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Theorem 4 Let < S, <> be a complete lattice and let f : S — S be a monotonic
function. Then the set of fized points of [ in L is also a complete lattice < P, <>
(which obviously means that f has a greatest as well as a least fizpoint).
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Proof Sketch:* Let D = {z|z < f(x)}. From the very definition of D, it
follows that every fixpoint is in D). Consider some x € D). Then because f is
monotone we have f(z) = f(f(x)). Thus,

YzeD, f(z)eD (1.1)

Let u = lub(D) (which should exist according to our assumption that <
S, => is a complete lattice. Then z = w and f(x) = f(u), so z < f(z) = f(u).
Therefore f(u) is an upper bound of D. However, u is the least upper bound,
hence u < f(u), which in turn implies that, v € D. From (1.1), it follows that
f(u) € D. From u = lub(D), f(u) € D and u < f(u), it follows that f(u) = u.
Because every fixpoint is in D we have that w is the greatest fixpoint of f.
Similarly, it can be proved that if E = {z|f(z) < z}, then v = glb(E) is a fixed
point and therefore the smallest fixpoint of f. O

Kleene’s First Recursion Theorem tells us how to find the element s € S that
is the least fixpoint, by incrementally constructing lubs starting from applying
a continuous function to the least element of the lattice (L.
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