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Recap: Set functions

Summarizing Image Collections?
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Recap: Set functions

What’s common?

Optimize a set function
f(A) under constraints!
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Choose Subset
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Recap: Set functions

— {,;
A

f(A) =22

R. lyer & J. Bilmes NOML: Submodularity in ML page 5/75




Introduction
[NRNRRN]

Recap: Set functions

f:2Y 3R

General Set function Optimization —
very very hard!

What if there is some special structure?
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Recap: Submodular Functions

@ Special class of set functions.

fF(AUV) — f(A) > f(BUV) — f(B), if AC B (1)
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Recap: Submodular Functions

@ Special class of set functions.

fF(AUV) — f(A) > f(BUV) — f(B), if AC B (1)
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f = # of distinct colors of balls in the urn.
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Recap: Submodular Functions

@ Special class of set functions.

fF(AUV) — f(A) > f(BUV) — f(B), if AC B (1)

®
-

/e

f = # of distinct colors of balls in the urn.

Gain=1 Gain=0
e Monotonicity: f(A) < f(B), if A C B.
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Recap: Submodular Functions

@ Special class of set functions.

fF(AUV) — f(A) > f(BUV) — f(B), if AC B (1)

®
-

/e

f = # of distinct colors of balls in the urn.

Gain=1 Gain=0

e Monotonicity: f(A) < f(B), if A C B.
e Modular function f(X) = > ;_x f(i) analogous to linear functions.
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Recap Alternate definition — Submodular Functions

@ A function f : 2¥ — R is submodular if:

f(A)+f(B) > f(AuB) + f(AmB)

00-® &
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Recap: Alternate definition — Submodular Functions

@ A function f : 2¥ — R is submodular if:

f(A)+ f(B) 2 f(AuB) -+ f(AmB)

+2f :
@ Submodularity has been widely used: non-additive measure theory,

economics, game theory, statistical physics and thermodynamics,
electrical networks, and operations research.

B)
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Facets of Submodular functions (models in maximization)

0

F(A) = Uge gareal(s) - §
=)

5

F(A) = logdet(L,) !
~<

F(A) = H(X,) - S
.

o
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Facets of Submodular functions (models in minimization)

Starbuck : "
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Overview of this part of the tutorial

@ Submodularity, Convexity and Concavity.
@ Polyhedra associated with submodular functions.
@ Submodular Semigradients.

@ Convex and Concave extensions of Submodular Functions.
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Next Part of this tutorial

@ Unifying class of algorithms for submodular minimization,
submodular maximization, DS optimization and submodular
optimization subject to submodular constraints.

@ Most of these algorithms are based on the convex and concave
aspects of submodelar functions.

@ Extensions to Submodular Structures including Submodular
partitioning, Submodular metrics, Submodular Bregman and
Submodular Point Processes.
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© Submodularity, Convexity and Concavity
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ConveX|ty and Gradients

Planning -
for Big Data PROGRAMS  VIDEOS

TAMING THE

BIGWA”NALVTICS TIDAL WAVE Workshops

FE——

A B 'e | glogvgraé‘:me Stochastic Gradient Methods
B

e Big tralmng data in machlne learning: computational biology, speech
and language processing, collaborative filtering, computer vision.
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Con eX|ty and Gradients

Planning -
for Big Data PROGRAMS  VIDEOS

TAMING THE
BIGWA.tlALVTICS TIDAL WAVE Workshops

FE——

'\ Big Data . .
B ' e | Govemame Stochastic Gradient Methods
FEBRUARY 24 -28, 2014

DWFF o

pevanmor o [ o— e~

WELIVE, WORK, .mu..u 4 ti’l«"

@ Big training data in machine learning: computational biology, speech
and language processing, collaborative filtering, computer vision.

@ Motivates stochastic approximation /stochastic gradient methods,
often effective on large scale machine learning problems.
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Con eX|ty and Gradients

Planning
for Big Data

TAMING THE
B'G‘ffALVT'CS TIDAL WAVE Workshops

FE——

'\ Big Data . .
B . e | Governance Stochastic Gradient Methods
FEBRUARY 24 -28, 2014

i AnEmerging Imperative

DUTF ¢,
IAREVOLUTION g"l@\ I . —- |

THAT WL TRANSFORM HOW
WELIVE, WORK, AND THINK '%QLJ 4

e Big trainlng data in machine learning: computational biology, speech
and language processing, collaborative filtering, computer vision.

e Motivates stochastic approximation/stochastic gradient methods,
often effective on large scale machine learning problems.

@ Readily applied now both to convex and non-convex problems.

NOML: Submodularity in ML

R. lyer & J. Bilmes



Two sides of Submodularity
[NRRRN

ConveX|ty and Gradients

Planning -
for Big Data PROGRAMS  VIDEOS

TAMING THE s
TIDAL WAVE Workshops

FE——

A g Data . N
B . e | Govemame Stochastic Gradient Methods

i AnEmerging Imperative FEBRUARY 24 - 28,2014

il :

I, [ o— e~

e Big training data in machine learning: computational biology, speech
and language processing, collaborative filtering, computer vision.

e Motivates stochastic approximation/stochastic gradient methods,
often effective on large scale machine learning problems.

@ Readily applied now both to convex and non-convex problems.

@ Some Methods: Conditional Gradient, Subgradient/Mirror Descent,
Generalized Accelerated Gradient Ascent (GAGA), Incremental
Gradient, Nesterov's Optimal Gradient, Proximal Gradient, Fast
Proximal Gradient, etc.
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Convex Functions and Tight Subgradients

f,(b) =f(b)
fb(a) <f(a)

N
—

b X

@ A convex function f has a subgradient at any in-domain point b,
namely there exists f;, such that

F(x) — £(b) > (o, x — b),Vx. (2)

we have f,(x) = f(b) + (fp,x — b)
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Convex Functions and Tight Subgradients

f,(b) =f(b)
fb(a) <f(a)

N
—

b X

@ A convex function f has a subgradient at any in-domain point b,
namely there exists f;, such that

F(x) — F(b) > (fy, x — b),¥x. (2)

we have f,(x) = f(b) + (fp,x — b)
@ We have that f(x) is convex, f5(x) is affine, and can be a tight
subgradient (tight at b, affine lower bound on f(x)) for all b
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Two sides of Submodularity
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Concave Functions and Tight Supergradients

£2(x)
f2(b) = f(b)
/ fy ) =f(@)
/
T b X

@ A concave f has a supergradient at any in-domain point b, namely
there exists f? such that

f(x) — f(b) < (f°,x — b), ¥x. (3)

we have f2(x) = f(b) + (f®,x — b)
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Two sides of Submodularity
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Concave Functions and Tight Supergradients

£2(x)
f2(b) = f(b)
/ fy ) =f(@)
/
T b X

@ A concave f has a supergradient at any in-domain point b, namely
there exists 2 such that

f(x) — f(b) < (f°,x — b), ¥x. (3)

we have f(x) = f(b) + (f, x — b)
@ We have that f(x) is concave, f?(x) is affine, and can be a tight
supergradient (tight at b, affine upper bound on f(x)) for all b
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Two Sides of Submodularity

discrete convexity ....

v

... Or concavity?

v

Submodular functions have properties related to both!
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Two sides of Submodularity

Convex aspects (Fujishige (1984, Concave aspects (Vondrak (2007),
2005), Frank (1982)) I-Bilmes (2015))

@ Minimization: Poly-time. @ Max: constant-factor approx!

@ Convex continuous extension - @ Multilinear extension - concave
Lovasz extension. in a direction.

@ Subgradients and @ Supergradients and
Subdifferential. Superdifferential.

o Convex duality, discrete @ Under restricted settings,
seperation etc. duality, separation etc.
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Two sides of Submodularity
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Submodular Semigradients and extensions

@ A submodular function f : 2Y¥ — R, has both tight subgradients and
supergradients, tight at a set Y C V:

@ Tight Subgradients: 3my € RY and by € R such that
my(Y)+ by = f(Y) and my(X) + by < f(X) for all X C V.
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Submodular Semigradients and extensions

@ A submodular function f : 2¥ — R, has both tight subgradients and
supergradients, tight at aset Y C V:

@ Tight Subgradients: 3my € RY and by € R such that
my(Y)+ by = f(Y) and my(X) + by < f(X) for all X C V.

@ Tight Supergradients: 3m” € RV and bY € R such that
mY(Y)+ bY = £(Y) and m¥(X) + bY < £(X) forall X C V.
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Two sides of Submodularity
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Submodular Semigradients and extensions

@ A submodular function f : 2¥ — R, has both tight subgradients and
supergradients, tight at aset Y C V:

@ Tight Subgradients: 3my € RY and by € R such that
my(Y)+ by = f(Y) and my(X) + by < f(X) for all X C V.

@ Tight Supergradients: 3m" € RV and bY € R such that
mY(Y)+bY = f(Y) and m¥(X) + bY < f(X) for all X C V.

@ Submodular functions also admit continuous extensions which are
convex, concave, and multilinear.
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Submodularity and Convexity

Outline

© Submodularity and Convexity
@ Submodular Polyhedron
@ Convex extension
@ Submodular Subdifferential
@ Generalized lower Submodular Polyhedron
@ Convex aspects of a submodular function
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Submodularity and Convexity
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Outline

© Submodularity and Convexity
@ Submodular Polyhedron
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Submodularity and Convexity

Submodular (lower) Polyhedron

@ A submodular f : 2¥ — R, has a polyhedron called the submodular
(lower) polyhedron and a base (lower) polytope:

Pr={xeRY:x(S) < f(S),vS C V} (4)
Br =Prn{x:x(V)=Ff(V)}. (5)
where x(S) = > ;.5 x; is seen as a modular function
By . By 18y
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Chains & Extreme Points of the Submodular Polyhedron

ROV D®D®®

n

R E— ':
Sy E
L |
Sa
e Notation: Given a permutation o = (c(1),0(2),...,0(n)) of V,
define chain ) =S§ C Sf C --- C 57 = V where
57 ={0(1),0(2),...,0(i)} (6)
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Submodularity and Convexity
(N1 ]

Chains & Extreme Points of the Submodular Polyhedron

ROV D®D®®

o Notation: Given a permutation o = (c(1),0(2),...,0(n)) of V,
define chain ) = S§ C Sf C --- C §7 = V where

$7 = {0(1).0(2)......0(i)} (6)

@ These chains define all extreme points.
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Submodularity and Convexity
(N1 ]

Chains & Extreme Points of the Submodular Polyhedron

ROV D®D®®

n

e — |
S3

o Notation: Given a permutation o = (c(1),0(2),...,0(n)) of V,
define chain ) = S§ C Sf C --- C §7 = V where
57 ={o(1),0(2),...,0(i)} (6)
@ These chains define all extreme points.
o (Edmonds, 1970) Define h° € RY as,

h?(a(i)) = £(S7) — F(S51) (7)

Then, h? is an extreme point of Pr.
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Submodularity and Convexity
L}

Outline

© Submodularity and Convexity

@ Convex extension
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Submodularity and Convexity
1

Lovasz extension of a submodular function

@ Given the submodular polyhedron, we can define a convex extension
of a submodular function as, f(w) = maxsep, w's.

1—‘—\

XL LEEEL:
5

1

—
Sa ;
-

S3

R. lyer & J. Bilmes NOML: Submodularity in ML page 24 / 75



Submodularity and Convexity
1

Lovasz extension of a submodular function

o Given the submodular polyhedron, we can define a convex extension
of a submodular function as, f(w) = maxsep, wTs.

1—‘—\
QPODODDO®WO®
Syt ! i
Sy
AL
Sa
S3

@ Given vector w € }RK, define w-cognizant permutation o, such that
wlow(1)] > wlow(2)] > -+ > wlow(n)].
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Submodularity and Convexity
1

Lovasz extension of a submodular function

o Given the submodular polyhedron, we can define a convex extension
of a submodular function as, f(w) = maxsep, wTs.

1—‘—\
@ € @© € €
Syt ! i

Si :

-

Sa
S3

@ Given vector w € RK, define w-cognizant permutation o, such that
wlow(1)] = wlow(2)] = -+ = wlow(n)].

e (Vitali'25, Choquet'54, Edmonds’70, Lovdsz'83): The Lovasz
extension is,

n
v

f(w) £ maxw's =3 w(ow(i)IF(S7) — F(ST)] =D Aif(S7™)
i=1

SGP{ 1
=
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Submodularity and Convexity
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Outline

© Submodularity and Convexity

@ Submodular Subdifferential
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Submodularity and Convexity
(AR

Submodular Subdifferential

@ Analogous to convex functions, submodular functions have
subdifferential structure (Fujishige'84,'05) at each X C V.

9r(X) = Ix €R™: F(Y) — x(Y) > f(X) — x(X) YY C V} (8)

L2

Op({v2})
f
3f({1)171’2})

0.0) T1

%0 | ap({w))
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Submodularity and Convexity
(AR

Submodular Subdifferential

@ Analogous to convex functions, submodular functions have
subdifferential structure (Fujishige'84,'05) at each X C V.

9r(X) = Ix €R™: F(Y) — x(Y) > F(X) — x(X) YY C V} (8)

L2

Op({v2})
f
3f({1)171’2})

0.0) T1

%0 | ap({w))

@ Each hx € 0¢(X) defines modular lower bound of f tight at X:
Of(X)={xeR": f(Y) > f(X) —x(X)+x(Y);VY C V}
so mx(Y) = f(X) — hx(X) + hx(Y) < £(Y) and mx(X) = f(X).
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Submodularity and Convexity
(AR

Submodular Subdifferential

@ Analogous to convex functions, submodular functions have
subdifferential structure (Fujishige'84,'05) at each X C V.

9r(X) = Ix €R™: F(Y) — x(Y) > F(X) — x(X) YY C V} (8)

L2

Op({v2})
f
3f({01ﬂ’2})

0.0) T1

%0 | ap({w))

e Each hx € 0¢(X) defines modular lower bound of f tight at X:
OfF(X)={xeR": f(Y) > Ff(X)—x(X)+x(Y);VY C V}

so mx(Y) = f(X) — hx(X) + hx(Y) < f(Y) and mx(X) = f(X).
@ myx is a (not necessarily normalized) modular function.
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Submodularity and Convexity
(NLRN]

Submodular Subdifferential Extreme Points

@ Given permutation o with 5&‘ = X, take h§ € RY with entries
(o (i) = £(57) — F(S71).
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Submodularity and Convexity
(NLRN]

Submodular Subdifferential Extreme Points

e Given permutation o with 5&‘ = X, take h§ € RY with entries
h%(a(i)) = (57) = F(S5741)-

@ Then h§ € Or(X) and is itself a normalized modular function with
hx(Y) < F(Y)VY and hx(X) = £(X).
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Submodularity and Convexity
(NLRN]

Submodular Subdifferential Extreme Points

e Given permutation o with 5&‘ = X, take h§ € RY with entries
h%(o(i)) = £(57) — F(571).

@ Then h§ € Or(X) and is itself a normalized modular function with
hx(Y) < F(Y)VY and hx(X) = £(X).

@ Such h$, for the various orders o with property 5&‘ = X, comprise
the extreme points of 9¢(X) (Fujishige,'05).

R. lyer & J. Bilmes NOML: Submodularity in ML page 27 / 75



Submodularity and Convexity
(NLRN]

Submodular Subdifferential Extreme Points

e Given permutation o with 5&‘ = X, take h§ € RY with entries
h%(o(i)) = £(57) — F(S741)-

@ Then h§ € Or(X) and is itself a normalized modular function with
hx(Y) < F(Y)VY and hx(X) = £(X).

@ Such h%, for the various orders o with property S&‘ = X, comprise
the extreme points of 9¢(X) (Fujishige,'05).

@ Hence, 0r(0) and 9¢(V) have the same set of extreme points, and
9r(Y) for ) C Y C V have fewer.

22

0, V2
KD | g oo

%0 | a{md)
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Submodularity and Convexity
L

Submodular Subdifferential Redundancy

@ Define three polyhedra based on a partition of the constraints:

OF(X) = {x € R": f(Y) = x(Y) = f(X) = x(X),VY C X} (9)
DEX)={x e R": f(Y) = x(Y) > f(X) = x(X),VY D X} (10)
RX)={xeR": f(Y) = x(Y) > f(X) = x(X),VY : Y Z X, Y 2 X}

(11)

R. lyer & J. Bilmes NOML: Submodularity in ML



Submodularity and Convexity
L

Submodular Subdifferential Redundancy

@ Define three polyhedra based on a partition of the constraints:

IHX)={x e R": f(Y) = x(Y) > f(X) — x(X),VY C X} (9)
RZ(X)={x eR": F(Y) = x(Y) > f(X) — x(X),VY D X} (10)
RX)={x eR": f(Y) = x(Y) > f(X) = x(X),VY : Y Z X, Y 2 X}

(11)

o Immediately 9¢(X) = 9}(X) N 92(X) N 93(X) but more interestingly:
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L

Submodular Subdifferential Redundancy

@ Define three polyhedra based on a partition of the constraints:

IHX)={x e R": f(Y) = x(Y) > f(X) — x(X),VY C X} (9)
RZ(X)={x eR": F(Y) = x(Y) > f(X) — x(X),VY D X} (10)
RX)={x eR": f(Y) = x(Y) > f(X) = x(X),VY : Y Z X, Y 2 X}

(11)

o Immediately 9¢(X) = 9}(X) N 92(X) N 93(X) but more interestingly:
Lemma 1 (Fujishige'84)
Given a submodular function, 0¢(X) = OX(X) N 03(X) for all X C V.
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Submodularity and Convexity
L

Submodular Subdifferential Redundancy

@ Define three polyhedra based on a partition of the constraints:

IHX)={x e R": f(Y) = x(Y) > f(X) — x(X),VY C X} (9)
RZ(X)={x eR": F(Y) = x(Y) > f(X) — x(X),VY D X} (10)
RX)={x eR": f(Y) = x(Y) > f(X) = x(X),VY : Y Z X, Y 2 X}

(11)

o Immediately 9¢(X) = 9}(X) N 92(X) N 93(X) but more interestingly:

Lemma 1 (Fujishige'84)
Given a submodular function, 0¢(X) = OX(X) N 03(X) for all X C V.
%

o So for X ¢ {0, V} many of the subdifferen-
tial inequalities are redundant.

28 / 75
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Submodularity and Convexity
(NNAY |

Submodular Subdifferential Outer Bound

@ Hence, we can write the subdifferential as:
IF(X)={{xeR": f(Y)—x(Y) > f(X)—x(X)VY € [0, X]U[X, V]}

where [A,B] = {X C V: AC X C B} whenever AC B.
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Submodularity and Convexity
(NNAY |

Submodular Subdifferential Outer Bound

@ Hence, we can write the subdifferential as:
IF(X)={{xeR": f(Y)=x(Y) > f(X) —x(X)VY € [0, X]U[X, V]}

where [A,B] = {X C V: AC X C B} whenever AC B.
@ Also, submodular polyhedron Pr = 9¢(0).

29 / 75
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Submodularity and Convexity
(NNAY |

Submodular Subdifferential Outer Bound

@ Hence, we can write the subdifferential as:
IF(X)={{xeR": f(Y)=x(Y) > f(X) —x(X)VY € [0, X]U[X, V]}

where [A,B] = {X C V: AC X C B} whenever AC B.
@ Also, submodular polyhedron Pr = 9¢(0).

@ Consider polyhedron defined only for Y such that
YAX| =X\ Y| =1

< x(j)

o7 (X) = {x e RY 1 V) € X, F(jIX\))
)2 x()). (12)

and j ¢ X, f(j|X

where f(j|A) = f(A+ j) — f(A).
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Submodularity and Convexity
(NNAY |

Submodular Subdifferential Outer Bound

@ Hence, we can write the subdifferential as:
IF(X)={{xeR": f(Y)=x(Y) > f(X) —x(X)VY € [0, X]U[X, V]}

where [A,B] = {X C V: AC X C B} whenever AC B.
@ Also, submodular polyhedron Pr = 9¢(0).

@ Consider polyhedron defined only for Y such that
YAX| =X\ Y] =1

oA (X) = {x e RY : W) € X, F(jIX\)) < x(j)
and j ¢ X, f(j|X) > x(j)}. (12)

where f(j|A) = f(A+j) — f(A).
o Immediately, 9~V (X) 2 9¢(X).
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Submodularity and Convexity
[NRRNR

Outline

© Submodularity and Convexity

@ Generalized lower Submodular Polyhedron
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Submodularity and Convexity
(L ERRN]

Generalized (lower) Polyhedron

@ Define a generalization of the submodular polyhedron Pfen C RIVIHL:
PE" ={(x,c),x e R",c e R: [x(X) + c] < f(X),¥X C V} (13)
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Submodularity and Convexity
(L ERRN]

Generalized (lower) Polyhedron

o Define a generalization of the submodular polyhedron P§" C RIVI+1;

PE" ={(x,c),x e R",c e R: [x(X) + c] < f(X),¥X C V} (13)
e For normalized submodular functions (f(f)) = 0), we have ¢ <0, so

extreme points exist, yielding Generalized Submodular (lower)
Polyhedron:

€2

gen —]
’Pf C

Z1
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Submodularity and Convexity
(L ERRN]

Generalized (lower) Polyhedron

o Define a generalization of the submodular polyhedron P§" C RIVI+1;
PE" = {(x,c),x ER", c € R: [x(X) + c] < f(X),¥X C V} (13)

e For normalized submodular functions (f()) = 0), we have ¢ <0, so
extreme points exist, yielding Generalized Submodular (lower)
Polyhedron:

Xy

gen —]
’Pf C

o Immediately, Pr x {0} = {(x,¢) € RIVIHL . - — 0} npEn,
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Submodularity and Convexity
(NLRRN]

Gen. (lower) Submodular Polyhedron: extreme points

Lemma 2

Given submodular f, (x, c) is an extreme point of P£" if and only if x is
an extreme point of Ps and ¢ = 0. Furthermore, for any y € R",

max __|(x,y) + €| = max(x, 14
(x,c)ePfe"K y)+c] Xepf< y) (14)

Proof

Immediately, maxsep, w's < maX(X’C)epren[<X7 w) + c]. Also, for any
(x,c) € PE",

max w s—ZAfSUW >Z/\[x lsow) +c] 2 (x,w) + ¢, (15)

sePr

Ol
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Submodularity and Convexity
(NLRRN]

Gen. (lower) Submodular Polyhedron: extreme points

Lemma 2

Given submodular f, (x, c) is an extreme point of P£" if and only if x is
an extreme point of Ps and ¢ = 0. Furthermore, for any y € R",

max __|(x,y) + €| = max(x, 14
(x,c)ePfe"K y)+c] Xepf< y) (14)

Proof

Immediately, maxsep, w's < maX(X’C)epren[<X7 w) + c]. Also, for any
(x,c) € PE",

max w s—ZAfSUW >Z/\[x lsow) +c] 2 (x,w) + ¢, (15)

sePr

Ol

o Also, membership x € PE" is still polytime via SFM.
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Submodularity and Convexity

Generalized Polyhedron Visualization

Generalized Lower Submodular Polyhedron
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Submodularity and Convexity
(NERA NI

Convex Extensions via the Generalized Polyhedron

@ Convex envelope (Vondrak'07, Dughmi’'ll) of any set function f not
nec. submodular, for w € [0, 1]™

¥ _ B
(w) dr)ré%quﬁ(w) fnin Z Asf(S) (16)
SCv

where

®r = {¢: ¢ is convex in [0,1]" and ¢(1x) < F(X),¥X C V} (17)

and (for the r.h.s., a distribution characterization),

/\WZ{)\S-,SQV:Z)\slszwaz)\s:lw\szo}- (18)
scv scv
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Submodularity and Convexity

Convex Extensions via the Generalized Polyhedron

e Convex envelope (Vondrak'07, Dughmi’'ll) of any set function f not
nec. submodular, for w € [0, 1]™

F = = 1

(w) dr)rgp)yb(w) fnin Z Asf(S) (16)
scv

where

®r = {¢: ¢ is convex in [0,1]" and ¢(1x) < F(X),¥X C V} (17)

and (for the r.h.s., a distribution characterization),

Aw ={As,S C VZZAsl.s:W,Z)\s:l,)\SZO}- (18)
scv scv

Convex extension of f in equation (67) can be expressed as:

f(w)= max_[(x,w)+c],Yw €[0,1]" (19)
(x,c)ePE"
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Submodularity and Convexity
(NERA NI

Convex Extensions via the Generalized Polyhedron

e Convex envelope (Vondrak'07, Dughmi’'ll) of any set function f not
nec. submodular, for w € [0, 1]™

F = = 1

(w) dr)rgp)yb(w) fnin Z Asf(S) (16)
scv

where

®r = {¢: ¢ is convex in [0,1]" and ¢(1x) < F(X),¥X C V} (17)

and (for the r.h.s., a distribution characterization),

Aw ={As,S C VZZAsl.s:W,Z)\s:l,)\SZO}- (18)
scv scv

The achieving convex function ¢ has a tight subgradient (x, d) with
(x,y) +d < ¢(y),Vy and (x,w) + d = ¢(w). Then (x,d) € PE" since
x(X)+d < d(1x) < £(X),¥X C V. O
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Submodularity and Convexity
(NNRNR}

Convex Extension Submodular Case

@ For submodular functions, the convex extension is the Lovdsz
extension and can be expressed:

f(w) 2 maxw's= max [w's+ ] (19)
scPr (s,c)€ Pfen
Z IIF(ST) = F(S7) = DO NF(S7)
-1 i=1
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Submodularity and Convexity
(NNRNR}

Convex Extension Submodular Case

@ For submodular functions, the convex extension is the Lovasz
extension and can be expressed:

f(w)2 maxw's= max [w's+ (] (19)
sePr (s,c)ePE"

n

n

= w(ow()F(ST) = F(S7] =D Nif(57™)

i=1 i=1
with Zi)\,'ls?'w = W7Zi/\f =1.

@ For non-submodular functions, these easy expressions do not hold
and it is NP-hard to evaluate in general (Vondrdk'07, Dughmi'll).
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Submodularity and Convexity
(RN

Outline

© Submodularity and Convexity

@ Convex aspects of a submodular function
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Submodularity and Convexity
il

Other convex aspects of submodular functions

Theorem 3 (Edmonds’70,Lovasz'83)

For a submodular function f : 2¥ — R, we have

in f(X)= min f 20
g, A= mln vl (20)

r.h.s. solution has tight rounding algorithm using simple thresholding.

Lemma 4 (Fujishige'91,"05)

A set A C V is a minimizer of f : 2¥ — R if and only if:

0 € 0¢(A) (21)

Lemma 5 (Fujishige'91,'05)
A set A minimizes a submodular function f if and only if f(A) < f(B)
for all sets B such that B C A or AC B.
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Submodularity and Convexity
1

Frank's discrete separation theorem (DST)

Lemma 6 (Frank'82)

Given a submodular function f and a supermodular function g such that
f(X) > g(X),VX (and which satisfy f(0) = g(0)) = 0), there exists a
modular function h such that f(X) > h(X) > g(X). Furthermore, if f
and g are integral so may be h.

X)
@ m(

\ gx)
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Submodularity and Convexity
(N1 ]

Fenchel Duality Theorem (FDT)

@ Define the Fenchel duals f* of f, and g* of g, are respectively
convex and concave functions.

() = maxlx(X) ~ F(X)]. g"(x) = i
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Submodularity and Convexity
(N1 ]

Fenchel Duality Theorem (FDT)

@ Define the Fenchel duals f* of f, and g* of g, are respectively
convex and concave functions.

() = aglx(X) ~ FOO). &7 (x) = minl(X) ~ g(X)]. (22

@ Then we have:
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Submodularity and Convexity
(N1 ]

Fenchel Duality Theorem (FDT)

@ Define the Fenchel duals f* of f, and g* of g, are respectively
convex and concave functions.

() = aglx(X) ~ FOO). &7 (x) = minl(X) ~ g(X)]. (22

@ Then we have:

Lemma 7 (Fujishige'05)

Given a submodular function f and a supermodular function g,

WlpleS) — sl = sl b — ) (23)

Further if f and g are integral, the maximum on the right hand side is
attained by an integral vector x.
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Submodularity and Concavity

Outline

@ Submodularity and Concavity
@ Submodular Upper Polyheron
@ Submodular Superdifferentials
@ Generalized Upper Polyhedron
@ Continuous extensions of a submodular function
@ Concave Aspects of a Submodular Function
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Submodularity and Concavity

Submodularity and Concavity

@ We've summarized the convex aspects of a submodular function:
Lovdsz extension, efficient minimization, Franks's DST,
subdifferentials and subgradients tight at any point, minimizers of a

submodular function form lattice, Fenchel Duality Theorem, all well
known.
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Submodularity and Concavity
Submodularity and Concavity

@ We've summarized the convex aspects of a submodular function:
Lovasz extension, efficient minimization, Franks's DST,
subdifferentials and subgradients tight at any point, minimizers of a

submodular function form lattice, Fenchel Duality Theorem, all well
known.

@ There are well-known concave aspects of submodular functions as
well: The definition V;Vf(X) < 0 where V;f(X) = f(j|X),
concave over modular is submodular, efficient approximate
maximization, 1 — 1/e or 1/2 for many problems (Vondrék and
many others).
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Submodularity and Concavity
Submodularity and Concavity

@ We've summarized the convex aspects of a submodular function:
Lovasz extension, efficient minimization, Franks's DST,
subdifferentials and subgradients tight at any point, minimizers of a
submodular function form lattice, Fenchel Duality Theorem, all well
known.

@ There are well-known concave aspects of submodular functions as
well: The definition V;Vf(X) < 0 where V;f(X) = f(j|X),
concave over modular is submodular, efficient approximate
maximization, 1 — 1/e or 1/2 for many problems (Vondrik and
many others).

@ Question: Can one provide a principled theoretical characterization
(similar to the the convex aspects of submodular functions), from a
concave perspective?
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Submodularity and Concavity
[N

Outline

@ Submodularity and Concavity
@ Submodular Upper Polyheron
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Submodularity and Concavity
i

Submodular Upper Polyhedron

@ Define Submodular Upper Polyhedron as follows:

Pl ={xeR": x(5) > f(S),VS C V} (24)
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Submodularity and Concavity

Submodular Upper Polyhedron

@ Define Submodular Upper Polyhedron as follows:

Pl ={x e R": x(S) > f(5),¥S C V} (24)

Lemma 8

Given a submodular function f,

pf = {x eR": x(j) > ()} (25)
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Submodularity and Concavity

Submodular Upper Polyhedron

@ Define Submodular Upper Polyhedron as follows:

Pl ={x e R": x(S) > f(5),¥S C V} (24)

Given a submodular function f,

pf = {x eR": x(j) > ()} (25)

With x € Pf, for any S, we have

x(8) =) _x(i) =Y f(i) = £(S) (26)
ieS i€eS
l.e., only the singleton inequalities are irredundant. [
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Submodularity and Concavity
(Nl ]

Submodular Upper Polyhedron

T2

Pf = {x e R": x(S5) > f(5),¥S C V}

(0,0)

71
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Submodularity and Concavity
(Nl ]

Submodular Upper Polyhedron

T2

Pf = {x e R": x(S5) > f(5),¥S C V}

(0,0)

71

@ Immediate facts:
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Submodularity and Concavity
(Nl ]

Submodular Upper Polyhedron

T2

Pf = {x e R": x(S5) > f(5),¥S C V}

(0,0)

71

@ Immediate facts:

@ Membership problem: x € P’ same as maxxcy f(X) — x(X) <0,
submodular maximization which is hard,
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Submodularity and Concavity
(Nl ]

Submodular Upper Polyhedron

T2

(0,0)

71

@ Immediate facts:

o Membership problem: x € P’ same as maxxcy f(X) — x(X) <0,
submodular maximization which is hard, but in fact same as
maxxcv Y jex f (i) —x(X) <0, identical to checking singletons
f(i)—x(i) <O.
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Outline

@ Submodularity and Concavity

@ Submodular Superdifferentials
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Submodularity and Concavity
(RNRRRRRNRNRREANY

Submodular Superdifferentials

@ Analogous to concave functions, we define Submodular
Superdifferentials at each X C V:

o (X) = {x e R": f(Y) — x(Y) < f(X) — x(X),¥Y C V} (27)
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Submodularity and Concavity
(N NRRNRRRRRRNNAN]

Submodular Superdifferentials

@ Analogous to concave functions, we define Submodular
Superdifferentials at each X C V:

O (X) = {x e R": f(Y) — x(Y) < f(X) — x(X),VY C V} (27)

ol {vn}) af (o)

©.0) T1

8f({’01,112}) 8f({va})

R. lyer & J. Bilmes NOML: Submodularity in ML page 46 / 75



Submodularity and Concavity
(N NRRNRRRRRRNNAN]

Submodular Superdifferentials

@ Analogous to concave functions, we define Submodular
Superdifferentials at each X C V:

O (X) = {x e R": f(Y) — x(Y) < f(X) — x(X),VY C V} (27)

ol {vn}) af (o)

©.0) T1

af({vl’vz}) 8f({va})

@ Each gx € 97(X) defines modular upper bound of f tight at X:
(X)) ={xeR":f(Y) < f(X)—x(X)+x(Y);VY C V}
so mX(Y) = f(X) — gx(X) +gx(Y) = f(Y) and mx(X) = £(X).
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Submodularity and Concavity
(N NRRNRRRRRRNNAN]

Submodular Superdifferentials

@ Analogous to concave functions, we define Submodular
Superdifferentials at each X C V:

O (X) = {x e R": f(Y) — x(Y) < f(X) — x(X),VY C V} (27)

ol {vn}) af (o)

©.0) T1

8f({’01,112}) 8f({va})

e Each gx € 97(X) defines modular upper bound of f tight at X:
Of(X) ={x e R": f(Y) < f(X) = x(X) +x(Y);YY C V}
so mX(Y) & f(X) — gx(X) + gx(Y) > f(Y) and mx(X) = f(X).

@ my is (typically not a normalized) modular function.
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Submodularity and Concavity
(N RRRRRNRNRREANY

Submodular Superdifferential Redundancy

@ Define three polyhedra:

M(X)={xeR":
MB(X)={xeR":
(X)) ={xeR":

R. lyer & J. Bilmes

F(Y) = x(Y) < f(X) — x(X),YY C X} (28)
FY) = x(Y) < f(X) — x(X),YY D X} (29)
FIY) = x(Y) < F(X) = x(X),VY : Y ZX,Y 2 X}
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arity
IRENRRRRNRNRRRNNY

Submodular Superdifferential Redundancy

@ Define three polyhedra:

N(X)={xeR": f(Y) = x(Y) < f(X) = x(X),VY C X} (28)

(X)) ={xeR": f(Y)—x(Y) < f(X) —x(X),VY 2 X} (29)

AL(X) = {x € R™: F(Y) — x(Y) < f(X) — x(X),¥Y : Y € X, Y 2 X}
o Immediately o7 (X) = 9f(X) N 5 (X) N 9% (X). Also, we have
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arity
IRENRRRRNRNRRRNNY

Submodular Superdifferential Redundancy

@ Define three polyhedra:

N(X)={xeR": f(Y) = x(Y) < f(X) = x(X),VY C X} (28)

(X)) ={xeR": f(Y)—x(Y) < f(X) —x(X),VY 2 X} (29)

LX) = {Ix e R": £(Y) = x(Y) < F(X) = x(X).VY : Y Z X,Y 2 X}
o Immediately 07 (X) = 9f(X) N 5 (X) N 95 (X). Also, we have

For submodular f, 0f(X) and 05(X)'s irredundant representation is:
O1(X) = {x e R": (jIX\)) = x()), Vj € X} (30)
05(X) = {x e R": £(j|X) < x(j),Vj ¢ X}. (31)
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arity
IRENRRRRNRNRRRNNY

Submodular Superdifferential Redundancy

@ Define three polyhedra:
N(X)={xeR": f(Y) = x(Y) < f(X) = x(X),VY C X} (28)
(X)) ={xeR": f(Y) = x(Y) < f(X) = x(X),VY D X} (29)
AX)={x eR": f(Y) = x(Y) < f(X)=x(X),VY:Y Z X, Y 2 X}
o Immediately 07 (X) = 9f(X) N 5 (X) N 95 (X). Also, we have

For submodular f, 0f(X) and 05(X)'s irredundant representation is:
0[(X) = {x e R": £(jIX\)) = x()), Vj € X} (30)
05(X) = {x e R": £(j|X) < x(j),Vj ¢ X}. (31)

Eq. (28) < Eq. (30). Assuming only f(j|X\j) > x(j), gives
X(X) =x(Y) = x(X\Y) = 2jexv xU) < Xjexyy FUIXNS) < F(X]Y)
when X D Y. Eq. (29) < Eq. (31) similar. O
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Submodularity and Concavity
(NN RNRRRRRRNNANY]

Submodular Superdifferential 2D extreme points

@ In 2D, superdifferential at v; takes the form:

' (v1) = {x e R? :x; < (1), (32)
X2 2 f(V2’V]_)7 (33)
X1 — X2 S f(Vl) — f(VQ)} (34)
so extreme points are at indicated below:
Iy I o' (0)

o ({1H0). F({2}1))

(0,0) 1

(A2, F02y)°

87 ({1,2)) o ({2})
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Submodular Superdifferential 2D extreme points

@ In 2D, superdifferential at v; takes the form:

O (v1) = {x € R? :x; < f(w1), (32)
X2 Z f(V2|V1), (33)
x1 —xp < f(v1) — f(v2)} (34)

so extreme points are at indicated below:

o' ({1}) i o' (0)

o ({1H0). F({2}1))

(0,0) 1

(A2, F02y)°

87 ({1,2)) o ({2})

@ Can analytically characterize superdifferential structure in 2D.
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e 3D (with V = {a, b, c}, superdifferential at a irredundantly expressed:

07 (a) = {x e R% :x(a) < f(a), (Y = 0) (35)
x(b) = f(bla), (Y ={a, b}) (36)

x(b) — x(a) = f(b) — f(a),(Y = {b}) (37)

x(c) = f(cla),(Y ={a,c}) (38)

x(c) —x(a) > f(c) — f(a),(Y ={c}) (39)

x(b) + x(c) — x(a) > f(b,c) — f(a), (Y = {b,c})}

(40)
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e 3D (with V = {a, b, c}, superdifferential at a irredundantly expressed:

97 (a) = {x € R% :x(a) < f(a), (Y = 0) (35)
x(b) = f(bla), (Y = {a, b}) (36)

x(b) — x(a) > f(b) — f(a), (Y = {b}) (37)

x(c) = f(cla),(Y ={a,c}) (38)

x(c) —x(a) > f(c) — f(a),(Y ={c}) (39)

x(b) +x(c) —x(a) = f(b,c) — f(a),(Y = {b,c})}

(40)

o Immediately, (f(a), f(b),f(c)) is an extreme point.
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Submodular Superdifferential 3D extreme points

e 3D (with V = {a, b, c}, superdifferential at a irredundantly expressed:

97 (a) = {x € R% :x(a) < f(a), (Y = 0) (35)
x(b) = f(bla), (Y = {a, b}) (36)

x(b) — x(a) > f(b) — f(a), (Y = {b}) (37)

x(c) = f(cla),(Y ={a,c}) (38)

x(c) —x(a) > f(c) — f(a),(Y ={c}) (39)

x(b) +x(c) —x(a) = f(b,c) — f(a),(Y = {b,c})}

(40)

o Immediately, (f(a), f(b), f(c)) is an extreme point.

@ Other extreme points not possible to identify without knowing more
about the function (e.g., if f(b|c) < f(b|a) or if f(b|c) > f(b|a)).
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Submodular Superdifferential 3D extreme points

e 3D (with V = {a, b, c}, superdifferential at a irredundantly expressed:

97 (a) = {x € R% :x(a) < f(a), (Y = 0) (35)
x(b) = f(bla), (Y = {a, b}) (36)

x(b) — x(a) > f(b) — f(a), (Y = {b}) (37)

x(c) = f(cla),(Y ={a,c}) (38)

x(c) —x(a) > f(c) — f(a),(Y ={c}) (39)

x(b) +x(c) —x(a) = f(b,c) — f(a),(Y = {b,c})}

(40)

o Immediately, (f(a), f(b), f(c)) is an extreme point.

@ Other extreme points not possible to identify without knowing more
about the function (e.g., if f(b|c) < f(b|a) or if f(b|c) > f(b|a)).

o Superdifferential much harder to characterize than subdifferential.
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Superdifferential membership problem is hard

Lemma 10

Given a submodular function f and aset Y :0 C Y C V, the
membership problem y € 97 (Y) is NP hard.

Proof.

y € 0T(Y) same as asking maxxcy[f(X) — y(X)] < f(Y) —y(Y), ie.,
is Y is a maximizer of f(X) — y(X) for a given vector y? Decision
version of submodular maximization, NP hard when ) C Y C V. O

v
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Superdifferential membership problem is hard

Lemma 10

Given a submodular function f and aset Y :0 C Y C V, the
membership problem y € 97 (Y) is NP hard.

Proof.

y € 0T(Y) same as asking maxxcy[f(X) — y(X)] < f(Y) —y(Y), ie.,
is Y is a maximizer of f(X) — y(X) for a given vector y? Decision
version of submodular maximization, NP hard when ) C Y C V. O

v

@ Hence, since membership problem is hard, linear program over it is
hard (Grotschel, Lovész, Schrijver,'84).
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Superdifferential membership problem is hard

Lemma 10

Given a submodular function f and aset Y :0 C Y C V, the
membership problem y € 97 (Y) is NP hard.

Proof.

y € 0T(Y) same as asking maxxcy[f(X) — y(X)] < f(Y) —y(Y), ie.,
is Y is a maximizer of f(X) — y(X) for a given vector y? Decision
version of submodular maximization, NP hard when ) C Y C V. O

v

@ Hence, since membership problem is hard, linear program over it is
hard (Grotschel, Lovasz, Schrijver,'84).
@ Empty set and ground set easy, however, and are characterized as:
0'(0) = {x eR": f(j) < x(j),Vj € V} (41)
O (V)= {x e R": F(IV\)) = x(i), Vi€ VI (42)

with 87 (0) = P’ and 97 (V) = P where
f#(X) = f(V) — f(V\X) is the submodular dual of f.
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Superdifferential outer bounds

@ Recall from Lemma 9 that 9] (X) = {x € R" : f(j|X\j) > x(j),Vj € X}
and 95(X) = {x € R": f(j|X) < x(j),Vj ¢ X} are easily characterized,
and

DE(X) = [x €R™: F(Y)—x(Y) < F(X)—x(X), VY : Y Z X, Y 2 X}
is what makes 97 (X) hard.

NOML: Submodularity in ML
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Superdifferential outer bounds

@ Recall from Lemma 9 that 0f(X) = {x € R" : f(j|X\j) > x(j),Vj € X}
and 95 (X) = {x € R": f(j|X) < x(j),Vj ¢ X} are easily characterized,
and
HKX)={x eR": £(Y)—x(Y) < F(X)—x(X),}VY : Y £ X, Y 2 X}
is what makes 97(X) hard.

@ Define outer bound agA(kJ)(X) 2 9§(X):

03 Ay (X) = {x € R F(Y) = x(Y) < £(X) — x(X),

VY Y Z X, Y2 X |IY\X|<k—1,|X\Y|< -1}
(43)

and then

aZ(k,/)(x) = 9[(X)NaZ(X) N 8§,A(k,l)(X)' (44)
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Superdifferential outer bound containment

Theorem 11

For a submodular function f:
Q@ Iq)(X) =0[(X)NdE(X)
@ V1<K <k, 1 <1 <1,00(X) C 8} (X) S (X)) C

IpanX)
@ 94, (X) =0 (X).
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Superdifferential outer bound containment

Theorem 11

For a submodular function f:
Q@ Iq)(X) =0[(X)NdE(X)
@ V1<K <k, 1 <1 <1,00(X) C 8} (X) S (X)) C

IpanX)
@ 94, (X) =0 (X).

e We call 82(1’1)(X) ={x e R": x(j) < f(|IX\))Vj € X, x(j) >
f(jIX)Vj ¢ X} the local superdifferential approximation.
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Visualization of the Superdifferential its outer bounds

Superdifferential at {1} Outer-Bound

Figure: A visualization of the outer bounds of the superdifferential. The first
figure (top left) is the submodular supergradient 9 (X), while the second one
(top) is the outer bound 82(171)(X).
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Achievable Submodular Tight Supergradients

@ Nemhauser, Wolsey, & Fisher'78 characterized submodularity with
either of the foIIowing vX,Y:

F(Y) = > FUIX\D+ D fUIXNY), (45)
JjeX\Y JEY\X

f(Y) < = ) fUIXUY\)+ Y UIX) (46)
JjeX\Y JEY\X
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Achievable Submodular Tight Supergradients

@ Nembhauser, Wolsey, & Fisher'78 characterized submodularity with
either of the following, VX, Y:

FY)<FX) = D FUEX) + D fUIXny), (45)

JjEX\Y JEY\X
f(Y) < = > FUXUY\)+ D F3IX) (46)
jex\y JjeEY\X

@ Using submodularity, these can be further loosened as follows
(Ahmed & Atamtiirk,'09; Jegelka & B.'09; lyer, Jegelka, B.'12,'13):

FY)<FX) = >0 FUX =4+ > f(l) (47)
jex\y jev\x

f(Y) < = Y UV + D FUIX) (48)
jex\y jevix

FY)<FX) = D FUV =4+ D ). (49)
jex\y JeEY\X
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Achievable Submodular Tight Supergradients

@ Each of the bounds above offers a supergradient.
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Achievable Submodular Tight Supergradients

@ Each of the bounds above offers a supergradient.
@ For example, starting from Equation (47),

FY)<F(X) = > FUXNUH+ D £3l0) (50)
jex\y jev\x
)= D FGIXNGH + D FUIXNGY+ D FUID)
jex jexny jev\x
(51)
= f(X) — &x(X) + 8&x(Y) (52)

where gx is defined as:

exU) = {f(j) oy (53)
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Achievable Submodular Tight Supergradients

@ Each of the bounds above offers a supergradient.
e For example, starting from Equation (47),

fF(Y) < — Y FUIXAGN+ D fUID) (50)
JjeX\Y JEY\X
=D fUIXAUD + D0 FUIXAUD + D FUID)
JjeX JeEXnY JEY\X
(51)
= f(X) — &x(X) + &x(Y) (52)
where gx is defined as:
L [fUlx =g ifjex
gx() = {f(j) ¢ X (53)
e Thus, gx € 0f(X), proving the non-emptiness of 9 (X) for any
X CV.
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The Three Supergradients (lyer et al, 2013)

Define three vectors € RY as follows:

A o JfUIX =) ifjeX
&x() = {f(j) ¢ X (54)
e fUylv—j) ifjeX
&x() = {f(j|X) ¢ X (55)
o [fGlv=)) ifjex
x(J) = {f(j) ¢ X (56)

For a submodular function f, gx,&x,8x € 9 (X). Hence for every
submodular function f and set X, 9f(X) is non-empty.
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Visualization of the Three Supergradients

@ We call these supergradients grow, shrink, and bar
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Visualization of the Three Supergradients

@ We call these supergradients grow, shrink, and bar

Grow:

~ o~ ) fUlY) forj¢yY
gY(J)‘{furV\{j}) for j € v
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Visualization of the Three Supergradients

@ We call these supergradients grow, shrink, and bar
Shrink:

Ev(j) = {f(j|®) for j ¢ Y

FUIYAUY) forjeY '.
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Visualization of the Three Supergradients

@ We call these supergradients grow, shrink, and bar
Bar:

_ ) fU19) forj gy
avli)= {f(j!V\{j}) for j € ¥
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Visualization of the Three Supergradients

@ We call these supergradients grow, shrink, and bar
Bar:

_ ) fU19) forj gy
avli)= {f(j!V\{j}) for j € ¥

e Modular upper bound: m8(X) = f(Y) + gy(X) —gv(Y) < f(X).
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Single Extreme Superdifferential Inner Bounds

o First, define the following two polyhedra:
9 (X) = {x e R": £(j) < x(j), V) ¢ X}, (57)
(X)) = {x e R": £(jIV\j) > x(j), V) € X}, (58)
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Single Extreme Superdifferential Inner Bounds

o First, define the following two polyhedra:

F(X) = {x € R : £(j) < x(j). V) ¢ X}. (57)
9(X) = {x € R™: F(jIV\j) > x(j), V) € X}. (58)
@ Define:

0f 1(X) = 9{(X) N d{,(X) (59)

={x e R": F(jIX\)) = x(j),Vj € X and £(j) < x(j),Vj ¢ X}
Of2(Y) = 5(Y)ndj(Y) (60)
={x eR": f(jIV\j) = x(j),Vj € X and f(j|X) < x(j),Vj & X}
0f3(Y) = (V)N 9§(Y) (61)

={x eR": f(j|V\j) > x(j),Vj € X and f(j) < x(j),Vj ¢ X}.
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Single Extreme Superdifferential Inner Bounds

o First, define the following two polyhedra:

9p(X) = {x e R": £(j) < x()),Vj & X}, (57)
OV (X) = {x e R": F(jIV\)j) = x(j),Vj € X}. (58)
@ Define:

0} 1(X) = 8] (X) N d{/(X) (59)

= {x € R": F(jIX\j) > x(j),¥j € X and £(j) < x(j),Vj & X}
0f,(Y) = 95(Y)na(Y) (60)
={x e R": f(jIV\)j) > x()),Vj € X and f(j|X) < x(j),Vj ¢ X}
0f3(Y) = oL (Y)naj(Y) (61)

= {x eR": F(jIV\j) > x(j),Vj € X and £(j) < x(j),Vj & X}.

@ We have: gy is an extreme point of a,{l(y), gy and extreme point of
8{2(\/), and gy an extreme point of 6}(73(\/).
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Single Extreme Superdifferential Inner Bounds

o First, define the following two polyhedra:

9p(X) = {x e R": £(j) < x()),Vj & X}, (57)
OV (X) = {x e R": F(jIV\)j) = x(j),Vj € X}. (58)
@ Define:

0} 1(X) = 8] (X) N d{/(X) (59)

= {x € R": F(jIX\j) > x(j),¥j € X and £(j) < x(j),Vj & X}
0f,(Y) = 95(Y)na(Y) (60)
={x e R": f(jIV\)j) > x()),Vj € X and f(j|X) < x(j),Vj ¢ X}
0f3(Y) = oL (Y)naj(Y) (61)

= {x eR": F(jIV\)) = x(j),Vj € X and £(j) < x(j),Vj & X}.
@ We have: gy is an extreme point of 8{1(Y), gy and extreme point of
8{2(Y), and gy an extreme point of 8{3(Y).

@ All are simple polyhedra, with a single extreme point.
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Superdifferential Inner Bounds

@ Define a combination of polyhedra as follows:

0f (1.2)(Y) = conv(9] (), 0fo(Y)) (62)

i

where conv(.,.) is the convex combination of two polyhedra.
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Superdifferential Inner Bounds

@ Define a combination of polyhedra as follows:
O (12y(Y) = conv(@f1(Y),0,(Y) (62)

where conv(.,.) is the convex combination of two polyhedra.

@ Then we have a simple DAG of inclusory properties:
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Superdifferential Inner Bounds

@ Define a combination of polyhedra as follows:
O (12y(Y) = conv(@f1(Y),0,(Y) (62)

where conv(.,.) is the convex combination of two polyhedra.

@ Then we have a simple DAG of inclusory properties:

Given a submodular function f,

o/ (Y)
C Y2 Q
5{ ( ) ’ P @f () ) C 6f() ) (63)
)3 C 9{1(}/) C Ti,(1,2)
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Superdifferentials and M*-concave functions

Given a submodular function f which is M*-concave (Murota,96,'97,'03)
on {0,1}Y, its superdifferential satisfies,

"(X) = Op2,0)(X) (64)

In particular, it can be characterized via O(n?) inequalities.

Theorem 6.61 in Murota’03,’10 for an M! convex function (which is
supermodular), its subdifferential can be expressed considering only sets
Y satisfying | X\ Y| < 1,|Y\X| <1 (Hamming distance less than 2).
Superdifferential of a M® concave function (which is supermodular) can
be expressed with the same number of inequalities, and the
corresponding polyhedron is 82(272)(X). O
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Visualization of the Superdifferential its inner and outer

bounds

Figure: A visualization of the inner and outer bounds of the superdifferential.
The first figure is the submodular supergradient 9f(X), while the next three
figures show the inner bounds 8/, (X), 9/ ,(X) and 8/ 5(X) (marked as inner

bounds 1, 2 and 3 respectively).
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Outline

@ Submodularity and Concavity

@ Generalized Upper Polyhedron
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Generalized Upper Polyhedron

@ Define a generalization of the submodular upper polyhedron
P, C RIVIH,

Phen = {(x,¢),x € R" c € R: x(X) + ¢ > f(X),¥X C V} (65)
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Generalized Upper Polyhedron

@ Define a generalization of the submodular upper polyhedron
Péen C RIVI+L.

Pln ={(x,¢),x ER", c € R: x(X) + ¢ > f(X),¥X C V} (65)

@ For normalized submodular functions (f()) = 0), we have ¢ > 0.
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Generalized Upper Polyhedron

@ Define a generalization of the submodular upper polyhedron
Péen C RIVI+L.

Pln={(x,¢),x eR",c € R:x(X) +c > f(X),¥X C V} (65)

e For normalized submodular functions (f(0) = 0), we have ¢ > 0.

e Example: |V| =2, f(X \/|7 two slices ¢ = 0 and ¢ = 1.
T2
P/ "
gen
e=0 ,Pf
gen
ot e=1
(0,1)4
(0,0.414)
o ——t =
(0,0) (1'0) T ©O.0F 4140 1
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Visualization of the Generalized Upper Submodular

Polyhedron

Generalized Upper Submodular Polyhedron
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Generalized Upper v.s Lower Submodular Polyhedron

Generalized Upper (Blue) and Lower (Red) Submodular Polyhedron
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Generalized Upper Polyhedron: LP and Membership

For submodular function f, and a y € R",

(ngeig)gfefx,y) +c= min{xegj?x)<x,y> + (X)) —x(X) | XS V}.

(66)

So characterizing generalized submodular upper polyhedron is cast in
terms of characterizing the superdifferential.
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Generalized Upper Polyhedron: LP and Membership

For submodular function f, and a y € R",

i y) +c=mi in () + F(X) = x(X) | X C V).
o Tin, foy) ke =ming min (e,y) + F(X) = x(X) | }

(66)

So characterizing generalized submodular upper polyhedron is cast in
terms of characterizing the superdifferential. Moreover,

The generalized submodular upper polyhedron membership problem for
submodular f, i.e., is (x,c) € Pgen, is NP hard for ¢ > 0. Furthermore,
the LP min(, oyepr, (x,y) + c is also NP hard.

Reduce to submodular max, and use Grotschel, Lovdsz, Schrijver,'84. [
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Outline

@ Submodularity and Concavity

@ Continuous extensions of a submodular function
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Concave Extension

e Concave extension (Vondrdk'07, Dughmi'll) of any set function f not
nec. submodular, for w € [0, 1]™

f(w) = min ¢(w) (67)

pedr
where

Wr = {1 : ¢ is concave in [0,1]" and ¥ (1x) > f(X),¥X C V} (68)
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1

Concave Extension

e Concave extension (Vondrdk'07, Dughmi'll) of any set function f not
nec. submodular, for w € [0, 1]™

F(w) = min ¢(w) (67)

where
Wr = {1 : ¥ is concave in [0,1]" and ¥ (1x) > f(X),VX C V} (68)
@ We can express this using the generalized submodular upper
polyhedron:
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Concave Extension

e Concave extension (Vondrdk'07, Dughmi'll) of any set function f not
nec. submodular, for w € [0, 1]™

F(w) = min ¢(w) (67)

where
Wr = {1 : ¥ is concave in [0,1]" and ¥ (1x) > f(X),VX C V} (68)
@ We can express this using the generalized submodular upper
polyhedron:

The concave extension of any set function f can be expressed as:

f(w)=min (y,w)+c,Vw e |0, 1]“/| (69)
(y7c)67)£en
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1

Concave Extension

e Concave extension (Vondrdk'07, Dughmi'll) of any set function f not
nec. submodular, for w € [0, 1]™

F(w) = min ¢(w) (67)

where
Wr = {1 : ¥ is concave in [0,1]" and ¥ (1x) > f(X),VX C V} (68)
@ We can express this using the generalized submodular upper
polyhedron:

The concave extension of any set function f can be expressed as:

f(w)= min (y,w)+c,vw € [0,1]V (69)
E)EE

@ Unfortunately, the concave extension is NP hard to evaluate and
optimize! ®
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An equivalent distributional characterization of the

concave extension

@ An equivalent characterization of the concave extension is from the
distributional perspective.
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An equivalent distributional characterization of the

concave extension

@ An equivalent characterization of the concave extension is from the

distributional perspective.

@ Denote A, as the set:

A ={Xs;SCV:D Asls=w, Y As=1 (70)
SCv SCcv
The concave extension above can also be represented as:
(71)

f(w) = max Asf(S)
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An equivalent distributional characterization of the

concave extension

@ An equivalent characterization of the concave extension is from the

distributional perspective.

@ Denote A, as the set:

A ={Xs;SCV:> Asls=w, Y As=1 (70)
scv scv
The concave extension above can also be represented as:
f (71)

f(w) = max Asf(S)

@ This is still NP hard to evaluate and optimize! ®
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Submodularity and Concavity
[

Multilinear Extension

@ A near-concave extension, used practically in algorithms is the
multilinear extension!

Fo) =Y FO T« =) (72)

XCV iexX igX
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Multilinear Extension

@ A near-concave extension, used practically in algorithms is the
multilinear extension!

oo =3 00 T x T - ) (72)

XCV ieX i¢x

@ Can be seen to be related to the distributional perspective, since it
is defined via a specific distribution px.
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Multilinear Extension

@ A near-concave extension, used practically in algorithms is the
multilinear extension!

Fo) =2 fO) % [Ta—x) (72)

XCV ieX i¢x

@ Can be seen to be related to the distributional perspective, since it
is defined via a specific distribution px.

@ Requires an exponential sum ®, but can be approximated through
sampling (Vondrak, 2007).
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Multilinear Extension

@ A near-concave extension, used practically in algorithms is the
multilinear extension!

Fo) =2 fO) % [Ta—x) (72)

XCV ieX i¢x

@ Can be seen to be related to the distributional perspective, since it
is defined via a specific distribution px.

@ Requires an exponential sum ®, but can be approximated through
sampling (Vondrak, 2007).

@ For subclasses of submodular functions, one can compute the exact
multilinear extension! (I-Jegelka-Bilmes, 2014) ®
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@ Submodularity and Concavity

@ Concave Aspects of a Submodular Function
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Some Optimality Conditions

Lemma 18

For a submodular function f, a set A is a maximizer of f, if 0 € 9f(A).

Proposition 19

For a submodular function f, if 0 € 8(’(1 1)(A) then A is a local maxima of

f. By (Feige, Mirrokni, Vondrak,'07), this can also offer us a solution
S = argmaxxcav\a} f(X) with £(S) > %OPT.

Lemma 20

Given A s.t. 0 € O] ; ,(A), then A is the global maxima f.

Proof.
Immediate from the fact that 9f e 2)( ) C 9f(A).

@ For various varieties of superdifferentials, other optimality conditions
possible, including matroid constraints, etc.
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Concave Discrete Separation Theorem

Lemma 21

Given submodular f and supermodular g, with f(X) < g(X),VX C V,
and f(0) = g(0) or f(V) = g(V). There exists modular h such that
f(X) < h(X) <g(X),VX C V. When f and g are also integral, there
exists an integral h satisfying the above.

Proof.
Assume f(0)) = g(0). Then the following chain of inequalities hold:

F(X) < F0)+ ) FUI0) <g®)+ ) g(ild) <g(X)  (73)
JEX jeX
Since f(j|0) = f(j) — f(0) < g(j) — g(P) = g(j|?). The rest of the
inequalities follow from submodularity (and supermodularity) of f (and
g)- f(V) = g(V) holds analogously via functions f(V\X) and
g(V\X). O
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Fenchel from Concave Perspective

Lemma 22

Given submodular f and supermodular g such that the discrete
separation theorem holds,

mER OS] — gl = g ed) — (g (74)

Further if f and g are integral (and satisfy the DST), the maximum on
the right hand side is attained by an integral vector x.

Proof.

The proof follows immediately from Theorem 4 of
Fujishige&Narayanan'05, stating that Fenchel duality follows from
discrete separation, if the same conditions hold. []

Murota'03 proved that for M-concave and Mf-convex functions
respectively, the above form of Fenchel duality always holds.
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