e Consider the objective
min f(x)

st. gi(x) <0,Vi
@ Indicator function for gj(x)

C(: 51]2;(1)503 fg,.(x) _ {0, if gi(x) <0

oo, otherwise

» We have shown that this is convex

@ We will use subgradient descent to solve this optimization
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Option 1: Sum of indicators

e Convert our objective to the following unconstrained
optimization problem

@ Let ;= {X| g;(X) < 0}
o We take

min F(x) = min fix) + Z Ie.(x)

X

e Consider the subgradient of F.

>
o \Qj gr(x) = gr(x) + Z 8ic, (%)

£)
DG

% Recall that g (x)isdeR"st. d'x>d'y, Wye G

® gi. (x) = 0if xis in the interior of C;, and has other solutions if

x is on the boundary
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Option 1: More General

@ Consider the following sum of a differentiable function f{x) and a
nondifferentiable function c(x)
o We take

min F(x) = min f(x) + ¢(x)

e Like gradient descent, consider the first order approximation for
f(x) a@und x* leaving c(x) alone:

o Njg f min fx) + VTR (x— )+ gl be— X7 +

0\\‘l ° Addmgkwé@‘)hzfo the objective (w Ewthout any loss) to complete
squares 4 “’Yfmj Je¥) e e cbjechve

: 1
X = argmin —||x— (X — tVAX)[* + c(x)
2 e T deek A oo ¢
@ In general, such a step is called a proximal step

X+ = prox, (|1 — (V)| +e()
EEEEEE— November 2, 2016 & / 34



Option 1: Generalized Gradient Descent

@ Interesting because in many settings, prox(x) can be computed
efficiently

1
prox:(z) = argmin —||x — z||* + ()
x 2t

o lllustration on Lasso! M;) —\ijf\;ﬁ;\j “% *7\\‘/]32“1,

° gc\c"\ &
] (RO C) LS

oo LG aay) F A
e & e 2119, ~oxgrn {2252V,

"How did we come up with the iterative algo for Lasso on page 8 of
http://www.cse.iitb.ac.in/~cs709/notes/enotes/lecture23a:pdf?
I = MNovember 2, 2015 6 / 34




|||ustration on Lasso? \H;

O'rg W\”) 'I A L% >‘)C “
.8

T

o MJ ()

A \‘F %{(D
= [,\,\ rg, ;>0

96[-\,\3 ‘(‘g %<0
o2 )= %"Zﬁk
i otz F Zon
ez fo . g auz‘fmt 75@
\

B2 A k Zi<- 2t
2Justn‘lcatmn of the iterative algo for Lasso on page 8 of
http://www.cse.iitb.ac.in/~cs709/notes/enotes/lecture23a:pdf
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lllustration on Lasso®

Veva “ Qo

w&_l_’_\éo——/’?
Cmvr\vu\l 7¢ {;O‘ ( A (ﬂ\x j\\

X(;é\w)u@?j @
unki] p\ua\AbJ 5r A% +>\\\1h“L

z < Q_
s KKT condihoos. eyl

Se¢ http://www.cse.iitb.ac.in/~cs709/notes/enotes/lecture25a.pdf

3 Justification of the iterative algo for Lasso on page 8 of

’ http://www.cse.iitb.ac.in/~cs709/notes/enotes/lecture23a:pdf
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Option 1: Generalized Gradient Descent

o Recall ]
prox,(z) = argmin —||x — z||* + <(x)
x 2t

@ Gradient Descent: ¢(x) =0

o Projected Gradient Descent: c(x) = >_, g (x)

@ Proximal Minimization: f(x) =0

e Convergence: If f{x) is convex, differentiable, and Vfis Lipschitz
continuous with constant L > 0 AND c(x) is convex and

prox,(x) can be solved exactly then convergence result (and
proof)) is similar to that for gradient descent

& )CQL< VL 2
L& -]
) = ) < 2 3 (M) = Aix)) < 5=

i=1
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Eg: Projected Gradient Descent
3 _ e ek (%,

T {

o Let '/"DL
dist(x, C;) = min||x— UH2

@ We define

D(x) = max dist(x, C;)

i@ﬂ) *m\n /D(z_k -\;Vfg('oc\q>

» If G is closed and convex, a"tinique minimizer Pc,(x) exists
(projection of x on C;)
» dist(x, ;) =0if xe G
@ Recall discussion on subgradient descent for this problem in class
notes*

“http://www.cse.iitb.ac.in/~cs709/notes/enotes/lecture22a.pdf
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o We get the subgradient of D(x) as
gp(x) = Vdist(x, ;) if D(x) = dist(x, C))

@ For illustration, consider

gr,..(x) = V(x) if () = max f(x)

J

» If f; gives maximum value at a point, gr,_, will be Vf; at that
point

» At the points of intersection of f; and f;, we will get some
convex combination of Vf; and V',
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