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— p is a downward refinement operator if VC' € S : p(C) C {D|D €
S and C'= D}

— J is an upward refinement operator it vC' € S : 6(C') C{D|D € S and D =
'y



([ V=W where V., W occur in C

V= f(X1, Xo, .. .,an) where V' occurs in C'
and f/ny € £ and
the X; are distinct

(X1, Xo, ..., Xny) where g/ng € L
and the X; occur in C
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Some desirable properties of p (and dually J) are that they be:

1. Locally Finite: VC' € C: p(C) is finite and computable. Otherwise p will

be of limited use in practice.
P Espk DZE \f ol
2. Complete: VC' = D: JE € p*(C) s.t. E“<D. That is, every spe- 1 -PS
cialization should be reachable by a finite number of applications of the Ym )
operator. (all 2
3. Proper: VC € C : p(C) C{D|D € S and C' = D}. That is, it is better (DE AL

only to compute proper generalizations of a clause, for otherwise repeated

application of the operator might get stuck in a sequence of equivalent
clauses (such as the application of inverse reduction in Section 2.3), with-
out ever achieving any real specialization.
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Definition 7 Let A be the set of atoms in a language. The downward refine-
: J)
ment operator pa for A is defined as follows:

1. For every variable z in an atom A and every n-ary function symbol f in
the language, let xy, ..., x, be distinct variables not appearing in A. Let

pu(A) contain A{z/f(xy, ... x,)}.

2. For every variable z in A and every constant a in the language let pa(A)
contain A{z/a}.

3. For every two distinct variables x and =z in A, let po(A) contain A{z/x}.

' ( /?("-"j,/(-(ﬂ”')l;)> ,g“ exie \‘\"‘_-g
is' O, P 11\311) ??(J&.,’Lb,ja'&) Lo j

p (1, «f(i.,’x.)’,z)

@f\’cuc[ s sk 0 win D“Qj fas (ooskant
)Yulw’t) b (Aamk "'J: t a8
; Pthj@ %p(t,z,z) > "‘!1“:5 o v predesds

P(1,9) =1
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Definition 8 Let A be the set of atoms in a language. The upward refinement
operator d 4 for A is defined as follows:

1. For every t = f(x1,...,xy) in A, for which xy,..., 2, are distinct vari-
ables and each_ eccurrence of some x; in A is within an occurrence of t,
e == .'o-‘ b.._ﬁ" --:—-d G— i
d4(A) contains an atom obtained by replacing all occurrences of t in A by
some new variable z not in A.

2. For every constant a in A and every non-empty subset of the set of oc-
currences of a in A, 64(A) contains an atom obtained by replacing those
occurrences of a in A by some new variable z not in A.

3. For every variable x in A and every non-empty proper subset of the set
of occurrences of x in A, 64(A) contains an atom obtained by replacing

those occurrences of x in A by some new variable = not in A. Note that in
this last item, we cannot replace all occurrences of @ by a new variable z,
for then we would get a variant of A. For instance, P(z,a, z) is a variant

of A= P(x,a,x). \
» _’—-J-'- M—-.\ , , . - = ?’\\
Z , W
I 1577 Y.) I C 1.
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e (
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Definition 9 Let C be a clausal language. The locally finite and complete
downward refinement operator pe for < C, == is defined as follows:

= \"\G\mr\“\ﬂk'

M }ubSl:

(a) Apply a substitution to a clause C' in one of the following ways:

i. For every variable z in a clause C' and every n-ary function sym-
bol f in the language, let x1....,x, be distinct variables not ap-
pearing in C. Let pe(C) contain C{z/f(x1,....xn)}.

) /8
it. For every variable = in C' and every constant a in the language, N.{/ vmvc‘ c Cv\lﬁ

let pe(C) contain C'{z/a}. b Il ‘.{‘ (v)
iti. For every two distinct variables x and z in C, let pc(C') contain (1) C‘ {Q [i'} D /
CHz/x}. b P(ﬂYB
(b) Add a literal to a clause C: For every n-ary predicate symbol P in
the language, let x1, ..., x, be distinct variables not appearing in C.

Then pp contains both ON{ P (x1, ..., x,)} and CON\{=P(xy, ..., 2,)}.
Note that the literals P(xq, ..., xn) and =P (21, ..., x,,) that are added
to C' by the fourth item in the definition are most general with respect ?{_b)}
o€ i S om oy V00
R))o—~—- )
(') ll =T Ao n()k appta? wn C 8. P(x) 7



Definition 10 Let C be a clausal language. The locally finite and com-
plete upward refinement operator 8, for < C,=> is defined as follows:

(a) Apply one of the following inverse substitution operations:

.

For every t = f(x1,...,2,) in C, for which all x; are distinct
variables and each occurrence of x; in a clause C' is within an
occurrence of t, 6, (C) contains the clause obtained by replacing
all occurrences of t in C' by some new variable z not previously
in C'.

For every constant a in C' and every non-empty subset of the set
of occurrences of a in C' = dup(C, a), if D is the ordered clause
obtained by replacing those occurrences of a in C' by the new
variable z, then 0,,(C') contains D, where D is the set of literals
in the ordered clause D.

dup(C.t) is defined as follows. If C' = {L1,...,Lyn} is a clause
and t a term occurring in C' and suppose t occurs k; times in
Ly, ky times in Ly, etc. Then dup(C.t) = C is an ordered clause
consisting of 2 copies of L1, 2¥2 copies of Lo, ... and 2% copies
of L,,. Note that if some L € C' does not contain the term t, then
C contains L 2° = 1 times, as it should.

For every variable x in C' and every non-empty proper subset of
the set of occurrences of x in C' = dup(C.z), if D is the ordered
clause obtained by replacing those occurrences of x in C' by the
new variable =z, then 0, (C') contains D.

(b) Remove a literal from the body of a clause: If ' = DU {L}
and L is a most general literal with respect to D, then 0, (C') contains

D.

Com?lcf’e. £
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Training cramples Background Enowledge

parent(ann, mary). | female(ann).
parent(ann, tom). | female(mary).
parent(tom, eve). Jemale(eve).
parent(tom, ian).

daughter(mary, ann).

daughter(eve, tom).

O D D

daughter(tom,ann).

—— e —

r'I‘\
g

daughter(eve, ann).

'.
Current clause ¢ :* daughter(X,Y) <3
L - - P -

./

& (mary,ann)
(eve, f.._o-r;.)
(tom, ann) Ly = female(X)

(eve, ann) Gain(L;) = 084  nf?¥ =2

O D @

r"|"\
v

Current clause ¢y : daughter(X,Y) + female(X)

E (mary,ann) &
(eve, tom) @
(eve, ann) o

L2 e p(}_']"(t’-'ﬂ.f_.(}’-. 4\—)
Gain(Ly) =116  nd¥ =2

Current clause ¢z : daughter(X,Y) < female(X), parent(Y, X)

E;; (TH.U.T"U._ U.'H_.'H-) - HI; = 9 I((_'_;;) — ().00
((‘_’."e’_a‘(:’.__ fr_.()'TH.) - -n_.g'i': — ()
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Current clause ¢1 @ daughter(X,Y) +

Er (mary,ann) n
(eve,tom) I
(torn, ann) 6 L, =parent(Y, Z) j p¥N 5%.{3 co ntnacs
(eve,ann) & n o

Current clause ¢, = daughter(X,Y) + parent (Y, Z)

ny =4 Eiw - zi < L

Ey  (mary, ann, mary)
(mary, ann, torn)
(eve, tom, eve)
(eve, tom, ian)
(tom., ann., mary)
(tom, ann.tom)

(eve, ann, mary)

(eve, ann, tom)
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% Training examples Background knowledge

grandmother(ann, bob). Jfather(zak, tom). | father(pat,ann). | father(zak, jim).

grandmother(ann, sue). mother(ann, tom). | mother(liz,ann). | mother(ann, jim).
Jather(tom, sue). | father(tom, bob). | father(jim,dave).

mother(jean, dave).

grandmother(bob, sue).

ORONCRC

grandmother(tom, bob).

o —

mother(eve, sue). | mother(eve, bob).

grandmother(X.Y) <« _father ('2' Y).mother(X, Z).
YY)« mother(U,Y), mother(X,U).

grandmother(X

bath C,ULW
L i
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om clauses

B

E

1

anim(X)« pet(X).
pet(X)«+ dog(X).

nice(X)+ dog(X).

nice(X) «+ dog(X), pet(X),

anim(X).

hasbeak(X)« bird(X). | hasbeak(tweety).
bird(X)¢ vulture(X).

hasbeak(tweety); bird(tweety);
vulture(tweety).

white(swanl).

< black(swanl).

+ black(swanl), white(swanl).

sentence([,[]).

sentence([a,a,al,[]).

sentence([a,a,al,[])
sentence([],[]).

O Bag = {[omm{x)pertx)  (petox) «dv) ()

{0} freecs))
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Example 28 Applying p in list reversal. Suppose M consists of the following

mode delarations.
modeh(* reverse(+list,-list))
modeb(*,+any= #any)
modeb(*,append(+list,[+int],-list))

The types and other background knowledge are defined as follows.

list([]) « ’
list([H|T)) + list(T) d
Term = Term !
reverse([], []) '

Let iz_:-30 undi:i and let the ezample be as below.
dof Atk
TeSddin
! eps st
LALAR ,""‘

e= reverse([l], [1]) A

any( Term) + .

modeb(*,+list=/[-int|-list]
modeb(*, reverse(+list,-list))

append([], X, X) + RS
append([H|T'|, L1, [H|L2]) + append(T, L1, L2)

Gratl Frem”

C :(D) i’ll>

ah.h unnilbﬂ’hd‘

J10

N

| cu' blr kf

\' reverse(D, E) < | {D/A,EJA} | 1

K E}eveme(D, D)+ | {D/A} é Ve kn
. AN T‘l it
C! 9’ kf
reverse( D, E) < D = [F|G], reverse(G,G) | 0 o
reverse(D, E) < D = [F|G), reverse(G, H) | 0U{H/C'} | 6
reverse(D, E) < D = [F|(] 0 7

Figure 3: Two applications of p.
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Definition 11 Let C be a clausal language, containing only a finite number of
constants, function symbols, and predicate symbols. Let S be the set of finite
subsets of C. The downward refinement operator pr for < S,|=> is defined as
follows: TR o

1. (EU{R| R is a resolvent of C1,Cy € X}) € pr(X).
2. IfS={Cy,...,C,}, then (ZU pr(Cy)) € pr(X), for each 1 <i < n. Z AsSume aal.l- o ve

o N =

3. If E={Cy,...,Cn}, then (E\{Cs}) € pr(X), for each 1 <i <n. O "(C{' or 5’_ oy
. L

3 dqpes 6f elements of clanses .
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INPUT: Horn clauses ¢y = Ly vV C; and R, where €6, C R for some 6. R otes © % 0 1 ned naot ¢
OUTPUT: A Horn clause Cy, such that R is an instance of a resolvent of T g [V}
Cy and Cs. rist | JCE
| Choose a substitution #; such that 01191 C R.‘a t C A L‘ LL— v
tngQS.e.ail Lo and C, such that L6y = =Ly and C,6: = R — C,6,, for | . \ ,'
S011e 92. -°T , - O ™ ® L ememees g
return Cs = LoV Cs. e | / 1
’
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daughter(X.,Y) « female(X),
parent(Y, X'}

b = female(mary)

& = {X/mary}

c1 = daughter(mary,Y) +
parent{ ¥ mary)

by = parent{ann, mary)

flz = {Y/ann}

ca = daughter(mary,ann}
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¢ = doughter(X,Y) & female(X),
parent(Y, X)

by = female{mary)

67" = {mary/X}

e1 = danghter(mary,Y) ¢
parent(Y, mary)

b= preni{ann, mary}

87! = {ann/Y}

ot~ 1h mosY
(n slpa.u{—u)

ey = daughter{mary,anmn)
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Skelch of the 14ea

1. Given 7 and Ry, we first try to find a C-'; such that C-'éff:'g C Ry and

C-'é()’]_ C R, for some 05 and o1. Let D = C-';QQ and Dy = C-'éal. Clearly,

many different C-';’s can give the same Dy and Dj;. These C-;’s can be

considered as generalizations of {Di. Dy}. We would like to begin with a ! - Q ub (D, ,D D
minimal 5. This motivates the use of the notion of a ‘least.generaliza- =9 5© CQ‘

tion’ of clauses discussed in Section 2.1.1. If we have found a nunimal s, C R

the other possible C-'é’s can be found by taking small generalization steps, g Qa‘“t ﬁ |- \
starting from the minimal (. This motivates the use of ‘covers’ (mini- b1 2

mal generalizations or specializations of that clause) and COII;E’:CIl-leIlt]}' the rD‘L E'— 1
Eefm.eniegs operator E)f .the clause.

If such a C-'é cannot be found - which means, intuitively, that R and R2
have ‘nothing in common’ - we should let C; be empty.

, yoN
2. If we have chosen an appropriate C5, we can complete C's by choosing also PYL&‘\UL*JC myen
Ly. In principle, any L, will do.

3. Once we have decided which clause to take as (5, then a '} and C3 can A + oY --
be found independently. C| can be constructed by the V-operator from RQUS'C- \/ OPC-"
C'5 and Iy, and C'3 can be constructed by the V-operator from C5 and
Rs.



