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Generating Functions

@ A generating function is an alternate representation of an
infinite sequence, which allows making useful deductions
about the sequence (including, possibly, a closed form)

@ Sequence f(0), f(1), ... is represented as the formal expression
Ge(X) 2 f(O) + f(1)- X + f(2)-X2 + ... (ad infinitum)

@ i.e., for f: N—R, we define G¢X) 2 Xi,0 f(k) Xk

N

o e.g., If f(k) = ak for some acR, G¢(X) = Zxs0 ak- Xk *Ordinary \
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Generating Functions

@ Generating functions sometimes have a succinct
representation

o e.g., For f(k) = ak for some acR, G¢(X) = Zk;0 ak- Xk

@ If we substituted for X a real number x sufficiently close
to O, we have lax| < 1 and this would converge to 1/(1-ax)

@ So we write Gi(X) = 1/(1-aX) (for sufficiently small [X]).
This will later let us manipulate G¢(X) algebraically



Extended Binomial Theorem

@ A useful tool for manipulating/analysing generating functions

@ For acR, <:> L L 5 (keZ+), and <a> 21

k! 0]
@ Extended binomial theorem:
For Ixl<1, aeR, (1+x)e = Xks0 (:) - Xk

@ Useful in finding a closed form for f given Gt of certain forms
@ e.g., GHX) = 1/(1-X). Then, Zkso f(k)- Xk = (1-X)-L

o (1) = (DD (RIKE = (1) = (X = Do X< = F(K)=!

o Similarly, (‘j) = (<2)(=3)...(-k-1)/K! = (~1)k(k+1)
= 1/(1-X)2 = X0 (k+1)- Xk



Extended Binomial Theorem

o GH(X) = 1/(1-aX)b for F(K) = (-a)k-<_kb> = <b":‘1>-ak
@ e.qg., b=1: f(k) = ak . b=2: f(k) = (k+1).ak
5 Grig(X) = GHX) + Gg(X)
@ Gy(X) = X-G¢(X), where g(0)=0 and g(k+1) = f(k) for k20

@ If a generating function G¢ is known and has a nice form,
then often using the extended binomial theorem, one can
compute a closed-form expression for f

@ But how do we get G ?



Generating Functions
From Recurrence Relations

@ e.g., f(0)=0, f(1) = 1. f(n) = f(n-1) + f(n-2), vn22. [Fibonacci]
@ f(n)-Xn = X-f(n-1)- Xn-1 + X2-f(n-2)- Xn-2 (for n22)

= Y2 f(n) X0 = X:-3on2 f(n-1)-Xn-1 4+ X2:3 00,2 f(n-2)- Xn-2

= Gi(X) - f(0) - f(1)-X = X:(G{X)-f(0)) + X2-G¢(X)

= Gi(X) (1-X-X2) = f(0) + (f(1)-F(0))-X

@ Gi(X) = X/(1-X-X2)

@ More generally:
f(0) =c. f(1) =d. f(n) = a-f(n-1) + b-f(n-2), vn22

@ G¢X) = (¢ + (d-ac)X)/(1-aX-bX2)



Generating Functions
For Series Summation

@ Suppose g(k) = Zj=0 1ok f(j)

@ What is G¢(X), in terms of G¢(X)?
@ Recursive definition: g(0) = f(0). g(n) = g(n-1) + f(n), vn2l.
@ So, vk21, g(k)- Xk = g(k-1)- Xk-1- X + f(k)- Xk

@ Gg(X) = g(0) + X-Gy(X) + (Ge(X) - £(0))

0 Gy(X) = GH(X)/(1-X)



