning communities

Generalized HKL

Generalizes well while learning compact ruleset
Sometimes 25% improvement in generalization
Applicable elsewhere

Efficient mirror-descent based active set method

Complexity: polynomial in active set size (� O(2n)
Searched rule space size � 250 in � 10 min.
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Rule Ensemble Learning using Hierarchical Kernels
framework for Structured Output Spaces.



REL-HKL on structured output spaces

Output is a structure.

SVM maximizes the margin of true output with all possible outputs in output
space.

HMM is a structured output problem (which we explore in this work).



SVM for structured output spaces

Notations

X : input sequence space, Y: output sequence space.

Xi 2 X : an instance of input sequence.

Yi 2 Y: an instance of output sequence2.

x
p

i
: joint state of feature values at pth position of the i th example.

y
p

i
: output at pth position of the i th example.

ψ: feature vector.

f : feature weights vector.

2Subscript i is used to denote i th example sequence and should not be confused
with the i th element of a vector.



SVM for structured output spaces 4

Generalize multiclass support vector machine learning.

Features constructed from input and output variables.

In case of HMM, features constructed from emission and transition distribution.

Define discriminant function F : X � Y ! R, such that, F (X ;Y ; f) = hf ;ψ(X ;Y )i
3

and prediction is given by

Ŷ = F(X ; f) = argmax
Y2Y

F (X ;Y ; f)

Loss function for HMM

Predicted sequences that deviate more from the actual should be penalized
more.

Loss function, � : Y � Y ! R. �(Y ; Ŷ ) is the loss value when the true output
is Y and the prediction is Ŷ .

3
F (X ;Y ; f) represents a score which is a scalar value based on the features ψ

involving input sequence X and output sequence Y values and parameterised by a
parameter vector f .

4[Tsochantaridis et. al.,2004,2006]



SVM for structured output spaces

SVM formulation for structured output spaces (HMM)

SVM0:

min
f ;ξ

1

2
k f k2 +

C

m

mX
i=1

�i ; s:t : 8i : �i � 0

8i ; 8 Y 2 Y nYi : hf ;ψ
�
i (Y )i � 1�

�i

�(Yi ;Y )
:

C is the regularization parameter.

� s are the slack variables introduced to allow errors in the training set in a soft
margin SVM.

hf ;ψ�
i (Y )i = hf ;ψ(Xi ;Yi )i � hf ;ψ(Xi ;Y )i.

When the sequence length is large, the number of constraints in SVM0 can be

extremely large. A cutting plane method can be used to find a polynomially sized

subset of constraints that ensures a solution very near to the optimum [Tsochantarids

et. al.].



SVM for structured output spaces: Remarks

To learn optimum structure and parameters of HMM (structSVM)

1 Modify StructSVM to include features that can be ordered in the form of a
lattice.

2 Include the �-norm regularizer (as ‘in RELHKL) for emission features and
2-norm for transition features.

3 Derive a dual for the new formulation that can be computed efficiently.

4 Derive a sufficiency condition to stop the active set algorithm.



REL-HKL on structured output spaces for learning
optimum HMM model

Notations

ψ: feature vector containing emission and transition features.

ψE : part of ψ corresponding to emission features.

ψT : part of ψ corresponding to transition features.5

f : feature weights vector.

fE: feature weights vector corresponding to emission.

fT: feature weights vector corresponding to transition.

V: indices of the elements of ψ.

VE: indices corresponding to emission elements.

VT: indices corresponding to transition elements.

5For convenience we assume ψE and ψT as two vectors of dimension same as ψ,
but with non zero elements to features only on their context.



REL-HKL on structured output spaces for learning
optimum HMM model

Regularizer used in RELHKL is for the features obeying lattice structure.
Also that We are not interested in learning sparse transition features.
Therefore, We separate the regularizer into two, viz, emission and transition.

SVM formulation after separating the regularizer.

SVM1:

min
f ;ξ

1

2

E (fE)

2 +
1

2

T (fT)2 +

C

m

mX
i=1

�i ;

8i ;8Y 2 Y nYi : hf ;ψ
�
i (Y )i � 1�

�i

�(Yi ;Y )

8i : �i � 0


E (fE) =
P

v2VE

dv k fED(v) k�; � 2 (1; 2]


T (fT) =
�P

i

f 2
Ti

� 1
2

hf ;ψ�
i (Y )i = hf ;ψ(Xi ;Yi )i � hf ;ψ(Xi ;Y )i



REL-HKL on structured output spaces for learning
optimum HMM model

At optimality, most of the emission feature weights are expected to be zero
[Ganesh et. al.,2011].

Therefore an active set algorithm can be employed to solve efficiently.

In each iteration, a subset of featues (W) is considered to be active.



REL-HKL on structured output spaces for learning
optimum HMM model

SVM formulation considering only the featues in W (reduced problem),

SVM2

min
f ;ξ

1

2

 X
v2W

dv k fED(v)
T
W
k�

!2

+
1

2
k fT k

2
2 +

C

m

mX
i=1

�i ;

8i ;8Y 2 Y nYi :

�

 X
v2W

hfEv ;  
�
Evi (Y )i+

X
v2VT

hfTv ;  
�
Tvi (Y )i+

�i

�(Yi ;Y )
� 1

!
� 0

8i : ��i � 0



REL-HKL on structured output spaces for learning
optimum HMM model

Applying variational characterization6 on 
E (fE)2

Partial dual (wrt. f ; ξ) of SVM1

min

2�jVEj;1

min
�v2�jD(v)j;�̂8v2VE

max
�2S(Y;C)

G(
; �; �)

where

G(
; �; �) =
X

i;Y 6=Yi

�iY �
1

2
α>

 X
w2VE

�w (
; �)κEw

!
α�

1

2
α>κTα

, S(Y;C ) = fα 2 Rm j �i;Y � 0; n
P

Y 6=Yi

�iY

�(Y ;Yi )
� C ; 8i ;Y g,

�d;r =

�
� 2 Rd j� � 0;

dP
i=1

�r
i
= 1

�
, �w (
; �)�1 =

P
v2A(w)

d2v

v�wv

and �̂ = �
2��

.

6Micchelli&Pontil,2005,Bach,2009,Jawanpuria et.al.,2011



REL-HKL on structured output spaces for learning
optimum HMM model

Sufficiency condition for the reduced solution to have a duality gap less than �

max
u2sources(Wc)

X
i;Y 6=Yi

X
j ;Y 0 6=Yj

α>WiY

liX
p=1

ljX
q=1

2

�Y
k2u

 Ek (x
p

i
) Ek (x

q

j
)

b2

�
�Y

k 62u

�
1 +

 Ek (x
p

i
) Ek (x

q

j
)

(1 + b)2

��
αWjY 0 � 
E (fEW )2 +
T (fTW )2 + 2(�� eW )

where eW = 
E (fEW )2 +
T (fTW )2 + C
m

P
i

�i +
1
2
α>WκTαW �

P
i;Y 6=Yi

�WiY .



REL-HKL on structured output spaces for learning
optimum HMM model

Final dual

min
�2�jVj;1

g(�) (1)

where g(�) is defined as,

max
�2S(Y;C)

X
i;Y 6=Yi

�iY �
1

2
α>κTα�

1

2

�X
w2V

�w (�)(α
>κEwα)

�̂

� 1
�̂

(2)

and �w (�) =
� P
v2A(w)

d
�
v �

1��
v

� 1
1�� .

Equation (1) is solved using mirror descent algorithm.
For a given �, equation (2) is solved using a cutting plane algorithm.

For mirror descent algorithm, the i th subgradient is computed using,

(5g(�))i = �
d
�
i
�
��
i

2�̂

�X
w2VE

�w (�)(�α
>κEw �α)�̂

� 1
�̂
�1� X

w2D(i)

�w (�)
�(�α>κEw �α)�̂

�



REL-HKL on structured output spaces for learning
optimum HMM model

Active set algorithm

Input: Training data D, Oracle for computing kernels, Maximum tolerance �
1. Initialize W = Top nodes in the lattice as the active set
2. Compute �; � by solving (1) using mirror descent
3. while sufficiency condiiton is not satisfied, do
4. Add sufficiency condition violating nodes to active set W
5. Recompute �; � by solving (1)
6. end while
7. Output: active-set W ; �; �

Step 2 and 5 are solved as

For a fixed �, an optimum � is computed by solving (2) using cutting plane
algorithm.

Update � using the gradient computed using the obtained �.

Repeat above two steps until convergence.



Cutting plane algorithm

Input: kernels, C, �margin (allowed violation of margin)
1. Si  � 8i = 1; :::;m
2. repeat
3. fori = 1; :::;m do
4. 8Y : H (Y ) is computed using (3).
5. compute Ŷ = argmax

Y

H (Y ).

6. compute �i = maxf0;max
Y2Si

H (Y )g.

7. if H (Ŷ ) > �i + �margin , then

8. Si  Si
S
fŶ g.

9. compute α using S =
S

i
Si in (2).

10. end if
11. end for
12.until no Si has changed during the iteration.

where cost for boundary violation,

H (Y ) �

h
1� hf ;ψ�

i (Y )i

i
�(Yi ;Y ) (3)



RELHKL on Structured Output Spaces Results

Dataset
7 Std HMM Greedy feature induction RELHKL on StructSVM 8

Timeslice class Timeslice class Timeslice class9

Raw 25.4 21.75 26.88 21.33 63.96 32.01

Change 23.64 25.99 44.39 31.42 56.74 33.85

Last 51.83 38.56 49.74 27.76 92.57 53.91

Change + Last 37.86 30.12 37.29 27.67 94.47 55.82

7
Activity recognition dataset, Kasteren et. al.

8
Greedy feature induction and RELHKL on StructSVM consider positive conjunctions

9
Timeslice accuracy is percentage of time the prediction is correct. Class accuracy is the average percentage

of time a class is predicted correctly



Hierarchical Kernel learning For Propositional Features



Applications of Hierarchical Kernel learning For
Propositional Features

Learning rule ensembles

Conjunctive propositional features X [6]

Disjunctive propositional features



Disjunctive propositional features

Since HKL follows a top-down approach ! descendant norm
is more suitable

Top node in lattice is the most general, i.e. disjunction of all

basic features
N_
n=1

�n

descendant of node is a more specialized node; got by
removing one of the features of its parent.

Only sufficiency condition changes; everything else remains
same.



Disjunctive propositional features

feature map �(x ) as (1� �(x )) (�(x ) is boolean complement
of �(x )).

a disjunctive feature corresponding to
N_
n=1

�n(xi ) = (1� �N
n=1�n(xi ))

kernel corresponding to the disjunctive feature is
(1� �N

n=1�n(xi ))(1� �N
n=1�n(xj ))



Hierarchical Kernel learning For Disjunctive Features

sum of exponential kernels of the entire lattice:P
v2V

Kv (xi ; xj ) =

1+2N+�N
n=1(1+�n(xi )�n(xj ))��n

(1+�n(xi ))��n
(1+�n(xj ))



Hierarchical Kernel learning For Disjunctive Features

sufficiency condition:
max

t2sources(W C )

P
i ;j
�WiQ(t)ij�Wj � 
s(f )

2 + �

where Q(t)ij =
1

(1+b)2jtj
((1 + (1+b

b
)2)jt j � �

k2t
(1 + �k (xi )

( b
b+1

)2
)� �

k2t
(1 +

�k (xj )

( b
b+1

)2
)

+ �
k2t

(1 + �k (xi )
b

1+b

�k (xj )
b

1+b

))



Hierarchical Kernel learning For Learning Taxonomies

Inherent hierarchical structure exploited

Vocabulary consisiting of important sense tagged words

Every sense of every word becomes a basic feature of HKL

Syntagmatic Information (context-co-occurrence): conjunctive
lattice

Paradigmatic Information (synonymous words): disjunctive
lattice



Conclusion

Hierarchical Kernel Learning: Large features are discarded.

Rule Ensemble Learning using Hierarchical Kernels: Large
features are discarded and sparcity among small features
selected.

REL-HKL framework in structured output spaces

Hierarchical Kernel Learning for disjunctive features.
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