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— p is a downward refinement operator if VC' € S : p(C) C {D|D €
S and C'= D}

— J is an upward refinement operator it vC' € S : 6(C') C{D|D € S and D =
'y



([ V=W where V., W occur in C

V= f(X1, Xo, .. .,an) where V' occurs in C'
and f/ny € £ and
the X; are distinct

(X1, Xo, ..., Xny) where g/ng € L
and the X; occur in C
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Some desirable properties of p (and dually J) are that they be:

1. Locally Finite: VC' € C: p(C) is finite and computable. Otherwise p will

be of limited use in practice.
P Espk DZE \f ol
2. Complete: VC' = D: JE € p*(C) s.t. E"<D. That is, every spe- 1 -PS
cialization should be reachable by a finite number of applications of the be )
operator. (all 2
3. Proper: VC € C : p(C) C{D|D € S and C' = D}. That is, it is better DE AL

only to compute proper generalizations of a clause, for otherwise repeated

application of the operator might get stuck in a sequence of equivalent
clauses (such as the application of inverse reduction in Section 2.3), with-
out ever achieving any real specialization.
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Definition 7 Let A be the set of atoms in a language. The downward refine-
: J)
ment operator pa for A is defined as follows:

1. For every variable z in an atom A and every n-ary function symbol f in
the language, let xy, ..., x, be distinct variables not appearing in A. Let

pu(A) contain A{z/f(xy, ... x,)}.

2. For every variable z in A and every constant a in the language let pa(A)
contain A{z/a}.

3. For every two distinct variables x and =z in A, let po(A) contain A{z/x}.

' ( /?(lt'jl/(-(’l”urj> ’S“ exie “\"_-g
i.ré' O, P 1n\é|1) ??(J(ﬁ.,’tb,ja@ Lo j

p (1, «f(t,,x.)’,z)

+ (onskant
@g\qu Mse ﬁk @ witin D*Qj &'\n y (onSYan

)Y(l,'ﬂnz') } (4‘“‘ L bt as
B) pri9,2) \}pu,z,z) L d‘;“;aw predrh

P(1,9) =1
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Definition 8 Let A be the set of atoms in a language. The upward refinement
operator d 4 for A is defined as follows:

1. For every t = f(x1,...,xy) in A, for which xy,..., 2, are distinct vari-
ables and each accyrrence, of some x; in A is, ‘thin an occurrence of t,
da(A) contains an atom obtamed by 'r'epfacmg aToccurr‘ences of t in A by
some new variable z not in A.

2. For every constant a in A and every non-empty subset of the set of oc-
currences of a in A, 64(A) contains an atom obtained by replacing those
occurrences of a in A by some new variable z not in A.

3. For every variable x in A and every non-empty proper subset of the set
of occurrences of x in A, 64(A) contains an atom obtained by replacing

those occurrences of x in A by some new variable = not in A. Note that in
this last item, we cannot replace all occurrences of @ by a new variable z,
for then we would get a variant of A. For instance, P(z,a, z) is a variant

of A= P(x,a,x).
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Definition 9 Let C be a clausal language. The locally finite and complete
downward refinement operator pe for < C, == is defined as follows:

= \"\G\mr\“\ﬂh'

M ..wbSl:

(a) Apply a substitution to a clause C' in one of the following ways:

i. For every variable z in a clause C' and every n-ary function sym-
bol f in the language, let x1....,x, be distinct variables not ap-
pearing in C. Let pe(C) contain C{z/f(x1,....xn)}.

' /8
it. For every variable = in C' and every constant a in the language, N.{/ VNVCt ° CW.L

let pe(C) contain C'{z/a}. b Il ‘.{‘ (v)
iti. For every two distinct variables x and z in C, let pc(C') contain (1) C‘ {Q [*} D /
CHz/x}. b P(ﬂYB
(b) Add a literal to a clause C: For every n-ary predicate symbol P in
the language, let x1, ..., x, be distinct variables not appearing in C.

Then pp contains both ON{P(x1, ..., x,)} and (N\{=P(xy, ... ,2,)}.

Note that the literals P(xq, ..., xn) and =P (21, ..., x,,) that are added

to C' by the Mﬁh item in the definition are most general with respect '\ i : .) ?(b)}
to C'. - . o I
el SE P Ao nok apprey W C B. {Pm 7 ’



Definition 10 Let C be a clausal language. The locally finite and com-
plete upward refinement operator 8, for < C,=> is defined as follows:

(a) Apply one of the following inverse substitution operations:

.

For every t = f(x1,...,2,) in C, for which all x; are distinct
variables and each occurrence of x; in a clause C' is within an
occurrence of t, 6, (C) contains the clause obtained by replacing
all occurrences of t in C' by some new variable z not previously
in C'.

For every constant a in C' and every non-empty subset of the set
of occurrences of a in C' = dup(C, a), if D is the ordered clause
obtained by replacing those occurrences of a in C' by the new
variable z, then 0,,(C') contains D, where D is the set of literals
in the ordered clause D.

dup(C.t) is defined as follows. If C' = {L1,...,Lyn} is a clause
and t a term occurring in C' and suppose t occurs k; times in
Ly, ky times in Ly, etc. Then dup(C.t) = C is an ordered clause
consisting of 2 copies of L1, 2¥2 copies of Lo, ... and 2% copies
of L,,. Note that if some L € C' does not contain the term t, then
C contains L 2° = 1 times, as it should.

For every variable x in C' and every non-empty proper subset of
the set of occurrences of x in C' = dup(C.z), if D is the ordered
clause obtained by replacing those occurrences of x in C' by the
new variable =z, then 0, (C') contains D.

(b) Remove a literal from the body of a clause: If ' = DU {L}
and L is a most general literal with respect to D, then 0, (C') contains

D.
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Training cramples Background Enowledge

daughter(mary, ann). parent(ann, mary). | female(ann).

daughter(eve, tom). parent(ann, tom). | female(mary).

O D D

daughter(tom,ann).

—— e —

(
parent(tom, eve). Jemale(eve).
parent(tom, ian).

r'I‘\
g

daughter(eve, ann).

> o oo
-- L

' -
Current clause ¢ :* daughter(X,Y) <=3

& (mary, u.-n.;n..) @ = e =% Ilep) =100
((-.f!.!(:’., f..g)-r,;.) s — 9
(tom,ann) & L, = female(X)
(eve,ann) & Gain(L,) = 0.84 e =

Current clause ¢y : daughter(X,Y) < female(X)

&, (mary, ann) n® =2 I(c) =0.58
(eve, tom)
(eve, ann)

O D D

L2 — p(};]"(—_’.']’.?_.f.(}y__ 4\—) »
Gunils )= 1.16 @nI*=2

Current clause ¢z @ daughter(X,Y) < female(X), parent(Y, X)

E;; (TH-U.T"U._ U.T?.-T?.-) & n'; = 9 I((_t;;) = (.00
((t’.'!.!(-.’.._ f..o-m.) [an! n.:;: — ()
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(eve,ann) & n o

Current clause ¢, = daughter(X,Y) + parent (Y, Z)
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Ey  (mary, ann, mary)
(mary, ann, torn)
(eve, tom, eve)
(eve, tom, ian)
(tom., ann., mary)
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(eve, ann, mary)

(eve, ann, tom)
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% Training examples Background knowledge

grandmother(ann, bob). Jfather(zak, tom). | father(pat,ann). | father(zak, jim).

grandmother(ann, sue). mother(ann, tom). | mother(liz,ann). | mother(ann, jim).
Jather(tom, sue). | father(tom, bob). | father(jim,dave).

mother(jean, dave).

grandmother(bob, sue).

ORONCRC

grandmother(tom, bob).

o —

mother(eve, sue). | mother(eve, bob).

grandmother(X.Y) <« _father( 'ZN, Y).mother(X, Z).
Y)Y « mother(U,Y), mother(X,U).

grandmother(X

bath daW
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