Differential Geometry
Lia Vas

The Second Fundamental Form. Geodesics. The Curvature Tensor. The
Fundamental Theorem of Surfaces. Manifolds

The Second Fundamental Form.

Consider a surface x = x(u, v). Following the reasoning that x; and x, denote the derivatives 2%

ou
and % respectively, we denote the second derivatives
9% 9%x 9%x 9%x
Juz DY X11, 730 bY X12, 5.5, by X21, and 57 by Xas.

Using this notation, the second derivative of a curve 7y on the surface x (obtained by differentiating
' (t) = w'xy + v'xy with respect to t) is given by

" " 1(1 / " 1.1 / " " 2 1,1 /o1 12
" = ux+u (u'x11 +H0'X19) 0 X+ U (WX F0"X92) = u'x1+ 0" X0 Fu X1 + UV X0+ 0V X0 + 0 X0,
The terms u”x; + v”x5 are in the tangent plane (so this is the tangential component of ~”).

The terms x;;, 4,7 = 1,2 can be represented
as a linear combination of tangential and normal
component. FEach of the vectors x;; can be repre-
sented as a combination of the tangent component
(which itself is a combination of vectors x; and
x5) and the normal component (which is a multi-
ple of the unit normal vector n). Let I'j; and T},
denote the coefficients of the tangent component
and L;; denote the coefficient with n of vector x;;.
Thus,

Xij = ngxl + F%Xg + Lijl'l = Zk Ffjxk + Lijl’l.

tangent plane

The formula above is called the Gauss formula.
The coefficients I’fj where ¢, j, k = 1,2 are called Christoffel symbols and the coefficients L;;,
1,7 = 1,2 are called the coefficients of the second fundamental form.

Einstein notation and tensors. The term “Einstein notation” refers to the certain summation
convention that appears often in differential geometry and its many applications. Consider a formula
can be written in terms of a sum over an index that appears in subscript of one and superscript of
the other variable. For example, x;; = >, Ffjxk + Lin. In cases like this the summation symbol is
omitted. Thus, the Gauss formula for x;; in Einstein notation is written simply as

k
Xij = Fink —+ Lijn.



The important benefit of the use of Ein-
stein notation can be seen when considering n-
dimensional manifolds — all the formulas we con-
sider for surfaces generalize to formulas for n-
dimensional manifolds. For example, the formula
Xij = Ffjxk + L;jn remains true except that the
indices i, j take integer values ranging from 1 to
n not just values 1 and 2.

If we consider the scalar components in certain
formulas as arrays of scalar functions, we arrive
to the concept of a

tensor.

For example, a 2 x 2 matrix with entries g;; is considered to be a tensor of rank 2. This matrix is
referred to as the metric tensor. The scalar functions Ffj are considered to be the components
of a tensor I' of rank 3 (or type (2,1)). The Einstein notation is crucial for simplification of some
complicated tensors.

Another good example of the use of Einstein notation is the matrix multiplication (students who
did not take Linear Algebra can skip this example and the next several paragraphs that relate to
matrices). If A is an n x m matrix and v is a m x 1 (column) vector, the product Av will be a n x 1
column vector. If we denote the elements of A by a§- where i =1,...,n,j=1,...,m and 27 denote
the entries of vector x, then the entries of the product Ax are given by the sum ) i aéwj that can be

denoted by a’z’ using Einstein notation.

Note also that the entries of a column vector are denoted with indices in superscript and the
entries of row vectors with indices in subscript. This convention agrees with the fact that the entries
of the column vector a%z’ depend just on the superscript i.

Another useful and frequently considered tensor is the Kronecker delta symbol. Recall that the
identity matrix I is a matrix with the ¢j-th entry 1 if ¢ = 5 and 0 otherwise. Denote these entries by

d%. Thus,
i _ 1=y
5j_{0 i # ]

In this notation, the equation Ix = x can be written as d5z/ = 2.

Recall that the inverse of a matrix A is the matrix A~! with the property that the products AA™!
and A~'A are both equal to the identity matrix I. If a;; denote the elements of the matrix A, a
denote the elements of the inverse matrix A%, the ij-th element of the product A='A in Einstein
notation is given by a™ay;. Thus a™ay; = 4t

In particular, let g/ denote the entries of the inverse matrix of [g;;] whose entries are the coeffi-
cients of the first fundamental form. The fact that the matrix and its inverse multiply to the identity
gives us the following formulas (all given in Einstein notation).

ging"™ = 53 and gikgkj = 5;

The coefficients g of the inverse matrix are given by the formulas

11:@7 ‘(]12:_9127 andgn:&
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where ¢ is the determinant of the matrix [g;;].

Computing the second fundamental form and the Christoffel symbols. The formula
computing the Christoffel symbols can be obtained by multiplying the equation x;; = Ffjxk + Lijn
by x; where k = 1,2. Since n - x; = 0, and x;, - X; = gx;, we obtain that

k
Xij - X1 = 1,9

To solve for Ffj, we have to get rid of the terms gi; from the left side. This can be done by using
the inverse matrix g'.
(xij - x1)9" = Dhigug®® =T56; =T,

2

Thus, we obtain that the Christoffel symbols can be computed by the formula

Ffj = (xi; -x;) g™

To compute the coefficients of the second fundamental form, multiply the equation x;; = Ffjxk +
Lijn by n. Since x; - n = 0, we have that x;; -n = L;n-n = L;;. Thus,

X1 XX2

The second fundamental form. Recall that we obtained the formula for the second derivative
~v" to be
~" = "%y + V"X + uPxq1 + WX + WV %01 + U X00.

To be able to use Einstein notation, let us denote u by u! and v by u?. Thus the part v/x; +v"xs
can be written as (u')”x; and the part u/'v'xjs + u/'v'x2; + v?%x29 as (u')(u?)'x;;. This gives us the
short version of the formula above

Y= (W) %+ (W) () x5

Substituting the Gauss formula x;; = I'};x +
Li;n in the formula, we obtain that

v = ()% + (u')' (W) (Txp + Lin) =

(") + T () () )% + (u') () Lijn.

The part ((u*)” + I} (u') (u/))x; is the tan-
gential component and it is in the tangent @ / ~  S=======-=-=---
plane. The part (u')'(u/)'Lijn is the normal tangent plane
component and it is orthogonal to the tangent
plane.

The coefficients (u”)’(u?)' L;; of the normal component are the second fundamental form. While
the first fundamental form determines the intrinsic geometry of the surface, the second fundamental



form reflects the way how the surface embeds in the surrounding space and how it curves relative to
that space. Thus, the second fundamental form reflects the extrinsic geometry of the surface.

Practice Problems. Find the coefficients of the second fundamental form for the following

surfaces.

L z= f(z,y)

2. Sphere of radius a parametrized by geographic coordinates.

3. Cylinder of radius a. (you can use parametrization (acost,asint, z)).

Solutions.

1. Use z,y as parameters and shorten the notation by using z; for z,, 2z; for z,, and 211 = 24,
212 = 221 = Zgy and 222 = Zyy- We have X1 = (1, 0, 21> and X9 = (O, 1, Zl). g1l = 1+Z%, gJi2 = 2129
and gpo = 1+ 22. Thus, g = 1 + 22 + 22, and n = \/Lg(—zl,—z%l). Also, x31 = (0,0, 211),
X12 = (O, 0, 212), X992 = (O, O, 222). Then calculate that Lij = %

2. Compute that Li; = —acos? ¢, Lis =0 and Loy = —a.

3. X1 = (—asint,acost,0), xo = (0,0,1). Thus, g;1 = a?, g1 = 0 and gop = 1. Hence g = a?,
n = (cost,sint,0), x;1 = (—acost,—asint,0) and x12 = Xgo = 0. Thus, L;; = —a, and

Normal and Geodesic curvature. Geodesics N
The curvature of a curve « on a surface is im-
pacted by two factors. e

1. External curvature of the surface. If a re kn
surface itself is curved relative to the sur-
rounding space in which it embeds, then a
curve on this surface will be forced to bend
as well. The level of this bending is mea- le with
sured by the normal curvature &,,. Example wit fin 7 0, kg =0
For example, the curving of any curve in a
normal section of a surface comes just from
curving of the surface itself.

2. Curvature of the curve relative to the

surface. Consider a curve “meandering” in
a plane. The curvature of this curve comes
only from the “meandering, not from any
exterior curving of the plane since the plane
is flat. This level of bending is measured by
the geodesic curvature . Example with &, = 0,k4 # 0




In this case, a meandering curve in a plane has the normal curvature k, equal to zero and the
geodesic curvature k, nonzero.

We now examine more closely meaning and computation of the two curvatures. Consider a curve
~ on a surface and assume that it is parametrized by the arc length. In this case, the length of the
second derivative computes the curvature k = |y”|.

normal s
Recall that the vector 4" can be decomposed comlll:)onent N\
into the sum of the tangential and the normal of y N Y

component " = Vi, + Yl —
()" + T% (u') (w?) )3k + (u')'(w) Lijn.

Up to the sign, the length of the tangential
component ~; =~ determines the geodesic curva-
ture x4 and the length of the normal component
~” . determines the normal curvature k,. Dot-
ting the last formula by n produces the formula

which calculates &,,.

kn =7"-n=(u) (W) L.

A formula for computing ~, can be obtained
by expressing ;. in terms of different basis of the
tangent plane, not x; and x5. To do this, start by
noting that 4" -~" = 0 since 4’ is in the tangent
plane. Also, 4" -4’ = 0 since v/ is a vector of

constant length. Note that here we are using the

same argument we have utilized multiple times Y''tan
in the course, in particular in section on curves.
Thus

0=7"9"=Fian + Ynor) =Y = Yian Y+ Yror V' = Vi ¥V +0=Vian - 7"
S0, Yian is orthogonal to 4" as well. Thus, v}, is orthogonal to both 4" and n and thus it is colinear

with n x v'. The geodesic curvature x, is the proportionality constant
Vian = g(n X )

Thus, the length |v},.| is £k,. Dotting the above identity by n x~', we obtain (n x~')-v},,, = K-
But since n x 4/ is perpendicular to +/ ., the mixed product (n x ') - v}, is equal to (n x ~v) - ~".

Thus k, = (n x v') - v" or, using the bracket notation

"

’%g = (n X 7/) ' 7 - [n77/>7//] = [II,T,T/].

1

ban |, and

The curvatures k = |vy'|,k, = =£|v
Kn = |y" .| are related by the formula

nor

2 _ 2 2
K™= K, + Ky,

which can be seen from the figure on the right.

length = |k

ol



Geodesics. A curve 7 on a surface is said to be ’ a geodesic ‘ if kg = 0 at every point of ~.
The following conditions are equivalent.

1. ~ is a geodesic. 2. [n, T, T =0.
3. v = 0 at every point of ~. 4. v" =~"__ at every point of ~.
5. (uF)" + T (u') (W) =0 for k =1,2. | 6. k = %k, at every point of ~.

7. N is colinear with n (i.e. N = +n).

The conditions 1 and 2 are equivalent since x, = [n, T, T’]. The conditions 3 and 4 are clearly
equivalent. The conditions 3 and 5 are equivalent since v, = ((u*)"+T;(u’) (u?)’)x;. The conditions

tan
1 and 3 are equivalent since v}, =0 < r, = |v/,.| = 0.

tan

To see that the conditions 1 and 6 are equivalent, recall the formula x? = /13 + 2. Thus, if kK, =0
then x* = k2 = Kk = xk,. Conversely, if K = £k, then x> =k, = k7 = 0= K, = 0.

Finally, to show that 1 and 7 are equivalent, recall that 4" = T” = kNN if -y is parametrized by arc
length. Assuming that - is a geodesic, we have that 4" = ~" = k,n. Thus, kN = x,n and so the
vectors N and n are colinear, in particular N = #£n since they both have unit length. Conversely,
if N and n are colinear, then 4" (always colinear with N if unit-length parametrization is used) is
colinear with n as well. So 4" = ~,,,, and so condition 4 holds. Since we showed that 1 and 4 are

equivalent, 1 holds as well. This concludes the proof that all seven conditions are equivalent.

~

2. A great circle on a sphere is the normal section and so, it is a geodesic. Having two points
on a sphere which are not antipodal (i.e. exactly opposite to one another with respect to the
center), there is a great circle on which the two points lie. Thus, the “straightest possible”
curve on a sphere that connects any two points is a great circle.

Examples.

1. If ~ is the normal section in the direction of
a vector v in the tangent plane (intersection
of the surface with a plane orthogonal to the
tangent plane), then the normal vector N has
the same direction as the unit normal vector n
and so N = £n (the sign is positive if the ac-
celeration vector has the same direction as n).
So, every normal section is a geodesic.

Thus, x4 of a great circle is 0 and its curva-
ture K comes just from the normal curvature
kn (equal to 1 if the radius is a).

Any circle on a sphere which is not “great” (i.e.
whose center does not coincide with a center of
the sphere and the radius is smaller than a) is
not a geodesic. Any such “non-great“ circle is
an example of a curve on a surface whose nor-
mal vector N is not colinear with the normal
vector of the sphere n.

Just great circles are geodesics



Condition (u*)” +I'j;(u’)'(u?)" = 0 for k = 1,2 (condition in the list on the previous page) can be
seen as the set of differential equations (system of two differential equations of second order) whose
solutions compute geodesics on a surface. Note that the differential equations depend just on the
Christoffel symbols. These differential equations provide a tool for explicitly obtaining the formulas
of geodesics on a surface. This tool is frequently used in everyday life, for example when determining
the shortest flight route for an airplane.

Consider, for example, air traffic routes from Philadelphia to London, Moscow and Hong Kong
one, makes the geodesic

distance appear more curved when represented
on the flat plane. Still, all three routes are de-
termined as geodesics — as intersections of great
circles on Earth which contain Philadelphia and
the destination city.

Total distance:
7642.89 km

\ Do et poit ; _Reset

Philadelphia to Moscow
via geodesic and
non-geodesics routes

Since a geodesic curves solely because of curving of the surface, a geodesic has the role of a
straight line on a surface. Moreover, geodesics have the following properties of straight lines.

1. If a curve «(s) for a < s < b is the shortest route on the surface that connects the points ~(a)
and ~(b), then ~ is a geodesic. This claim can be shown by computing the derivative of the
arc length and setting it equal to zero. From this equation, the condition (5) follows and so ~
is geodesic.



Note that the converse does not have to hold — if a curve is geodesic, it may not give the
shortest route between its two points. For example, a north pole and any other point on a
sphere but the south pole, determine two geodesics connecting them, just one of which will be
the shortest route.

2. Every point P on a surface and a vector v in the tangent plane uniquely determine a geodesic
~ with 4(0) = P and v/(0) = v.
As opposed to the straight lines, a geodesic connecting two points does not have to exist. For
example, consider the xy-plane without the origin. Then there is no geodesic connecting (1,0)
and (-1,0). Also, there can be infinitely many geodesics connecting two given points on a
surface (for example, take north and south poles on a sphere).

N\

Two points do not determine a “line” There are many “lines” passing two points

Next, we show that the geodesic curvature can be computed intrinsically. Start by differentiating
the equation g;; = x; - x; with respect to uF. Get

99i5 _
Duk =X - X5 + X - Xk,
In similar manner, we obtain
Ogir d gk
Dl = X;j - X + X; - Xj; an i = Xj; * X + X - Xy

Note that the second equation can be obtained from the first by permuting the indices j and k
and the third equation can be obtained from the second by permuting the indices ¢ and j. This is
called cyclic permutation of indices.

At this point, we require the second partial derivatives to be continuous as well. This condition
will guarantee that the partial derivatives x;; and x;; are equal. In this case, adding the second and
third equation and subtracting the first gives us

Agin i 9gj _ 99i;
ow — Jut  OuF
Thus,

:Xij'Xk+xi'xkj+xji'xk+xj'in_xik'xj_Xi'xjk:2xij'xk

k _ Ik _ 1 (0gu 9g,1 09i; Ik
I3 = (xij - x1)g —5( + o0 ~adt )9




This shows that the Christoffel symbols Ffj can be computed just in terms of the metric coefficients

gi; that can be determined by measurements within the surface. This proves the following theorem.

Theorem. The geodesic curvature is intrinsic.

Examples.
(1) Geodesics in a plane. With an appropriate choice of coordinates we may assume that this is
the zy-plane, z = 0 thus x = (z,y,0) (thus u = z and v = y). The coefficient of the first fundamental
form are g11 = ¢g2o = 1 and ¢y = 0. The Christoffel symbols vanish and thus the geodesics are given
by equations z” = 0 and y” = 0. These equations have solutions

r=as+band y=cs+d

which represent parametric equations of a line. Hence, geodesics are straight lines.

(2) Geodesics on a cylinder. The cylinder 2?+y? = a? can be parametrized as x = (a cost, asint, 2)
so that u = t and v = 2. We have that x; = (—asint,acost,0), x, = (0,0,1), g1 = a?, g1 = 0 = g'?
and g = 1 = ¢*?. Hence g = a? and ¢! = a% n = (cost,sint,0), x;; = (—acost,—asint,0) and
X1p = Xgp = 0. Thus I'Y, =%, =T%, = 0 and I'¥, can also be computed to be 0. Thus, the equation
of a geodesic is given by ¢’ = 0 and 2" = 0. These equations have solutions ¢t = as+b and z = c¢s+d
which are parametric equations of a line in ¢z-plane. This shows that a curve on a cylinder is geodesic
if and only if it is a straight line in zt-plane.

In particular, both meridians and parallels are geodesics. The meridians are z-curves (parame-
trized by unit-length since x3 = (0,0, 1) has unit length). Since t = ¢, is a constant on a z-curve,
t' =t = 0 so the first equation holds. The second holds since 2z’ = % =1 and so z” = 0. Hence,
both geodesic equations hold.

The parallels (or circles of latitude), are t-curves with z = 2y a constant. They are parametrized
by unit length for ¢ = 2. Thus, ¢’ = i and t” = 0 and 2z’ = 2" = 0 so both geodesic equations hold.

Another way to see that the circles of latitude v = (acost,asint, zp) = (acos 2,asin 2, 2) are
geodesics is to compute the second derivative (colinear with IN) and to note that it is a multiple

of n (thus condition (4) holds). The first derivative is v/ = (—sin2,cos 2,0) and the second is

vy = (—1cos2,—Lsin2 0). The second derivative is a multiple of n = (cos £,sin 2,0) (v = =In)
and so 7 is a geodesic.
(3) Meridians of a cone are geodesics. Consider the cone obtained by revolving the line (£s, £s)

about z-axis so that the parametrization of the cone is x = %(35 cosf,3ssin 6, 4s). In this parametriza-
tion, the meridians are s-curves and parallels are f-curves. Let us show that the meridians are
geodesics.

Note that the meridians have the unit-speed parametrization since x; = £(3cos6,3sin6,4) and
g1 = |z1> = 1. xp = £(—3ssinb,3scos6,0) so that g1o = 0 and gy = s> In addition x;; =
(0,0,0), x12 = 3(—3sin0,3cos0,0) and X3 = 3(—3scosf, —3ssin6,0). The inverse matrix of [g;;] is

25
0 952

I, =T3 =0T}, =T% =1 Iy = —2s, I3, = 0. Thus, the two equations of geodesics are
s" — s(0")? = 0 and 0" + 250 = 0 for a curve ~ on the cone for which s and 6 depend on a
parameter ¢t. These two equations represent the conditions for v to be a geodesic.

The meridians are s-curves. Thus 6 is constant so 8/ = 0" = 0 and s’ = 1, s” = 0. So, both

geodesic equations hold. This gives us that meridians on the cone are geodesics.

[ L) } . The Christoffel symbols can be computed as I'}; = (x;; - x;)g'*. Thus, I'}; = 0, I'}; = 0,



The Gauss Curvature. The Curvature Tensor. Theorema Egregium

Recall that the formula for the normal curvature is given by x, = L;;(u")'(v’)’. If the curve ~ is

not given by arc length parametrization, this formula becomes k,, = %)(QW)/ Recall the formula

for |[4|? from earlier section
Y () = g ((u"))? + 2g12(u") (u®) + ga2((w?))? in Einstein notation = g;;(u’)’(v’)’
Thus, the normal curvature can be computed as

o Ly(@) (@)
n gkl(uk)/(ul)/

Differentiating this equation with respect to (u”")" for r = 1,2, and setting derivatives to zero in
order to get conditions for extreme values, we can obtain the conditions that (L;; — k,9:;)(u/) = 0
for i = 1,2. A nonzero vector ((u')’, (u*)") can be a solution of these equations just if the determinant
of the system |L;; — k,g;;| is zero.

This determinant is equal to (L1; — £,911)(Las — knga2) — (L1a — Kng12)?. Substituting that de-
terminant of [g;;] is ¢ and denoting the determinant of [L;;] by L, we obtain the following quadratic
equation in £,

gk — (L1122 + Lasgii — 2L12g12)kn + L =0

The solutions of this quadratic equation are the principal curvatures x; and ko. The Gauss
curvature K is equal to the product xixe and from the above quadratic equation this product is
equal to the quotient % (recall that the product of the solutions x1, and x5 of a quadratic equation

ax® + bx + ¢ is equal to £). Thus,

K="L
g

that is the Gauss curvature is the quotient of the determinants of the coefficients of the
second and the first fundamental forms.

From the formula (L;; — £,9:;)(w’) = 0 it follows that if Lis = Loy = g1 = go1 = 0, then the
principal curvatures are given by % and % and the principal directions are x; and x5. Conversely,
if directions x; and x5 are principal, then L1y = Loy = g1o = go1 = 0. Using this observation, we can
conclude that the principal directions on a surface of revolution are determined by the meridian and
the circle of latitude through every point.

Note that from the equation (L;; — k,9:;)(u’)’ = 0 also follows that the principal curvatures are
the eigenvalues of the operator determined by the first and the second fundamental form that can
be expressed as

S — g1 Ly1ga2 — L12g12 L12ga2 — La2gi2
Liasgin — Lingiz Laagn — L2612

and is called the shape operator.

10



Examples.

1. We have computed the first and the second fundamental form of the sphere to be [g;;] =

2 2 e
{ a C(O)S ¢ 6?2 ] and [Ly;] = { aC(g)S ¢ _Oa ] Thus g = a*cos? ¢ and L = a? cos?® ¢. Hence

_adfcos’p 1

Catcos?¢ a?’

2. We have also computed the first and the second fundamental form of the surface z = f(x,y).

2
[gz’j]:{“rzl o= 1,g:1+z%+z§,and[LU]:§{ZU Zu}.Thus

Z1%92 1 + Z% Z12 %929
2 2
K — 211222 — R R11%22 — 219
g° (1+ 27+ 23)°

Theorema Egregium. Recall that the informal statement of Theorema Egregium we presented
before is that the Gauss curvature can be calculated intrinsically. In this section we present this
result in the more formal way and prove it.

Recall the formula K = %. Thus, to prove the “Remarkable Theorem”, we need to show that the
determinant of the second fundamental form L is a function of the coefficients of the first fundamental
form and their derivatives. The coefficient L;; of the second fundamental form can be viewed as
extrinsic because of the presence of the normal n in their definition. Theorema Egregium asserts
that although the coefficients L;; are extrinsic, their determinant L is intrinsic and can be computed
solely via the first fundamental form.

We begin by introducing the Riemann curvature tensor (or Riemann-Christoffel curvature tensor)
and showing three sets of equations known as Weingarten’s, Gauss’s and Codazzi-Mainardi equations.

The coefficients of the ’ Riemann curvature tensor ‘ are defined via the Christoffel symbols
by

Bl 81“@{{ B argj
kT Qu ouk

The geometric meaning of this tensor is not visible from this formula. It is possible to interpret
this tensor geometrically, but the interpretation requires introduction of further concepts (covariant
derivatives). So, we can think of it just as an aide to prove Theorema Egregium.

+ o —T0r

ij— pk

Proposition.
Weingarten’s equations n; = —L;;g%x,
Gauss’s equations Rl = LiLjpg™ — LijLypg™.
Codazzi-Mainardi equations %ﬁf — %Zij’“ =T, L; — Félek.

11



Proof. Let us prove Weingarten’s equations
first. Sincen-n =1, n; -n = 0 and so n; is
in tangent plane. Thus, it can be represented as
a linear combination of x; and x,. Let aé- denote
the coefficients of n; with x;. Thus n; = aéxl.

Differentiate the equation n - x; = 0 with re-
spect to u’ and obtain n;-x; +n-x;; = 0. Recall
that Lij =1n-X;j;.

Thus, 0 =n, - x; + L;; = aéxl X + Li; = aé-gzi + L;; and so aé.gh- = —L;;. To solve for aé, multiply
both sides by g'* and recall that g;;g°* = 6. Thus we have —L;;g* = agi;g™ = alo) = a}. This gives
us

n; = (I;?Xk = —Lijgikxk.

To prove the remaining two sets of equations, let us start by Gauss formulas for the second
derivatives

Differentiate with respect to u* and obtain

_ory T OLij I
Xijk = parXitL1Xy + gan+ Ling
al-\l_j BLZ-J-

S X + Féj(l"kap + Lygn) + 5¢n — Li; Lyrg"'x; (sub Gauss and Wein. eqs)
oTt . -
S X1+ Fﬁijkxp — Liijk.gplxl + F%len + %n (regroup the terms)
ort - X
= X+ Ffjfékxl — LijLorg”'x; + F%len + %n (make tangent comp via x;)

!
@% + T, — Lukag”’) X + (Filek + 2 ) n (factor z; and n)

Interchanging j and k we obtain

Xikj = ( auZ] -+ kaij - Likijgp X1 -+ FikLlj -+ 8—1;3 n
Since X;jr = Xi;, both the tangent and the normal components of x;;;, — X;; are zero. The
coefficient of the tangent component is

art,
S T~ Lyl -

o, _
ou’

kaFé,j + LigLyjg" = LixLy;g” — LijLypg® — Réjk =0.

This proves the Gauss’s equations.
The coefficient of the normal component is

3Lij
ouk

OLiy,

!
—Liplyy — 55

I L +

proving Codazzi-Mainardi equations. QED.

We can now present the proof of Theorema Egregium.

12



Theorema Egregium. The Gaussian K is dependent solely on the coefficient of the first
fundamental form and their derivatives by

K — gliRélg
—g .

Proof. Multiplying Gauss’s equation Rﬁjk = LixL;pg" — LijLipg” bY Gim, we obtain Rﬁjkglm =
Liijpgplglm - Ll'ijpgplglm = (leLJp — LZJLkp)(S% = leij — Llekm Taklng Z = k = 2, and

j=m =1, we obtain L = LoyL1y — Lay Loy = Rb 1.

_ R!
From here we have that K = % = L“L?Qngsz = 2159“. QED.

The curvature tensor Rﬁjk plays the key role when generalizing the results of this section to higher
dimensions. This tensor can be viewed as a mapping of three vectors of the tangent space onto the
tangent space itself given by

R(X,Y)Z — R XY"Z'x

)

(Bex)x)X2 The tensor R measures the curva-

This formula relates to the curvature since K = o P
ture on the following way. Note that when a vector in space is parallel transported around a loop in a
plane, it will always return to its original position. The Riemann curvature tensor directly measures
the failure of this on a general surface. This failure is known as the holonomy of the surface.

The connection between the areas and angles on a surface (thus the coefficients g¢;;) and its
Gaussian curvature can be seen in the following. The surface integral of the Gaussian curvature over
some region of a surface is called the total curvature.

The total curvature of a geodesic triangle equals the deviation of the sum of its angles from 180

degrees. In particular,

e On a surface of total curvature zero, (such as a plane for example), the sum of the angles of a
triangle is precisely 180 degrees.

e On a surface of positive curvature, the sum of angles of a triangle exceeds 180 degrees. For
example, consider a triangle formed by the equator and two meridians on a sphere. Any
meridian intersects the equator by 90 degrees. However, if the angle between the two meridians
is @ > 0, then the sum of the angles in the triangle is 180 + 6 degrees. In the figure on the
right, the angles add to 270 degrees.

e On a surface of negative curvature, the sum of the angles of a triangle is less than 180 degrees.

K =0= 5 angles = 180, K > 0= ) angles > 180, K < 0= ) angles < 180

13



The curvature impact also the number of lines passing a given point, parallel to a given line.

Surfaces for which this number is not equal to one are models of non-Euclidean geometries.
given point

Recall that the parallel postulate in Eu- i
clidean geometry is stating that in a plane unique parallel line through a point
there is exactly one line passing a given point that
does not intersect a given line, i.e. there is ex-
actly one line parallel to a given line passing a
given point.

given line

In elliptic geometry the parallel postulate is replaced by the statement that there is no line
through a given point parallel to a given line. In other words, all lines intersect.

In hyperbolic geometry the parallel postulate is replaced by the statement that there are at
least two distinct lines through a given point that do not intersect a given line. As a consequence,
there are infinitely many lines parallel to a given line passing a given point.

given
line

g/

point

no parallel lines through a point infinitely many parallel lines through a point

We present the projective plane which is a model of elliptic geometry and Poincaré half plane
and disc which are models of hyperbolic geometry.

The projective plane RP? is defined as the
image of the map that identifies antipodal points
of the sphere S?. More generally, n-projective
plane RP™ is defined as the image of the map that
identifies antipodal points of the n-sphere S™.

While there are lines which do not intersect
(i.e. parallel lines) in a regular plane, every two
“lines” (great circles on the sphere with antipodal
points identified) in the projective plane intersect

in one and only one point. This is because every pair of great circles intersect in exactly two points
antipodal to each other. After the identification, the two antipodal points become a single point and
hence every two “lines” of the projective plane intersect in a single point. The standard metric on
the sphere gives rise to the metric on the projective plane. In this metric, the curvature K is positive.
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The projective plane can also be represented
as the set of lines in R? passing the origin. The
distance between two such elements of the pro-
jective plane is the angle between the two lines
in R3. The “lines” in the projective planes are
the planes in R? that pass the origin. Every two
such “lines” intersect at a point (since every two
planes in R? that contain the origin intersect in a
line passing the origin).

All lines intersect

Poincaré half-plane. Consider the upper half y > 0 of the plane R? with metric given by the
1

first fundamental form | ¥° . In this metric, the geodesic (i.e. the “lines”) are circles with
0 1 ) g
y?

centers on z-axis and half-lines that are perpendicular to x-axis.

intersecting lines another

triangle triangle

/

three parallel lines

another three parallel lines

Given one such line and a point, there is more than one line passing the point that does not
intersect the given line. In the given metric, the Gaussian curvature is negative.

given given

line \ point\

infinitely many parallel lines through a point

Poincaré disc. Consider the disc 22 +3? < 1
in R? with metric given by the first fundamen-

1
ey 0
tal form (1’“20’1’2)2 1 . In this met-
(1-22—y?)?

ric, the geodesic (i.e. the “lines”) are diameters
of the disc and the circular arcs that intersect the
boundary orthogonally. Given one such “line”
and a point in the disc, there is more than one
line passing the point that does not intersect the
given line. In the given metric, K is negative.

infinitely many parallel
lines through a point
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Fundamental Theorem of Surfaces

The coefficients of curvature tensor Réjk are defined via the Christoffel symbols Ffj and the
Christoffel symbols can be computed via the first fundamental form using the formula

1 (0ga 0g;i 09ij
F’f] _ ( J J glk'

o \ow T out oul

Thus, both the coefficients of the curvature tensor and the Christoffel symbols are completely
determined by the first fundamental form. In light of this fact, Gauss’s and Codazzi-Mainardi
equations can be viewed as equations connecting the coefficients of the first fundamental form g;;
with the coefficients of the second fundamental form L;;.

The Fundamental Theorem of Surfaces states that a surface is uniquely determined by the
coeflicients of the first and the second fundamental form. More specifically, if ¢;; and L;;
are symmetric functions (i.e. g;; = g5 and L;; = Lj;) such that g;; > 0 and ¢ > 0, and such that
both Gauss’s and Codazzi-Mainardi equations hold, there is a coordinate patch x such that g;; and
L;; are coefficients of the first and the second fundamental form respectively. The patch x is unique
up to a rigid motion (i.e. rotations and translations in space).

The idea of the proof of this theorem is similar to the proof of the Fundamental Theorem of
Curves. Namely, note that the vectors x; and x5 in tangent plane are independent by assumption
that the patch is proper. Moreover, the vector n is independent of x; and x5 since it is not in
the tangent plane. Thus the three vectors x;,x, and n represent a “moving frame” of the surface
analogous to the moving frame T, N and B of a curve.

Gauss formula and Weingarten’s equations represent (partial) differential equations relating the
derivatives of x1,Xs and n in terms of the three vectors themselves

_rk
Gauss formula xi; = Iixp + Liym.

Weingarten’s equations n; = —L;;g%x;

tangent plane

As opposed to a system of ordinary differential equations, there is no theorem that guarantees an
existence and uniqueness of a solution of a system of partial differential equations. However, in case
of the equations for x;, X5 and n, the existence and uniqueness of solution follows from the fact that
both Gauss’s and Codazzi-Mainardi equations hold. Thus, the apparatus xi, Xz, n, g;;, L;; describes
a surface.
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Examples. It can be shown that a surface of revolution obtained by revolving the unit speed
curve (r(s), z(s)) about z-axis, has Gaussian curvature K equal to _;". If K is constant, this yields a
differential equation 7’ + Kr = 0 that can be solved for r. Then z can be obtained from the condition
that 2 + 7% = 1 ie. from z = % [ v/1 —r2ds. Thus, all the surfaces of revolution of constant

curvature can be characterized on this way. We distinguish three cases:

e K=a*>>0=1"+d* =0= r(s) = ¢ cosas + cysinas = Acosas. Sphere and outer part of
the torus are in this group of surfaces.

e K =0=1r"=0=r(s) =c15+ cy. Part of
the plane, circular cylinder and circular cone
are in this group.

o K = —a> < 0 =1 —dr =0 =
r(s) = cjcoshas + cgsinhas. Pseudo-sphere
(see graph) and the inner part of the torus are
in this group of surfaces.

Manifolds

A surface embedded in the 3-dimensional space R? on a small enough scale resembles the 2-
dimensional space R?. In particular, the inverse of a coordinate patch of a surface can be viewed as
a mapping of a region on the surface to R2. This inverse is called an atlas or a chart.

Generalizing this idea to n-dimensions, we arrive to concept of a n-dimensional manifold or
n-manifolds for short. Intuitively, an n-manifold locally looks like the space R™ — the neighborhood
of every point on the manifold can be embedded in the space R™. The inverse of a coordinate patch
of an n-manifold is a mapping of a region on the manifold to R™.

The coordinate patches are required to overlap smoothly on the intersection of their domains.
The coordinate patches provide local coordinates on the n-manifold.

Making this informal definition rigorous, the concept of n-dimensional manifold is obtained.
Considering manifolds instead of just surfaces has the following advantages:

1. Surfaces are 2-manifolds so this more general study of n-manifolds agrees with that of surfaces
for n = 2.

2. A study of surfaces should not depend on a specific embedding in 3-dimensional space R3. The
study of n-manifolds can be carried out without assuming the embedding into the space R**!.

3. All the formulas involving indices ranging from 1 to 2 that we obtained for surfaces remain
true for n-dimensional manifolds if we let the indices range from 1 to n.

When developing theory of manifolds one must be careful to develop all the concepts intrinsically
and without any reference to extrinsic concepts. This underlines the relevance of Theorema Egregium
in particular.

When considering manifolds for n > 2, one could make the following comment regarding the
level of abstraction: is an n-manifold relevant for n > 27 Although the higher dimensional manifolds
may not be embedded in three dimensional space, the theory of n-manifolds is used in high energy
physics, quantum mechanics and relativity theory and, as such, is relevant. The Einstein space-time
manifold, for example, has dimension four.
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Coordinate Patches. Recall that a proper
coordinate patch of a surface is given by paramet-
ric equations x = (x(u,v),y(u,v), z(u,v)) such
that x,y,z are one-to-one continuous functions
with continuous inverses, continuous derivatives
and such that g—z X ‘g—f # 0. It may not be possi-
ble to describe the whole surface with a

single coordinate patch but it is always be possible to cover the entire surface by “patching” several
different coordinate patches together. Coordinate patches overlap smoothly provided that the fol-
lowing holds: if x = x(u, v) is one coordinate patch defined on domain D and x = X(u, v) is another
defined on domain D, then the composite functions x~* o X and X! o x are one-to-one and onto
continuous functions on the intersection of D and D with continuous derivatives.

We define coordinate patches on n-manifold
analogously: a coordinate patch of an non empty
set of points M is a one-to-one mapping from
an open region D in R"™ into M given by

x(ut,u?, ..., u™). The n-tuple (u',u?, ... u™) rep- /
resents the local coordinates on M. Two coor-
dinate patches overlap smoothly provided that /

the following holds:

if x is one coordinate patch defined on domain D and X is another defined on domain D, then
the composite functions x! o X and X~! o x are one-to-one and onto continuous functions on the
intersection of D and D with continuous derivatives up to order at least three. For validity of
the formulas involving the second fundamental form and equations from previous section, we may
need the partial derivatives up to the third order to be continuous. If derivatives of any order are
continuous, such function is said to be smooth.

We say that M is an n-manifold if there is a collection of coordinate patches such that:
1. The coordinate patches cover every point of M.

2. The coordinate patches overlap smoothly.

3. Every two different points on M can be covered by two different patches.

4. The collection of patches is maximal collection with conditions (1)—(3) (i.e. if a patch overlaps
smoothly with every patch in collection is itself in collection).

Examples.
1. Fuclidean space R™ is an n-manifold.

2. Hypersurfaces. Let f be a function with continuous derivatives that maps R*™! into R. The
set of all vectors x = (@1, ..., T, 1) in R"™! such that f(x) = 0 defines an n-manifold usually
referred to as hypersurface.
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For example, the n-plane can be defined as the set of vectors x = (xy,...,2,,1) in R*™! such
that

a1Ty + as%s + ... Apy1Tpg1 = b

for some constant vector a = (ay, as, ..., a,+1). Note that the left side of the above equation is
the dot product a - x. Thus, this is a hypersurface with f(x) =a-x —b.

3. The n-sphere S™ is another example of a hypersurface. It can be defined as the set of vectors
x = (21,...,Tny1) in R" such that

a:%%—:v%—{—...—i—x?ﬁl =1
i.e. that [x|? = 1. So, this is a hypersurface with f(x) = |x|* — 1.

4. n-torus T" is defined as the set of vectors x = (xy,...,Zs,) in R?*" such that z? + x5 =
Las+ai=1,...,23 | +3, =1

Partial Derivatives. Note that the differentiation is defined on the domain of a coordinate
patch. When working with manifolds, we may want to be able to differentiate on the range of the
coordinate patch as well. This can be done by considering derivative of a real-valued functions.

Let f be function that maps a neighborhood U of a point P on n-manifold M into a subset of
R. The function f is smooth if the composition f o x is smooth where x is a coordinate patch that
contains P (thus meets U). Note that f ox is a function that maps domain D of x into R. Thus,

we can define the derivative of f with respect to coordinate u’ as % = % o (x7!) and use it to
define the partial derivative operator at point P as
0 of

S (P)(f) = 5 (P).

Directional Derivative and Tangent Vectors. Using the concept of partial derivative op-
erator, we can define tangent vectors. In case of surfaces, tangent vectors were defined as velocity
vectors of curves on surfaces. However, the definition of velocity vector is not available to us any more
because it refers to embedding in R3. We can still define tangent vectors using an alternate route
- via directional derivative. To understand the idea, consider a vector v in R? given by (v!,v?,v?).
This defines a directional derivative operator by

0 0 0
Dy=v-V=v— 40"~ +v°—.
M ox oy 0z
. . . d d
This operator is defined on the set of all real-valued functions f by D, f =v-Vf = ’Ulé +’U28—£ +

v3g—£. Thus, any linear combination of the partial derivatives can be considered as a directional

derivative.
The set of all tangent vectors corresponds exactly to the set of all directional derivatives. For

every curve y(t) on the surface x(u', u?), the velocity vector v/(¢)[f] = 4(f o) can be seen as an

operator v/ (t)[f] = 8(5:;") (x 1o ’y(t))dd—f = glﬂ'y(t)dd—f. Thus, ~(t) = %aii (y(t)) is the directional

derivative D (1), 2.
Having defined partial derivatives on an n-manifold M, allows us to define the tangent vectors at
a point P as the set of all linear combinations of the partial derivatives 8?”. (P). Thus, v is a tangent
9

vector if v is a linear combination of partial derivatives 52 (P) i.e. v is of the form v’ (P).
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The set of all tangent vectors is called the tangent space and is denoted by TpM. This space rep-
resents the generalization of tangent plane of 2-manifolds. After showing that the partial derivatives

are linearly independent, the vectors a?ﬁ (P) can be viewed as the basis of the tangent space TpM.

Inner product and Metric. The coefficients of the first fundamental form are defined using
the dot product of the basis vectors x; = %. The familiar concept of the dot product generalizes to
the inner product, a mapping of two vectors v and w producing a complex (or real) number v - w

such that for all vectors u, v, and w and complex (or real) numbers a and b the following holds.
1. The product is symmetric: v-w =w - v.
2. The product is bi-linear: u-(av+bw)=au-v+bu-w.
3. The product is positive definite: v-v > 0 and v -v = 0 if and only if v = 0.

For example, the dot product in R™ given by
Xy =2X1Y1 + TaY2 + ... + Tpln

for x = (z1,29,...,2,) and y = (Y1, Y2, - -, Yn).

If the tangent space TpM at every point P of an n-manifold M is equipped with an inner product,
we say that M is a Riemannian manifold and the inner product is called a Riemannian metric.
In this case, the coefficients of the first fundamental form at point P can be defined as

0 0

§i(P) = 5 -(P)- 5 ~(P).

With the inner product, the length of a vector v can be defined as |v| = y/v - v. This enables
defining the concepts of unit-length curves of a Riemannian n-manifold. Moreover, if g% denotes the
matrix inverse to the matrix g;;, then we can define Christoffel Symbols using the same formula

which holds for surfaces L /8 5 5
Eo_ gil gji Gij Ik

ouw — out  Oul

With the Christoffel symbols, we can also generalize the concept of geodesic. A curve « on
manifold M is geodesic if in each coordinate system defined along -y the equation (u*)"+T;(u') (u?) =
0 holds for £ = 1,2, ...n. With this definition, a curve with the shortest possible length is necessarily

a geodesic and every point P and every tangent vector v uniquely determine a geodesic v with
~(0) = P and 4/(0) = v.

The Sectional Curvature. The Riemann curvature tensor can be defined via Christoffel sym-
bols, using the same formula which holds for surfaces

Rl = arék 8F§j

l l
ijk — oul - w + karpj - Ffjrpk

and the sectional curvature K at every point P of a manifold M can be defined as

K — gliRéu.
g
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For 2-manifolds, the sectional curvature corresponds to Gaussian curvature. It is possible to define
other types of curvatures: Ricci curvature and scalar curvature. These concepts are used in physics,
especially in relativity theory.

There are many fascinating results in differential geometry. To conclude the exposition, we
mention some of them:

1. If the coefficients of the Riemann curvature tensor are equal to zero, then the n-manifold is
locally isometric to R™.

2. If a connected and complete Riemannian manifold of even dimension has constant sectional
curvature a%, then it is either a 2n-sphere of radius a or a projective space.

3. A complete, connected and simply connected (every closed curve can be collapsed to a point)
Riemannian manifold of constant sectional curvature c is
e the sphere S of radius \/LE if ¢ >0,
e the space R" if ¢ = 0, and

e a hyperbolic space if ¢ < 0. The hyperbolic space H" is the set of vectors in R™ of length
smaller than 1 with the metric coeflicients g;; given at point v by g¢,;(v) = %.

4. Poincaré conjecture (recently proven, see Wikipedia for more details): Every simply connected,
closed 3-manifold is homeomorphic to the 3-sphere.
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