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Recap

o Cayley's number: the number of labelled trees is n
e Using generating functions to solve recurrences.

n—2
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Today

@ Doubt solving session.

e Generating functions and recurrences.
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Assignment 2, Question 4
Theorem

Let x1 < x0 < ... < X,. Provethatifxll+)%2+...+x—1n:1thenx,,<2”!
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Assignment 2, Question 4
Theorem

Let x1 < x0 <. . Prove that /f -t % + + L —1 then x, < 2™
Proof.

@ Let the precision of a rational 2
cancellations

v

5 be p where, 7 equals

after
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Assignment 2, Question 4
Theorem

Let x1 < x0 < ... < X,. Provethatifxil+xi2+...+x—1n:1thenx,,<2"!
Proof.

-1, 1
@ Lets= +Xk+1+

+ Xl" Let y, be the precision of s.
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Assignment 2, Question 4

Theorem
Let x1 < x0 <. . Prove that /f -+ 5 + + L —1 then x, < 2™
Proof.
° Lets——+Xk+1 -|—...+Xl"
Yk Zxk/(n—k—i—l)

Let yx be the precision of s
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Assignment 2, Question 4

Theorem

Let x1 < x» <.

. Prove that /f -t % + + = =1 then x, <
Proof.

2n!
° Lets——+

1
Xk+1+"'+x_n
kak/(n—k—i—l).

@ And yx < x1x0

Let yx be the precision of s

- Xk—1
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Assignment 2, Question 4

Theorem

Let x1 < xo <.

. Prove that /f -+ 5 + + = =1 then x, <
Proof.

2n!
° Lets——+

1
..+ i
kak/(n—k—i—l).

@ And yx < x9x0 ... Xk_1
@ Xk < X1X2.. .Xk_]_(n — k + 1)
@ Solving, we get Vn > 3: x, < 2"

Let yx be the precision of s
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Anti-chains

|Al = n?

Q. Can there be an anti-chain of size more than ( /2) in (P(A), C), where

Nutan (1ITB)

[m]

&
CS 207 Discrete Mathematics — 2012-2013



Anti-chains

Q. Can there be an anti-chain of size more than (n72) in (P(A), C), where
|Al = n?

No! This a is a theorem called Spencer's theorem. It can be derived using
another heavy hammer. Those interested may look up on Google.
(Beyond the scope for now.)
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Cayley's number

Towards the end of the lecture. (Last 5-7 minutes)
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Counting number of bracketing

How many ways are there to bracket a sum of n terms so that it can be
computed by adding two numbers at a time?
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Counting number of bracketing

How many ways are there to bracket a sum of n terms so that it can be

computed by adding two numbers at a time?
Example:

n=3:((a+b)+c) (a+(b+c))
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Counting number of bracketing

How many ways are there to bracket a sum of n terms so that it can be
computed by adding two numbers at a time?

Example:

n=3:((a+b)+c) (a+(b+c))

n=4:(((a+b)+c)+d), ((a+b)+(c+d)) ((a+(b+c))+4d),...
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Counting number of bracketing

How many ways are there to bracket a sum of n terms so that it can be
computed by adding two numbers at a time?
Example:

n=3:((a+b)+c) (a+(b+0))
n=4:(((a+b)+c)+d), ((a+b)+(c+d)), ((a+(b+c))+d),...In
general, let C(n) be the number of ways of doing this.
e Note that (/,r) is a bracketed expression where / is a bracketed
expression with i terms and r with n — j terms for some J such that
1 <i < n—1. Therefore, the recurrence for C(n):
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Counting number of bracketing

How many ways are there to bracket a sum of n terms so that it can be
computed by adding two numbers at a time?
Example:

n=3:((a+b)+c) (a+(b+c))
n=4:(((a+b)+c)+d), ((a+b)+(c+d)), ((a+(b+c))+d),...In
general, let C(n) be the number of ways of doing this.

e Note that (/,r) is a bracketed expression where / is a bracketed
expression with i terms and r with n — j terms for some J such that
1 <i < n—1. Therefore, the recurrence for C(n):

n—1

C(n) =) _C(i)C(n—1) for n > 1

i=1
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Counting number of bracketing

How many ways are there to bracket a sum of n terms so that it can be
computed by adding two numbers at a time?

Example:

n=3:((a+b)+c) (a+(b+0))

n=4:(((a+b)+c)+d), ((a+b)+(c+d)), ((a+(b+c))+d),...In
general, let C(n) be the number of ways of doing this.

e Note that (/,r) is a bracketed expression where / is a bracketed
expression with i terms and r with n — j terms for some J such that
1 <i < n—1. Therefore, the recurrence for C(n):

n—1

C(n) =) _C(i)C(n—1) for n > 1

i=1

How to solve this recurrence?
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Counting number of bracketing

How many ways are there to bracket a sum of n terms so that it can be
computed by adding two numbers at a time?

Example:

n=3:((a+b)+c) (a+(b+0))

n=4:(((a+b)+c)+d), ((a+b)+(c+d)), ((a+(b+c))+d),...In
general, let C(n) be the number of ways of doing this.

e Note that (/,r) is a bracketed expression where / is a bracketed
expression with i terms and r with n — j terms for some J such that
1 <i < n—1. Therefore, the recurrence for C(n):

n—1

C(n) =) _C(i)C(n—1) for n > 1

i=1

How to solve this recurrence? Using generating functions, of course!

Nutan (1ITB) CS 207 Discrete Mathematics — 2012-2013 May 2011 8 /10



Catalan number

o Let ¢(t) = 72, C(n)t". C(0) =0, C(1) =1 by convention.
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Catalan number

o Let ¢(t) = 72, C(n)t". C(0) =0, C(1) =1 by convention.
e Now consider ¢(t)?
#(t)? =

(Xnz1 C(meM) (202 C(n)t")
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Catalan number

o Let ¢(t) = 72, C(n)t". C(0) =0, C(1) =1 by convention.
e Now consider ¢(t)?
#(t)? =

(2nz1 C(mMt") (352, C(n)t")
Ynte 5 C()C(n = it”
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Catalan number

o Let ¢(t) = 72, C(n)t". C(0) =0, C(1) =1 by convention.

e Now consider ¢(t)?

(t)? (> ner C(mMtM)(3202, C(n)t")
Sona >y C(C(n— i)t
= 2 C(n)t"
Nutan (IITB)
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Catalan number

o Let ¢(t) = 72, C(n)t". C(0) =0, C(1) =1 by convention.
e Now consider ¢(t)?
#(t)? =

(O mzy CMtM) (D021 C(m)t")
S0, () C(n — )"
> s C(n)t"
= o(t)—t
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Catalan number

o Let ¢(t) = 72, C(n)t". C(0) =0, C(1) =1 by convention.
e Now consider ¢(t)?
¢(t)?

(O mzy CMtM) (D021 C(m)t")
S0, () C(n — )"

> s C(n)t"
= o(t)—t

e Solving for ¢(t), we get ¢(t) = 1 (1 £ (1 — 4t)1/2).

Nutan (1ITB)

[m]

&
CS 207 Discrete Mathematics — 2012-2013



Catalan number

o Let ¢(t) = 72, C(n)t". C(0) =0, C(1) =1 by convention.
e Now consider ¢(t)?
#(t) (2nz1 C(mMt") (352, C(n)t")

Y nce iy C(NC(n—it”
ez C(n)t"

o(t)—t
@ Solving for gb( ), we get o(t) = % (1+(1- 4t)1/2).

As §(0) = 0, ¢(t) = 5 (1 - (1 - 41)'/?)
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Catalan number

o Let ¢(t) = 72, C(n)t". C(0) =0, C(1) =1 by convention.
e Now consider ¢(t)?
¢(t)? (>onz1 C(m)t") (202 C(n)t")

Yone2 it C(1)C(n—i)t"
ez C(n)t"

o(t) —t
@ Solving for gb( ), we get o(t) = % (1+(1- 4t)1/2)

As $(0) =0, ¢(t) = 3 (1 — (1 —4t)*/2) = 3+ (—5(1 - 41)/2)
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Catalan number

o Let ¢(t) = 72, C(n)t". C(0) =0, C(1) =1 by convention.
e Now consider ¢(t)?
o(t)?

(> ner C(mMtM)(3252, C(n)t")
Yona >icy C(C(n— i)t
= 2o C(n)t"

¢(t) —t

e Solving for ¢(t), we get ¢(t) = 1 (1 + (1 — 4t)1/2).

Let a e RT. (14 x)* =3

n=0 (?,‘)X", where (f") - O‘(a—l)(a—s

I)..,(Oc—n—I—l) J

As $(0) =0, ¢(t) = 5 (1 — (1 — 4t)"/%) = 3 + (—5(1 - 41)'/?)
Theorem (Extended Binomial Theorem)
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Catalan number

o Let ¢(t) = 02, C(n)t". C(0) =0,C(1) =1 by convention
e Now consider ¢(t)?
P = (0, C(mE (T, C(m)e)
Sy () Cn— e
= X2 C(n)t"
= o(t)—t
e Solving for ¢(t), we get ¢(t) = 1 (1 + (1 — 4t)1/2).
As ¢(0) =0, ¢(t) =3 (1 — (1 -

40'%) =} + (301 -
Theorem (Extended Binomial Theorem)
Let o € RT. (14 x)

41)1/2)
= 2% (9)x", where (%) = D@2 (a=nt1)
@ The coefficient of t" is

C(n) = —1(M2)(—4)" =

|

SGG-DG -2 G-t EF
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Catalan number

o Let ¢(t) = 72, C(n)t". C(0) =0, C(1) =1 by convention.
e Now consider ¢(t)?
o) = (5 C(Mt") (3252, C(n)t")
= Yoo Xi C(NC(n—it”
= X2 C(nt”
= o(t)—t
@ Solving for gb(t) we get o(t) = % (1+(1- 4t)1/2)
As §(0) =0, 6(t) = 3 (1 (1 40)12) = 5+ (-3(1 - 40)'?)
e The coefF|C|ent ft” is
Cln) = =5 () (-4 G-1DG-2)..(G-n+ 1)
2n—3

o C(n ):_%.%._%._%._gm._ 3 (4"

o = E S z 9aq
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Catalan number

o Let ¢(t) = 72, C(n)t". C(0) =0, C(1) =1 by convention.
e Now consider ¢(t)?
o) = (5 C(Mt") (3252, C(n)t")
= Yoo Xi C(NC(n—it”
= 2 C(mt"
= o(t)—t
Solving for gb(t) we get o(t) = % (1+(1- 4t)1/2)
As 9(0) =0, 6(t) = ( (1 4)'2) = 3 + (—3(1 - 41)'7?)

@ The coefF|C|ent of t

Cn) = -3(P) (4" =-3(3G -G -2 .G —n+1) S
oC(n):_% L. _%._%._g Y CL
o C(n) =G EN 1.3.5.....(2n-3)
[m] [l = = = <
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Catalan number

o Let ¢(t) = 72, C(n)t". C(0) =0, C(1) =1 by convention.
e Now consider ¢(t)?
o) = (5 C(Mt") (3252, C(n)t")
= Yoo Xi C(NC(n—it”
= 2 C(mt"
= o(t)—t
Solving for gb(t) we get o(t) = % (1+(1- 4t)1/2)
As 9(0) =0, 6(t) = ( (1 4)'2) = 3 + (—3(1 - 41)'7?)

@ The coefF|C|ent of t

) — ~5(2) (4" = 33~ D(E~2)... (s 1) 2
o C(n)=-3%-3.-1 _%._g___._22 (n‘})
o C(n)=GHCY 1.3.5.....(2n—3)
_ 2" ..... (2n—=3)-(2n—
° ( ) 2nl+)1 ) 12345;1:1((2:_13))! (2n—2)
[m] = = = = <
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Catalan number

o Let ¢(t) = 72, C(n)t". C(0) =0, C(1) =1 by convention.
@ Now consider ¢(t)?
#(t)? = (Zp1 C(Mt") (32, C(m)t")
= T C()C(n— it
= 22 C(n)t"
= o(t)—t
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@ The coefficient of t" is

C(m =347 = 333G - DG -2)... (G~ n+ 1) 5
e C(n) f%.%.f%.f%,ig 2,,2,3(_,3)"
o C(n) =G EN 1.3.5.....(2n-3)
e C(n)= (;n1+)12" (i)'n ‘ 1~2.3~4.5£r,]:.1((2:__13))!.(2,,_2)
e C(n) :jﬂ%{j}%” 1.2‘3.4.2.1;;%2:__13))!.(2,,_2)
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Catalan number

o Let ¢(t) = 72, C(n)t". C(0) =0, C(1) =1 by convention.
@ Now consider ¢(t)?
#(t)? = (Zp1 C(Mt") (32, C(m)t")
= T C()C(n— it
= 22 C(n)t"
= o(t)—t
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@ The coefficient of t" is

C(m=—3(1)4"=-3GG-DG~2)...G —n+ 1) 5"
e C(n)=-1.1.-1..3.3 2n2*3(—n‘:)"
o C(n) =G EN 1.3.5.....(2n-3)
o Clry= PR 12305 g
o Cln) =l Mg Gy
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Catalan number

o Let ¢(t) = 72, C(n)t". C(0) =0, C(1) =1 by convention.
@ Now consider ¢(t)?
#(t)? = (Zp1 C(Mt") (32, C(m)t")
= T C()C(n— it
= 22 C(n)t"
= o(t)—t
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@ The coefficient of t" is

C(m = =3(7)(-4 =-3GG - DG -2 (G- n+ 1) 5
o C(m=—3-3 -5 —3 —F.. 2Pk
o C(n) =G EN 1.3.5.....(2n-3)
o C(n) = G U 12345 Cn- 3 Co2)
o C(m) = = - 2B 2 = By = (D)
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Catalan Number

Theorem (n-th Catalan Number)

If the recurrence for C(n) is given as follows

n—1
C(n) =Y _C(i)C(n—1i)
i=1

then

C(n) =% (an_—12>

forn>1
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