Lecture 12: Support Vector Regression, Kernel
Trick and Optimization Algorithm

Instructor: Prof. Ganesh Ramakrishnan
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Some observations

o aj,af >0, iy >0, aj+p;=Cand af +uf =C
Thus, a;, pi, af, ui €10, (], Vi

e lf0<a;<Cthen0O< pu<C —aSurTw\' Vectors
(as aj+ pi = C) LAl

_ T _ \‘\‘“ <

o pi&=0and aj(yi—w'd(x;) —b—e—&) =0 are \o,)‘j
complementary slackness conditions e
So0<ai<C=¢=0andy,—wo(x) —b=c+&=c¢

» All such points lie on the boundary of the ¢ band

» Using any point x; (that is with oiJ/E}(O/,Q) on margin, we can
recover b as: - & o
b=yj—w'dlx)—c | hssummy v know K& o
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Support Vector Regression
Dual Objective



Dual function

o Let L*(av, a*, pu, ") = miny pe e L(w, b, &, &, v, @, i, p1*)
e By weak duality theorem, we have:

minupee 3wl + CUL (& + &) > L(a, o, p, 1)

sty —w' ¢(x) — b<e—&, and

who(x) +b—y <e—&F, and LHS 1 mdgfma unt
fhg*zO,Vi:l,...,n o:f'o(o(/u‘{’M

@ The above is true for any a;, af > 0 and p;, 1 >0
@ Thus,

min —HWH —{—CZ i+ &)= max L(a,a", p, 1)

w,bgex 2 a,a,

14
s.t. yi— T¢(X;) —b<e—§, and Equa\ ho\As a
wlo(x) + b—y < e—&f, and KKT@M\Av\ﬂuﬂs unaey

&6 >0,¥i=1,...,n Corwex 1)
S ey




Dual objective

@ In case of Support Vector Regression, we have a strictly convex
objective and linear constraints = KKT conditions are necessary
and sufficient and strong duality holds:

N TR o . (o o 1 1
min_={w” + C;(&Jré,-) = max L(a,a’ 1)
st yi—w'o(x) — b<e—§, and
wlé(x) +b—y <e— &, and
&, >0, Vi=1,...,n
@ This value is precisely obtained at the (w,b,§, &, a, a*, p, 1)
that satisfies the necessary (and sufficient) optimality conditions
o Given strong duality, we can equivalently solve KKT

max L*(o, o, p, p*)
oo L, ™

L February 16,2016 5 / 30



° L(a a y oy ): 2||W|| + CZ,, (§:+€*)

n

> (ailyi —w'o(x) —b—e—&) +aj(wio(x) +b—y —e—&)

. —_— — — —
i=1 —
n

> ’§’+/‘LI§I)

i=1
e We obtain w, b, §;, & in terms of o, a*, v and p* by using the

KKT conditions derived earlier as w = ) (a; — af)¢(x;) and

i=1

izzl(Oéi—Oéi)zoand ai+Mi:Cand ai+ui :C
e Ty

L(W,b,f,f*,a,a*,u,u*j/——v:’
= 52 > (i — a7)(aj — a)oT <x,>¢<x),>
5 (60— 0 — ) T E(C— a7 = )] = b3 o —ap) =
ez<a+a oy, yilai—a >{z,z 005 (0,06 (£)50x))
LS S0y — o) (o — al)d T (x)o (xj>—ez,<a, af) +
Z,y;(a,——a;‘)
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Kernel function: K(x;, x;) = ¢'(x;)o(x))
o w=> 7 (a;—af)p(x;) = the final decision function
fix) = w'p(x) + b=
Yo (ai—an)eT(x)o(x) +y; — 2oL, (i — af )T (xi)d(x)) — €
x; is any point with a; € (0, C)
@ The dual optimization problem to compute the a's for SVR is:

MaXa,ar — % Z Z(Oz,- —af)(aj— Oéf)¢T (xi)o(x))
—€ Z(a,— +af) + Z}’i<ai —aj)

s.t.
» Yfai—af) =0
» aj,af €10,(
o We notice that the only way these three expressions
involve ¢ is through ¢" (x,)¢(x;) = K(x;, x;), for some i, j
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Kernelized form for SVR

@ The kernelized dual optimization problem to compute the a's for

SVR is:
1 N X
MaXasa; = 3 D> (ai—af)(aj— o )K(x;, %)
i
—e> (it a}) + > yiloi—aj)
s.t.
- Tai-af) =0

» aj,af €0,

' Y abt Y (). Con ot
e Weal, o S gwés(x)fb?.

o.\ra\é\ C,b & uwse only K ¥ ’}("L):
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The Kernel function in SVR

@ Again, invoking the kernel function:

a
T X X
Kixi, %) = ¢ (x1)9(x) Gs 0\*/\‘/‘31 \/'\/"'_
@ The decision function becomes: Qe F-) Qaci\a\
fix) = (a;—af)K(x;, x) + b (faes ¢.> (ve S Ft'mc "'
e Using any point x; (that is with a; € (O C)) on margln 5& tan
recover b as:
b=y;—wio(x) —e=y;— 3 (o — o) K(x;, %)
@ Thus, the optimization problem as well as the final decision
function are only in terms of the kernel function K(x,x').

S 1‘)\\1)

@ We will see that, often, computing K(x;, x2) does not even
require computing ¢(x ) or ¢(xo) explicitly

B1:Can ~idge eqression 286 be k’-““‘\"‘"\l
52 whak 0w *vd " k()7 ez
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|den kg\mna Yenel zahon
font| x| 6!2“1 Whereos T want 4o
?ﬂ.&l\d’ 112 I § ‘“3\'\ aAmenson :¢ (1‘\)
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How about Ridge Regression?

o Recall for Ridge Regression: w= (®'® -1— M) 7td Ty, where, )
\\ co'\umﬂ WAaS ﬁ(.-

/
P,) P1(x1) - ¢p(X1)
cf('xﬁ XD P = & vow 3
¢fo ) R (xm) gbp Xm) QQL\)

and 2 ; Z(PC*)CP\LCI'L
((F(B(?, Z‘P‘,( )¢°1, )7‘: 1S (@@,}(ﬁ)

y=1..
Ym

o (@7T®). =37, di(xi)¢(xc) whereas
(@Q’T),-j = > d(x)du(x;) = Ki(xi, X))
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How about Ridge Regression?

e Given w= (®7® + \)"1®Ty and using the identity _
(P! 4+ BTR-1B)"'BTR™= PBT(BPBT + R)~! (How obt P=R=L
. «6-d)

- =

.-‘ —‘
Scolay am‘o‘j ' (‘J‘.;-{- \D.;\(b) b_\\.( = *’b(\ﬂ’?b'\'*)
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How about Ridge Regression?

(‘Kunc\_ R\AJQ_ ?:cj w.ssiovﬂ

e Given W:(LCI)TCI) + )\/) QD and using the |dent|ty}R
(P +B"R'B)~ IBTRE PBT(BPBT+ R)~! ¢
>:>W—‘I>ML ST aid(x;) where 6"§
= (@2T+2)7y) ™ veckwr vf (o]
> = the final decision function
M) = 0T (w =7, aip (000, s W G4

o Again, We notice that the only way the decision function
f(x) involves ¢ is through ¢ (x;)¢(x;), for some i, j
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The Kernel function in Ridge Regression

e We call " (x;)¢(x2) a kernel function:
Kxi, %) = ¢ (x1)o(x)
@ The preceding expression for decision function becomes

flx) = > iK(x xi)
where o = (([K(xi, x;)] + M)~ 1y),

Kex ne) '1\&32. Tﬂ'ﬂ.&s‘\ on
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Back to the Kernelized version of SVR

@ The kernelized dual problem:
1 * *
MaXasa; = 5 > (= af) (o — o) )K(x;, )
i

—€ Z(a,- +af)+ Zy;(oéi —aj)

i

s.t. Man ~erQ\own d\uts"c:m'_
- Yioi—af) =0 !
R rovtys Row To And ik L1

@ The kernelized decision function: @C\-ia.a\tnt o.scev‘::
fix) = > (i — af) KO x) + b (DSteepest osce .

e Using any point x; with a;; € (0, C):  swen 8S cw&émo; t
b=y — > (i — af)K(xi, x) ascent on %

i
pSali RV 72 Swained coosdnac
e Computing K(xi, x2) often does not & eﬁoreqﬂf‘r‘e co%wputin%aganﬂ_
¢

d(x1) or ¢(x) explicitly Con T veduce o(ik &St
I Ry is 2016 14730



An example

o Let K(x1,x) = (14 x{ x2)?

e What ¢(x) will give ¢' (x1)0(x2) = K(x1, %) = (1 + x{ x)? 2

@ |Is such a ¢ guaranteed to exist? -:_Q,f 2'_1‘-"3(7';-)
t

@ Is there a unique ¢ for given K?

- 2 2 X + 2% 2%
¢(’I|) = ? (H' " :\2_9(“7(“'[‘1

2 2 2z .2\ L3z
Ly Loy ’r"l’—'lu—)
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@ We can prove that such a ¢ exists

@ For example, for a 2-dimensional x;:

1 T ,
xi1V/2 ¢ (x ?) q> (IJ)
P(xi) = X)Ii;/\% = ‘ -\—11.\\1\)\ 1 21”"1\\1
e %2 Lz T A2
X5 + 25 SE:;'\ % 2% Ljp

@ ¢(x;) exists in a 5-dimensional space

@ Thus, to compute K(x, x2), all we need is xlTxg, and there is no

need to compute ¢(x;) ( IJ) ot coou\ 3
> - Kis ) ) l+ A i
“\ ',F KC J @lu\wa Awaenson °§ ¢
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Introduction to the Kernel Trick (more later)

o Kernels operate in a high-dimensional, implicit feature space
without ever computing the coordinates of the data in that
space, but rather by simply computing the Kernel function

@ This approach is called the "kernel trick” and will talk about
valid kernels a little later...

@ This operation is often computationally cheaper than the explicit
computation of the coordinates

L R ey 1 S 1 )



Solving the SVR Dual Optimization Problem

@ The SVR dual objective is:
maXy;ar — % ZiZj(ai - O‘T)(O‘j - O‘j)K(Xiv XJ)
—e2 it af) + 32 yilai — of)

@ This is a linearly constrained quadratic program (LCQP), just
like the constrained version of Lasso

@ There exists no closed form solution to this formulation

e Standard QP (LCQP) solvers® can be used

@ Question: Are there more specific and efficient algorithms for
solving SVR in this form?

'https://en.wikipedia.org/wiki/Quadratic_programming#Solvers_

and_scripting_.28programming.29_languages
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Solving the SVR Dual Optimization Problem

@ It can be shown that the objective:
MaXa,ar — 5 2 2 (v —af)(aj —ai) K(x;, x;)
—e> {ai+af) + > yilai — af)
@ can be written as:
maxg, — % ZIZJ' @_iﬂ_j_K(Xia Xj) — €21 Bil + 32, yibBi
s.t.

> >iBi=0
» Bie[-C (], Vi

@ Even for this form, standard QP (LCQP) solvers® can be used

@ Question: How about (iteratively) solving for two f3;'s at a time?
sz coo@dinate ascent on o B
CS\QCC Z?I'. OI w\\} mt O rk %

» This is the idea of the Sequential Minimal Optimizatior (SMO)

algorithm

’https://en.wikipedia.org/wiki/Quadratic_programming#Solvers_

and_scripting_.28programming.29_languages
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Sequential Minimal Optimization (SMO) for SVR

o Consider:
maxg, — 5 >, > BiBiK(xi, ;) — € 3181 + 2 il
s.t.
> 2iBi=0
» Bie[-C (], Vi

@ The SMO subroutine can be defined as:
Q Initialise 31,. .., Bnto some value € [-C, (] & lek ﬁh W}s
@ Pick 3i, B; to estimate closed form expression for next |tera:3§

(e 31, B*)  (covees) SR yaMies 53
@ Check if the KKT conditions are satisfied et P
* If not, choose f3; and f3; that worst violate the KKT conditions

and relteratg'm new new
ncvo ) _ {— ¥
ﬁl. F’J - + 6 ﬁ F \/ﬁé/hégﬁo{cx
(see ok 5) i e ot Su%?u"» 'E"‘ /




target

Support Vector Regression

-3

— RBF model
—— Linear model

— Polynomial model
eee data

-1



