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SLAM: Simultaneous
Localization and Mapping

= Build a map of the environment from
a mobile sensor platform

= At the same time, localize a mobile
sensor platform in the map build so far

= Online variant of the bundle
adjustment problem



SLAM Applications

Undersea

Courtesy: Evolution Robotics, H. Durrant-Whyte, NASA, . Thrun



Definition of the SLAM Problem

Given
= The sent controls commands
ut.r = {u1, U2, Uz, ..., ur}
= Observations
217 =4%1,%2,23, ..., 27}
Wanted
= Map of the environment
(1L’

= Path (or current pose) of the vehicle

ro.r = {To,x1,T2,...,T7}



Bayes Filter

= Recursive filter with a prediction
step and a correction step

= Estimates:
p(-?l’»'t, m ‘ Z1:ts ul:t)

= Kalman Filter is a recursive Bayes
Filter for the linear Gaussian case

= EKF for dealing with non-linearities



EKF for Online SLAM

We consider here the Kalman filter as
a solution to the online SLAM problem

p(xta T ‘ Z1:ts ul:t)

Courtesy: Thrun, Burgard, Fox g



Extended Kalman Filter
Algorithm

1: Extended_Kalman filter(u:_1,>: 1, us, 2¢):

2: fe = g(ue, phe—1)

3: it — Gt Zt—l G,'tr + Rt

4 K,=%, H'(H, S, HF + Q)™
5r = i + Ki(ze — h(jie))

0: Zt — (I — Kt Ht) Et

7 return [, D




EKF SLAM

= Application of the EKF to SLAM

= Estimate robot’s pose and locations of
landmarks in the environment

= Assumption: known correspondences
= State space (for the 2D plane) is

L T
Tt = ( x,y,0 7m1,:137m1,y7"'7mn,x7mn,y)

robot’s pose landmark 1 landmark n



EKF SLAM: State Representation

= Map with n landmarks: (3+2n)-dimensional
Gaussian

= Belief is represented by

/ Lt Z:ctxt Za:tml Zaztmn
i Zmlxt Zmlml Z"ml’m,n
\ My Zmna:t Zm,njrnl Zmnmn



EKF SLAM: State Representation

= More compactly

L Exw Za;"m
| A2 N ———
L 2.
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EKF SLAM: Filter Cycle

o A W NN =

. State prediction

. Measurement prediction
. Measurement

. Data association

. Update
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EKF SLAM: Initial State
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EKF SLAM: Predicted Motion
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EKF SLAM: Predicted
Measurement
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EKF SLAM: Obtained
Measurement
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EKF SLAM: Data Association and
Difference Between h(x) and z
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EKF SLAM: Update Step
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EKF SLAM: Concrete Example

Setup

= Platform moves in the 2D plane
= Velocity-based motion model

= Observation of point landmarks
= Range-bearing sensor

= Known data association

= Known number of l[andmarks



Initialization

= Platform starts in its own reference
frame (all landmarks unknown)

= 2N+ 3 dimensions
o = (000 ... 0)F

[
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Extended Kalman Filter

Algorithm

1: Extended_Kalman filter(u:_1,>: 1, us, 2¢):
2: e = g(ug, pe—1)

3: Zt — Gt Zt—l G,'tr + Rt

4: Kt — Z_Jt Hg(Ht it Hfr:r + Qt)_l

3k pe = i + Ki(2¢ — h(fig))

0: Zt — (I — Kt Ht) Et

7 return [, D
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Prediction Step (Motion)

= Goal: Update state space based on the
motion

= Motion in the plane

x! L 5tranSCOS(9 + 5?”0751)
y, — y _I_ 6tranSSin(9 _l_ 5’I“Ot1) _|_N(O; Rt)
9, 9 5rot1 _l_ 51"0152

_V

Q(Uta-’ﬂt—l)

= How to map that to the 2N+3 dim
state space used in the EKF?
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Update the State Space

= From the motion in the plane

x! T OtransCOS(0 + 0ot )
y, — Yy —|_ 5transSin(9 —|_ 57‘0t1) —|_N(07 Rt)
9, 9 5rot1 + 67‘0152

Y

g(utawt—l)

= to the 2N+3 dimensional space

' x 1 00 0...0\"
! o 5t'ranscos(9 —|_ 57“0161)
Y Yy 01 0 0...0 .
0/ — o |+ 00 1 0.0 OtransSin(0 + Orot, )
. . \/_/ 5rot1 + 67“01&2
: : 2N cols
FI

o
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Extended Kalman Filter

Algorithm

1: Extended_Kalman filter(u:_1,>: 1, us, 2¢):
2: ,L:Lt — g(ut, ,ut_l)TDONE

3: Zt — Gt Zt—l Gt + Rt

7 )

4.  K,=3%, H' (H, ; HY + Q)

3k pe = i + Ki(2¢ — h(fig))

0: Zt — (I — Kt Ht) Et

7 return [, D
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Update Covariance

= The function g only affects the motion
and not the landmarks

Jacobian of the motion (3x3)

|
GE 0
Gr = (o ])
T

Identity (2N x 2N)
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Jacobian For Motion Model

= Compute Jacobian

Sz’ Sx’ Sx’ \
Ot —1, 5Mt—1,y 5Mt—1,6

GQ, — 5g(utaﬂt—1) . 5y’ Sy’ Sy’
t 527 o 5/1,5_1,33 6/~Lt—1,y 5/«’175—1,9
t—1 56’ 560’ 560’ /
5Mt—1,a: 5ut—1,y 5#1;—1,9

1 0 —5transsin(9 -+ 5?"0t1)
Gt =10 1 5tranSCOS(9 - 57‘0151)
0 O 1
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This Leads to the Update

1: Extended_Kalman filter(u:;_1,>: 1, us, 2¢):

_ Gy 0 ez Dam (GHYT 0
B (0 1>(zm zmm>< o 1 )TH
G*Y (GO G*%,,,
( (GE5m)T B ) T
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Extended Kalman Filter

Algorithm

1: Extended_Kalman filter(u:_1,>: 1, us, 2¢):
2: ,L:Lt — g(ut,,ut_l) DONE

3: Zt = Gt Zt—l G,'tr == Rt DONE

4: Kt — Z_Jt Hg(Ht it Hfr:r + Qt)_l

3k pe = i + Ki(2¢ — h(fig))

0: Zt — (I — Kt Ht) Et

7 return [, D
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EKF SLAM:Prediction Step

EKF_SLAM _Prediction(p;—1, X¢—1, Ut, 2¢, ¢, Ry) :

1 0 0 0 0
2 F,.=10 1 0 0 0
0O 0 1 0 0
OtransCOS(0 + 0oty )
3 Ut = Hi—1 + F;;F 5transSin(9 + 57*0151)
drotl + 5r0t2
1 0 —dtranssin(f + dyot, )
4 Gi=T+F' |0 1 GSianscos(0 + 6ror,) | Fu
0 0 1
5 : ¥ = G2 1GE + FI'RYF,
N——

Ry
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Extended Kalman Filter

Algorithm

1: Extended_Kalman filter(u:_1,>: 1, us, 2¢):
2: ,L:Lt — g(ut,,ut_l) DONE

3: S=-G =G+ Apply & DONE

4: Kt — Z_Jt Hg(Ht it Hfr:r + Qt)_l

o1 e = i + Ke(zr — h(jir))

0: Zt — (I — Kt Ht) Et

7 return [, D
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EKF SLAM: Correction Step

= Known data association

= ¢! =j: i-th measurement at time t
observes the landmark with index ;

= Initialize landmark if unobserved
= Compute the expected observation
= Compute the Jacobian of h

= Proceed with computing the Kalman
gain

30



Range-Bearing Observation

= Range-Bearing observation z! = (¢, ¢)*

= If landmark has not been observed,
we can initialize it with:

(m@):(m@)+(@aM%+mw>
My ity ry sin(¢} + fit,0)
location of estimated relative

landmark j  location of measurement
the platform
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Expected Observation: h(x)

= Compute expected observation
according to the current estimate

MORC=5
5@/ Hjy — Mty

616

5 Vi
t atan2(d,,0;) — [t
= h(ji)

<
|
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Jacobian for the Observation
= Based on s - (596):(%—%)

5y Py — Ht,y
g = 66
g = Vi
t atan2(d,, 0,) — fit.g

= Compute the Jacobian
IOWHZ _ ah(/jt)

T Ofit

low-dim space (z,y,0,m; ., m;,)
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Jacobian for the Observation
= Based on s - (596):(%—%)

5y Pjy — Bty
g = 66
g = Vi
t atan2(d,, 0,) — fit.g

= Compute the Jacobian

- Oh(
IOWHZ, _ (_,th)
Ofit
( Ova 9v4 )
_ ox oy
T Oatan2(...)  Oatan2(...)
Ox Oy
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The First Component
= Basedon s - (596):(%—%)

5y Py — Ht,y
g = 0616
3 = Va
t atan2(dy, d;) — [t

= We obtain (by applying the chain rule)

oG 11
or - 2yt
— 1(_\/55$)



Jacobian for the Observation
= Based on s - (596):(%—%)

5y Pjy — Mty
g = 0616
g = Vi
t atan2(d,, 0,) — fit.g

= Compute the Jacobian
Oh(p)
Ot
_ l<—ﬂ5cc —V@0y 0 +/q0s \/§5y)
q 5, —5, -4, Oy

—q

low HZ L
" —
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Jacobian for the Observation

= Use the computed Jacobian

- 1
low HZ, _ (
q

—V1z —/10y 0 +q0 /10y

) —q

= map it to the high dimensional space

') low 1717

Ht — Ht Fa:,j (1 0O 0 0---0 0 O o---o\

\1, 0O 1 0 0---0 0 0 0---0

P O 01 0---0 0 0 0---0

32— 1 0 0 0 0---0 1 0 0---0

O 0 0 0---0 0 1 0---0

N——" N——"

\ 25 —2 2N —2j




Next Steps as Specified...

1: Extended_Kalman filter(u:_1,>: 1, us, 2¢):

2: Uy = g(ut,,ut_l) DONE

3: it = Gt Zt—l G,'tT == Rt DONE

4: ‘ Kt — Z_Jt Hg(Ht it Hl;:r —+ Qt)_l
o pe = i + Ke(ze — h(jie))

0: Zt — (I — Kt Ht) Et

7 return [, D
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Extended Kalman Filter

Algorithm

1: Extended_Kalman filter(u:_1,>: 1, us, 2¢):

2: ,ut = g(4¢+{tt—1)- DONE

3: — Gy Dip1 G 4+ DONE

4: K; = St Hg(Ht X_}t Hfér e Qt)_l Apply & DONE
5% e Kt(Zt — h(,at)) Apply & DONE

0: ¥y = (I — Ky Hy) >~ Apply & DONE

7. mmp return fi;, 2
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EKF SLAM - Correction (1/2)

EKF_SLAM _Correction

0,2 0
Q= ( 0 0¢2

6

7:  for all observed features z! = (ri, ") do
. .

9

J = ¢

if landmark j never seen before |
0 (B ) (e ) (T ol

iy [ty ri sin(¢g + fit,0
11: endif
12: = ( O ) = ( Hjw — Hio )
Oy Fjy — Mty
13: g=2051¢
: s V4

14: ‘L= ( atan2(dy,0,) — fit.0

N—"

)
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EKF SLAM - Correction (2/2)

(1 O 0 0---0 0 O O---O\
o1 0 0---0 0 O O0---0
o 01 0---0 0O O 0---0
e i =109 00 00 10 0---0
o o0 0 0---0 01 0---0
N—— N——
\ 2j—2 2N—2j)
16: H;f:l \/6533 \/§5y 0 +\/a5a: \/65?; ij
q Oy —0, —q —0y +0, ’
17: K; = it HZT( 0 Et H + Qt)
18 g = fig + K{(2f — 2f)
19: Zt:(l—KZ HZ) PO
20: endfor
210y = it
22: Et:it

23: return i, 2¢




Implementation Notes

= Measurement update in a single step
requires only one full belief update

= Always normalize the angular
components
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Done!
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Loop Closing

= Loop closing means revisiting (and
recognizing) an already mapped area
= Data association under
= high ambiguity
= possible environment symmetries
= Uncertainties collapse after a loop

closure (whether the closure was
correct or not)

44



Before the Loop Closure

PO @ @ ® 8
T
a Temme © ® @ &

Courtesy: K. Arras
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After the Loop Closure

e

)

I
142

& + 7
_&
$ #
%%‘
#
& = @& &

@@Q?I@

Courtesy: K. Arras
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Loop Closures in SLAM

= Loop closing reduces the uncertainty
in robot and landmark estimates

= This can be exploited when exploring
an environment for the sake of better
(e.g. more accurate) maps

= Wrong loop closures lead to filter
divergence
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EKF SLAM Correlations

= In the limit, the landmark estimates
become fully correlated

orrelations

Courtesy: Dissanayake 48



EKF SLAM Correlations

Map Correlation matrix

Courtesy: M. Montemerlo 49



EKF SLAM Correlations

Map Correlation matrix

Courtesy: M. Montemerlo
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EKF SLAM Correlations

Map Correlation matrix

Courtesy: M. Montemerlo
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EKF SLAM Correlations

= The correlation between the robot’s
pose and the landmarks cannot be
ignored

= Assuming independence generates too
optimistic estimates of the uncertainty

Courtesy: J.M. Castellanos 5>



EKF SLAM Uncertainties

= The determinant of any sub-matrix of the map
covariance matrix decreases monotonically

= New landmarks are initialized with maximum
uncertainty

2=

1.5+

Standard Deviation in X (m)

0.5

90 16{1 1‘IID .
Courtesy: Dissanayake
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EKF SLAM In the Limit

In the limit, the covariance associated
with any single landmark location

estimate is determined only by the
initial covariance in the vehicle location

estimate.
v

& = &
O &

Courtesy: Dissanayake 54




Example: Victoria Park Dataset

Courtesy: E. Nebot

55



Victoria Park: EKF Estimate

250

200
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-100 '

-150 -100

-50 0 50 100 150

Courtesy: E. Nebot
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Victoria Park: Landmarks

Courtesy: E. Nebot
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Example: Tennis Court Dataset

Courtesy: J. Leonard and M. Walter




EKF SLAM on a Tennis Court

] .
T N
: 3
30_.....:..........

: C Ay - g’ : :
e 0| I S . 5 - oy TR L I
: : G o4 # . : :

s N
N &

@

10

i i i i i i
-G0 -50 —40 -30 —20 ]

odometry estimated trajectory

Courtesy: J. Leonard and M. Walter 59



EKF SLAM Complexity

= Cubic complexity w.r.t. the
measurement dimensionality

= Cost per step: dominated by the
number of landmarks: O(n?)

» Memory consumption: O(n?)

= The EKF becomes computationally
intractable for large maps!
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EKF SLAM Summary

= Using the EKF to estimate pose and
map in an SLAM fashion

= The first probabilistic SLAM
approaches used the EKF

= Successful in medium-scale scenes

= Approximations exists to reduce the
computational complexity

= Todays mainly used for short-term
estimates (VO)
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EKF SLAM Summary

= Unimodal (Gaussian) estimates only

= Convergence proof for the linear
Gaussian case and then equivalent to
least squares

= The smaller the noise the better the
estimate in the non-linear case

= Can diverge if non-linearities are large
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Literature

EKF SLAM

= Thrun et al.: “"Probabilistic Robotics”,
Chapter 10
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