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RoBiRank

Problem setting

Users and Items

X = {x1, x2, . . . , xn} set of users

Y = {y1, y2, . . . , ym} set of items

S.V.N. Vishwanathan (UCSC) Optimization for Machine Learning 2 / 48



RoBiRank

Data
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RoBiRank

Problem setting

Users and Items

X = {x1, x2, . . . , xn} set of users

Y = {y1, y2, . . . , ym} set of items

Data

For each user x ∈ X we have

Y+ ⊆ Y: positive items
Y− ⊆ Y: negative items
Y0 ⊆ Y: unobserved

What we want

A function f : X× Y→ R such that

f (x , y+) ≥ f (x , y0) ≥ f (x , y−)

Note: actual value of f (x , y) is not important. Only order matters.
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RoBiRank

Objective function

Optimize Rank

Note: Simplifying assumption Y− = ∅
Minimize the rank of positive items:

J(f ) :=
∑
x∈X

∑
y∈Y+

rankf (x , y)

Problem: rank is hard to write analytically. How to optimize?
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RoBiRank

Rewrite the rank

rankf (x , y) =
∑
y ′∈Y

I
(
f (x , y)− f (x , y ′) < 0

)

J(f ) :=
∑
x∈X

∑
y∈Y+

rankf (x , y)
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RoBiRank

Rewrite the rank

rankf (x , y) =
∑
y ′∈Y

I
(
f (x , y)− f (x , y ′) < 0

)

J(f ) :=
∑

(x ,y)∈Ω

∑
y ′∈Y

I
(
f (x , y)− f (x , y ′) < 0

)
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RoBiRank

Upper bound the indicator
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RoBiRank

Upper bound the indicator
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RoBiRank

Upper bound the rank

rankf (x , y) ≤ rankf (x , y) =
∑
y ′∈Y

σ
(
f (x , y)− f (x , y ′)

)

J(f ) :=
∑

(x ,y)∈Ω

∑
y ′∈Y

I
(
f (x , y)− f (x , y ′) < 0

)
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RoBiRank

Upper bound the rank

rankf (x , y) ≤ rankf (x , y) =
∑
y ′∈Y

σ
(
f (x , y)− f (x , y ′)

)

J(f ) :=
∑

(x ,y)∈Ω

∑
y ′∈Y

σ
(
f (x , y)− f (x , y ′)

)
where, for instance, σ(t) = log2 (1 + 2−t).
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RoBiRank

Detour: DCG
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RoBiRank

Attractiveness
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RoBiRank

Bending the loss

rankf (x , y) ≤ rankf (x , y) =
∑
y ′∈Y

σ
(
f (x , y)− f (x , y ′)

)

J(f ) :=
∑
x∈X

∑
y∈Y+

∑
y ′∈Y

σ
(
f (x , y)− f (x , y ′)

)
where, for instance, σ(t) = log2 (1 + 2−t).
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RoBiRank

Bending the loss

rankf (x , y) ≤ rankf (x , y) =
∑
y ′∈Y

σ
(
f (x , y)− f (x , y ′)

)

J(f ) :=
∑

(x ,y)∈Ω

ρ

∑
y ′∈Y

σ
(
f (x , y)− f (x , y ′)

)
where, for instance, σ(t) = log2 (1 + 2−t) and ρ(t) = log2(t + 1)
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RoBiRank

Bending the loss

rankf (x , y) ≤ rankf (x , y) =
∑
y ′∈Y

σ
(
f (x , y)− f (x , y ′)

)

J(f ) :=
∑

(x ,y)∈Ω

ρ

∑
y ′∈Y

σ
(
f (x , y)− f (x , y ′)

)
where σ(t) = log2 (1 + 2−t) and ρ(t) = log2(t + 1)
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RoBiRank

Different ways to parameterize f (x , y)

Joint features

If joint features of users and items available

f (x , y) = 〈φ(x , y),w〉

Independent features

If independent features of users and items available

f (x , y) = φ(x)>Wφ′(y)

Latent models

If only interactions are available

f (x , y) = 〈ux , vy 〉
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RoBiRank

Optimization: Stochastic gradients

J(f ) :=
∑

(x ,y)∈Ω

ρ

∑
y ′∈Y

σ
(
f (ux , vy )− f (ux , vy ′)

)

Jx ,y (f ) := |Ω| ρ

∑
y ′∈Y

σ
(
f (ux , vy )− f (ux , vy ′)

)

∇Jx ,y (f ) := |Ω| ∇ρ

∑
y ′∈Y

σ
(
f (ux , vy )− f (ux , vy ′)

)
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RoBiRank

Bounding ρ

Since ρ is concave

ρ(t) ≤ ρ
(
ξ−1
)

+ ρ′
(
ξ−1
)
·
(
t − ξ−1

)
Bound tight at ξ = t−1

J(f ) :=
∑

(x ,y)∈Ω

ρ

∑
y ′∈Y

σ
(
f (ux , vy )− f (ux , vy ′)

)
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RoBiRank

Bounding ρ

Since ρ is concave

ρ(t) ≤ ρ
(
ξ−1
)

+ ρ′
(
ξ−1
)
·
(
t − ξ−1

)
Bound tight at ξ = t−1

J(f ) :=
∑

(x ,y)∈Ω

ρ
(
ξ−1
xy

)
+ ρ′

(
ξ−1
xy

)
·

∑
y ′

σ(f (ux , vy )− f (ux , vy ′))− ξ−1
xy



S.V.N. Vishwanathan (UCSC) Optimization for Machine Learning 14 / 48



RoBiRank

Alternate minimization

(U,V )-step

∇J(u, v |ξ) :=
∑

(x ,y)∈Ω

∑
y ′

ρ′
(
ξ−1
xy

)
∇σ(f (ux , vy )− f (ux , vy ′))

Sample (x , y) uniformly from Ω
Sample y ′ uniformly from Y

Estimate the gradient by

|Ω| · |Y| · ρ′
(
ξ−1
xy

)
· ∇ux ,vyσ(f (ux , vy )− f (ux , vy ′))

Update ux and vy
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RoBiRank

Alternate minimization

ξxy -step

If U and V are fixed then

ξxy =
1∑

y ′ σ(f (ux , vy )− f (ux , vy ′))
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RoBiRank

Experiments: Million song dataset

1,129,318 users, 386,133 songs, and 49,824,519 records
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RoBiRank

Experiments: Million song dataset

1,129,318 users, 386,133 songs, and 49,824,519 records
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RoBiRank

Experiments: Million song dataset

1,129,318 users, 386,133 songs, and 49,824,519 records
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RoBiRank

WordRank

WS-353 word similarity task
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RoBiRank

WordRank

Google word analogy task
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Collaborative Filtering

Collaborative filtering

M1 M2 M3 M4 M5 M6 M7 M8 M9 M10

U1

U2

U3

U4

U5

U6
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3 3 3
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Collaborative Filtering

Matrix completion

X

≈
U

V
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Collaborative Filtering

Matrix completion

min
U ∈ Rm×k

V ∈ Rn×k

J(U,V ),

J(U,V ) =
1

2

∑
(x ,y)∈Ω

{
(Xxy − 〈ux , vy 〉)2 + λ

(
‖ux‖2 + ‖vy‖2

)}
.
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Collaborative Filtering

Stochastic approximation

J(U,V ) ≈ Jx ,y (U,V ) =
1

2

{
(Xxy − 〈ux , vy 〉)2 + λ

(
‖ux‖2 + ‖vy‖2

)}

∇uy′Jx ,y (U,V ) =

{
(Xuv − 〈ux , vy 〉) vj + λux , for x = x ′

0 otherwise

∇vy′Jx ,y (U,V ) =

{
(Xxy − 〈ux , vy 〉) ux + λvy , for y = y ′

0 otherwise
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Collaborative Filtering

Stochastic updates

ux ← ux − η ((Xxy − 〈ux , vy 〉) vy + λux)

vy ← vy − η ((Xxy − 〈ux , vy 〉) ux + λvy )
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Collaborative Filtering

Distributed SGD (Gemulla et al., 2011, Re and Recht, 2012)
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NOMAD

Some observations

The good

Updates are decoupled and easy to parallelize

Easy to implement using map-reduce

The bad

Communication and computation are interleaved

When network is active then CPU is idle
When CPU is active then network is active

Question: Can we keep CPU and network simultaneously busy?
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NOMAD

Illustration of NOMAD communication
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NOMAD

Illustration of NOMAD communication
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NOMAD

Illustration of NOMAD communication
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NOMAD

Illustration of NOMAD communication
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NOMAD

Illustration of NOMAD communication
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NOMAD

Illustration of NOMAD communication
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NOMAD

Illustration of NOMAD communication

x

x

x

x

xx

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

xx

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

xx

x

x

x

x

x

x

x

x

x

S.V.N. Vishwanathan (UCSC) Optimization for Machine Learning 29 / 48



NOMAD

Illustration of NOMAD communication
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NOMAD

Illustration of NOMAD communication
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NOMAD

Illustration of NOMAD communication
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NOMAD

Illustration of NOMAD communication
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NOMAD

Eventually . . .
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NOMAD

Experiments: Datasets

Name Rows Columns Non-zeros

Netflix 2,649,429 17,770 99,072,112

Yahoo! Music 1,999,990 624,961 252,800,275

Hugewiki 50,082,603 39,780 2,736,496,604
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NOMAD

Experiments: Scaling on a single machine
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NOMAD

Experiments: Scaling on a single machine
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NOMAD

Experiments: Scaling on a single machine
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NOMAD

Experiments: Scaling across multiple machines (HPC cluster)
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NOMAD

Experiments: Scaling on commodity hardware
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Background

Regularized risk minimization

Machine Learning

We want to build a model which predicts well on data

A model’s performance is quantified by a loss function

a sophisticated discrepancy score

Our model must generalize to unseen data

Avoid over-fitting by penalizing complex models (Regularization)

More Formally

Training data: {x1, . . . , xm}
Labels: {y1, . . . , ym}
Learn a vector: w

minimize
w

J(w) := λ

d∑
j=1

φj(wj)︸ ︷︷ ︸
Regularizer

+
1

m

m∑
i=1

li (〈w , xi 〉)︸ ︷︷ ︸
Risk Remp
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Background

Stochastic optimization

minimize
w

J(w) := λ

d∑
j=1

φj(wj) +
1

m

m∑
i=1

li (〈w , xi 〉)
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Background

Stochastic optimization

minimize
w

Jt(w) := λ

d∑
j=1

φj(wj) + lt(〈w , xt〉)
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Background

Stochastic optimization

J(w) = Et [Jt(w)]
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Background

Stochastic optimization

wt+1 ← wt − ηt∇Jt(wt)
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Background

Stochastic vs batch optimization
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Distributed Stochastic Saddlepoint Optimization (DSSO)

Problem reformulation

min
w

λ

d∑
j=1

φj(wj) +
1

m

m∑
i=1

li (〈w , xi 〉)
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Distributed Stochastic Saddlepoint Optimization (DSSO)

Problem reformulation

min
w ,u

λ

d∑
j=1

φj(wj) +
1

m

m∑
i=1

li (ui )

subject to ui = 〈w , xi 〉 {i = 1 . . .m}
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Distributed Stochastic Saddlepoint Optimization (DSSO)

Problem reformulation

min
w ,u

max
α

λ

d∑
j=1

φj(wj) +
1

m

m∑
i=1

li (ui ) +
1

m

m∑
i=1

αi (ui − 〈w , xi 〉)
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Distributed Stochastic Saddlepoint Optimization (DSSO)

Problem reformulation

max
α

min
w

λ

d∑
j=1

φj(wj)−
1

m

m∑
i=1

αi 〈w , xi 〉+
1

m
min
u

m∑
i=1

(li (ui ) + αiui )
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Distributed Stochastic Saddlepoint Optimization (DSSO)

Problem reformulation

max
α

min
w

λ

d∑
j=1

φj(wj)−

〈
w ,

1

m

m∑
i=1

αixi

〉
+

1

m

m∑
i=1

l∗i (−αi )
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Distributed Stochastic Saddlepoint Optimization (DSSO)

Problem reformulation

max
α

min
w

f (w , α) :=
m∑
i=1

∑
j∈Ωi

(
λ∣∣Ω̄j

∣∣φj(wj)−
1

m
αiwjxij +

1

m |Ωi |
l∗i (−αi )

)
︸ ︷︷ ︸

1
|Ω| fij (wj ,αi )
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Distributed Stochastic Saddlepoint Optimization (DSSO)

Stochastic gradients

f (w , α) = Eij [fij(wj , αi )] .

∂wj fij(wj , αi ) = |Ω|

(
λ∣∣Ω̄j

∣∣∂φj(wj)−
1

m
αixij

)

∂αi fij(wj , αi ) = |Ω|
(
− 1

m
wjxij +

1

m |Ωi |
∂αi l

∗
i (−αi )

)
.

wj ← wj − ηw |Ω|

(
λ∣∣Ω̄j

∣∣∂φj(wj)−
1

m
αixij

)

αi ← αi + ηα |Ω|
(
− 1

m
wjxij +

1

m |Ωi |
∂αi l

∗
i (−αi )

)
.
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Distributed Stochastic Saddlepoint Optimization (DSSO)

Decoupling the updates

w (1) w (2) w (3) w (4)
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α(3)

α(2)

α(1)
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x

x

x

x

x

x

x

x

x

X

Also see Gemulla et al., 2011 and Re and Recht, 2012.
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Distributed Stochastic Saddlepoint Optimization (DSSO)

Convergence: Assumptions

Assumptions

Suppose, DSSO is run with p ≤ min (m, d) processors, and let (w t , αt)
and (w̃ t , α̃t) :=

(
1
t

∑t
s=1 w

s , 1
t

∑t
s=1 α

s
)

denote the parameter values,
and the averaged parameter values respectively after the t-th epoch.
Moreover, assume that
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Distributed Stochastic Saddlepoint Optimization (DSSO)

Convergence: Assumptions

Assumptions

There exists a partitioning of Ω such that
∣∣Ω(q,σr (q))

∣∣ ≈ 1
p2 |Ω| and

|Jq| ≈ d
p for all q.

Performing updates takes constant amount of time denoted by Tu.

Communicating w across the network takes constant amount of time
denoted by Tc, and communicating a subset of w takes time
proportional to its cardinality.

The diameter of the search space is bounded. In other words, there
exists a constant D such that for all (w , α) and (w ′, α′) we have
‖w − w ′‖2 + ‖α− α′‖2 ≤ D.

The gradients of fi ,j (wj , αi ) are bounded by a constant that does not
depend on i or j .

‖∇w fi ,j (wj , αi )‖2 ≤ C 2
w and ‖∇α−f i ,j(wj , αi )‖2 ≤ C 2

α.
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Distributed Stochastic Saddlepoint Optimization (DSSO)

Convergence: Theorem

Theorem

There exists a constant C such that after
(
|Ω|Tu

p + Tc

)
T time, the

duality gap is

ε (w , α) := max
α′

f
(
w̃T , α′

)
−min

w ′
f
(
w ′, α̃T

)
≤
√

2DC

T
. (1)
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Distributed Stochastic Saddlepoint Optimization (DSSO)

Experiment

SVM training with 50 million data points and 11.7 million dimensions.
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Distributed Stochastic Saddlepoint Optimization (DSSO)
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Distributed Stochastic Saddlepoint Optimization (DSSO)

Collaborators
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Distributed Stochastic Saddlepoint Optimization (DSSO)

Questions?
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