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Abstract - In the recreational vehicle rental business, the
problem of preparing a schedule for each vehicle in the fleet
(by assigning accepted bookings to available vehicles over
the planning horizon) is known as the recreational vehicle
scheduling problem (RVSP). The problem belongs to the
class of minimum cost multicommodity network flow
problems which is known to be NP-hard. A formulation of
the RVSP from literature is modified to reduce the size of
the problem instance. We propose an iterative construction
heuristic combined with an improvement heuristic based on
the solution of the LP relaxation of the problem. The
heuristic exploits the integrality property of the formulation
and reduces infeasibility successively at each iteration. The
approach is compared with a subgradient optimisation and
with CPLEX wusing a real-life dataset. The heuristic
outperforms the subgradient optimisation for most of the
datasets while it produces results within 5% of optimality
when compared with CPLEX.

Keywords — heuristic, subgradient optimisation,
vehicle scheduling, integer programming, assignment
problem

I. INTRODUCTION

Consider a scenario in which a recreational car rental
company operates from different locations. The company
operates with different types of vehicles. So at any point
in time, different types of vehicles may be available at
these locations and these may be used to satisfy customer
bookings/requests. A booking is performed against a
customer request that specifies when and where a vehicle
or vehicle type needs to be picked up and dropped off.
The pickup and drop off locations can be different; and in
the case of recreational vehicles, they often are. A
customer request also specifies a preferred vehicle type
along with ranked list of acceptable substitutes, in case
the requested vehicle type is unavailable. The bookings
are made well in advance, sometimes a year earlier [1].
The task is to allocate vehicles to the accepted bookings
over a known/given planning horizon in order to reduce
various operational costs. From the context of a vehicle, it
sequentially performs bookings assigned to it over the
planning horizon.

Due to the nature of the recreational vehicle rental
industry, large numbers of bookings are one-way (pickup
and drop off locations are different). This creates an
imbalance between supply and demand of the vehicles at
different locations. A booking at any location can be

satisfied if the requested vehicle type is available at the
location in the required time period. If unavailable at the
location, the vehicle of that type needs to be relocated
from another location; this incurs a high relocation cost.
Another option is to offer a different type of available
vehicle to the customer. This is referred to as a
substitution and incurs a substitution cost. The
recreational vehicle scheduling problem (RVSP) attempts
to satisfy all bookings while attaining a trade-off between
operational costs, relocation costs and substitution costs.

The first article on the RVSP was by Kilby [1], in
which the problem of maintaining feasible and near
optimal schedule of vehicles in a real time environment
was addressed.

A detailed description of the RVSP was presented by
Ernst et al. [2], in which, various operational costs
involved in the activity were discussed in detail. The
problem was formulated as an integer program and ILOG
CPLEX was used to minimize the operational costs.

Ernst et al. [3], presented two formulations for the
RVSP: a network flow formulation and an assignment
formulation. The network flow formulation was used to
solve the static vehicle scheduling problem (which is
addressed in the current study) while assignment
formulation was used to address the real- time scheduling
decisions. The network flow formulation was also used in
making revenue management decisions.

Ernst et al. [4] presented a detailed description of the
assignment  formulation. They  implemented a
modification of the Wedelin algorithm [5] to propose a
Lagrangean relaxation based heuristic for the RVSP.

As discussed above, there are two formulations used
to model the RVSP. One approach is to model the RVSP
as a minimum cost network flow problem on a time-
expanded network. The other approach models the
problem as different assignment models linked by a
common set of constraints that prohibit assigning a
booking to more than one vehicle type [4]. We used and
modified the later formulation in our study. To reduce the
size of the problem we used node aggregation wherever
possible. The removal of a common set of constraints
leads to independent assignment problems that satisfy the
integrality property. Solving the LP relaxation of these
independent problems provides an integer solution that
may be infeasible due to the relaxed constraints. We
propose an iterative approach that uses reduced cost



information from the solution of LPs at each iteration (to
reduce the infeasibility for a set of bookings) thereby
producing an integer feasible solution at the end of the
procedure.

The rest of the paper is organised as follows. The
assignment formulation with node aggregation is
presented in Section II. The heuristic and solution
methodology is presented in Section III. Section IV
presents the results and discussion with conclusions and
scope for future research provided in Section V.

II. PROBLEM FORMULATION

The assignment formulation proposed in the literature
models the RVSP at the level of an individual vehicle.
This requires a large number of connections (and hence
variables), to represent the RVSP. For a detailed
description of the assignment formulation, refer to Ernst
et al. [4]. We modified the assignment formulation by
aggregating nodes. This reduces the size of the problem
instance. For vehicles that start at the same location and in
the same time period, we use a one vehicle-start node,
while bookings that end in the same time period and at the
same location, we use a one booking-end node. By the
definition of the assignment component, all vehicles of
the same type and having the same end of service
requirement are grouped into the one assignment
component. Hence, all vehicle-end nodes can be
combined into the one vehicle-end node. Thus, the
resulting component is still a bipartite graph where the left
hand side (LHS) partition contains all vehicle-start nodes
and booking-end nodes, and the right hand side (RHS)
partition contains a vehicle-end node and booking-start
nodes. In the original assignment formulation, each node
has a size of one, (flow through each node equals one). In
the new formulation, the size of aggregated nodes equals
the number of nodes that are aggregated to form the
corresponding node. We use following notations to
describe the new aggregated version of the assignment
formulation and refer to it as Formulation-Z.

Notations:
N = Set of assignment components,
B™ = Set of bookings in the component n €N,
V" = Set of vehicle start nodes in the component n €N,
BZ = Set of booking end nodes in the component n EN,
BJ' = Set of booking start nodes in the component n €N,
v = End of service node for vehicles in n €N,
b € BI' = Node which is the start of booking b € B",
bl € B} = Node which is the end of booking b € B™,
N, = Set of components in which booking b is present,
L™ =V U B} Set of all LHS partition nodes,
R™ = v} U B Set of all RHS partition nodes.
Parameters:
n _ {1, ifnode i is connected to j in component n
U {O, otherwise
n, = No. of components in which booking b is present
pl* =size of node [ € L™
q; = size of the node r € R™

_ {number of vehicles in the component n, if r = v}

1, otherwise
¢i; = Cost of sending unit flow from node i to node j
Variables:

x{;,where i € L"and j € R", depicts flow through arc
(i,j) and for, j € B, x[; € {0,1}

Mathematical formulation:

n
r
n

Minimise
Z = Ynen XieL, Ljer, Aij CijXij (1)

Subject to:
Yier, alixh, = q7,Vj ERyn €N 2)
Yjer, aijxiy =plVi € Ly,n €N 3)
Ynen, Xbop, = Np— 1, Vb €B 4)

x{; = 0 and integer Vi € L,,j ER,n €N  (5)

The objective function minimises the total cost of
allocation. Constraints (2) and (3) ensure that flow
through each node equals the size of the node. Constraint
(4), overbooking constraint, ensures that a booking will be
allocated/satisfied in one component at the most. Relaxing
constraint (4) produces a set of independent flow
problems. It can be shown that the solution to the LP
relaxation of these problems is an integer solution. We
can add a source node and a sink node to each assignment
component. The source node is connected to all nodes in
the LHS partition with the capacity of arcs is equal to the
size of the corresponding node. Similarly, each node in
the RHS partition is connected to the sink node, with the
capacity on connecting arcs is equal to the size of the
corresponding node. The problem is then converted to a
single commodity minimum cost maximum flow problem,
which has integrality property due to its totally
unimodular constraint coefficient matrix [6]. Thus, if we
relax constraint (4) we need to solve the LP relaxation to
obtain the integer solution. This solution may be
infeasible for the original problem Z and a repair
procedure needs to be employed to remove infeasibility.
We propose a simple iterative procedure that removes
infeasibility partially at each iteration and finally arrives
at a feasible solution.

III. SOLUTION METHODOLOGY

A. Construction heuristic

Consider a problemZ;, in which constraint (4) and the
integrality requirement on the variables are relaxed. The
problem Z; can be seen as a set of problems that can be
solved independently. As stated in Section II, the solution
to the LP relaxation of these problems will always provide
integer solutions. The integer solution thus obtained may
be infeasible for the original problem because bookings
may get allocated in more than one (independent)
component.



We propose an iterative heuristic that partially
removes infeasibility at each iteration by deciding the
most desirable component for each over-allocated
booking. We start the iterations by keeping the bookings
into the corresponding components in which they have
been allocated in the LP solution. At each iteration, we
solve the problem Z;. The reduced cost associated with
variable xj, , , in the assignment component,n € N, in
which booking, b, was allocated, in the solution of Z; will
provide information about the increase in the objective
value if the booking is not performed in the respective
component. Hence, we retain a booking b in only that
component in which variable xj, ,, has the highest reduced
cost. Ties are broken arbitrarily, and modified Z; is solved
again. At each iteration, we remove infeasibilities that
may be caused due to the sharing of some of the
bookings. As the number of bookings is finite, this
procedure will always progress towards the feasible
solution. If the gap between the current feasible solution
and the solution of the LP relaxation of problem Z is
within 1%, we stop; else, we use an improvement
heuristic, which is discussed in the next section, to
improve the solution.

B. Improvement heuristic

For small-to-medium sized problem instances, the
construction heuristic produces good solutions fairly
quickly. For larger instances, the construction heuristic
struggles to find the good quality solutions. Hence, we
propose an improvement heuristic to improve the solution
that is obtained by the construction heuristic. The
improvement heuristic uses the information from the
solution of the LP relaxation of Z to guide the allocations
of bookings to components. The infeasible solution of the
LP relaxation may have some bookings allocated in
exactly one component while other bookings will have
allocations in more than one components. Let, S be the set
of bookings that has received fractional allocation from
more than one component in the LP solution and Piie
S be the set of components in which booking i € S is
fractionally allocated in the LP solution of problem Z.

We start with the solution produced by the
construction heuristic. Let C[i] denote the component in
which booking is allocated in the LP solution of the
problem Z. Then, for each bookingi € S, in turn, we
consider alternate choices for each C[i] from the set PL.

Specifically, the improvement heuristic maintains the
current mapping, A, of bookings to components. A is
initialised to C. Let f(A) denote the cost of the solution in
which booking i is placed in the component A[i]. For each
i, which is taken in the order described below, the
heuristic runs |P!| iterations. In the k"iteration, A[i] is
set to the k*"element of the P*. If the cost f(A) of the new
A improves, we accept the new A as the current best
solution. At the end of |P!| iterations, booking, i, will be
placed in one of the components from P!, or it may
continue to remain in the component C[i]. Note that C[i]

might be ‘empty’, if the solution produced by the
improvement heuristic did not allocate booking, i, at all.

We consider bookings in decreasing order of y;,
where y; denotes the dual value that is associated with
booking i for inequality (4). A higher value of y; indicates
the tightness of the constraint and hence, we believe, it
must be resolved earlier by the improvement heuristic. To
findf (A), we simply fix x}, , , as per A and then solve the
linear program Z;. As argued above, this is guaranteed to
give an integer solution.

At any iteration, we make changes to two components
at the most, which is enough to solve the LP for these
components in order to reach the new solution. The
removal and addition of booking, b, to component, n, is
achieved by changing the bounds of the non-performing
arc variables, xp_, . We prohibit a booking, b, from
getting an allocation in component n by setting the lower
and upper bounds for the non-performing arc variable,
Xp, b, t0 one. By restoring the bounds to zero and one,
respectively, we can introduce booking, b, in
component, n . The procedure eliminates the need to
reformulate the model at each iteration. The flow chart for
the complete heuristic is depicted in Fig. 1.

Start

Solve LP relaxation of problem Z

Apply the improvement
heuristic

e

Fig. 1. Flow chart of the heuristic

C. Subgradient optimisation

We compared the performance of our heuristic with a
subgradient optimisation procedure. By dualising
constraints (4) with the Thelp of Lagrangean
multipliers A, b € B, we get the Lagrangean lower bound
problem (LLBP).

Z115p(Ap) = min Ypey ZiELn ZjERn a?j Cinjxinj +

Yhes Ap(y — 1 — Tnen Xip,) (6)
Subject to:

Constraints (2), (3)
xX;=0Vi€L,jER,NEN @)



For a given set of multipliers, A,,b € B, Z;;5p
provides a lower bound on the original problem Z. We are
interested in finding the multipliers that provide the
maximum lower bound. Subgradient optimisation is an
iterative procedure to update the multipliers and to
provide a better lower bound to the original problem. At
each iteration, the solution to LLBP may have
infeasibility induced due to the over-allocation of some of
the bookings. We wused the construction heuristic
described above to regain the feasibility and to update the
upper bound of the problem at each iteration of the
subgradient procedure. We have used the
implementation of the subgradient method, presented by
Smith and Thompson [7], with some of the improvements
suggested by Beasley [8].

IV. RESULTS AND DISCUSSIONS

Twenty real-life problem instances have been used to
test the approaches that are described in the paper. The
instances vary in the number of bookings, components
and vehicles. The problem instances are numbered in the
ascending order of the number of connections in the
aggregated assignment formulation. The number of
connections is the same as the number of variables in the
formulation, and this is a good indicator of the size of the
problem.

Table I presents the description of the dataset. The
column with heading ‘Connections’, provides a measure
of size of the instance. The number of connections is
equal to the number of variables. Hence, larger the
number of connections, the bigger the instance size.

We implemented all the approaches using C++. To
solve linear programs and integer programs, we used the
CPLEX solver version 12.6 using Concert technology on
a machine with CPU specifications described in Table II.

To ensure better readability in the figure, we term the
assignment formulation without aggregation as (A1), and
the assignment formulation with aggregation of nodes as
(A2). Fig. 2 shows a comparison, between Al and A2, of
the number of connections and the CPU time required to
solve the RVSP, for first ten instances. It is seen that the
number of connections (and hence, the size of the
problem) is reduced due to the aggregation of nodes. This

14 102 2275 6 35,53,585
15 109 1997 6 39,01,737
16 16 1366 11 43,98,391
17 94 2062 6 59,86,328
18 36 1955 13 63,73,399
19 35 2054 5 78,96,238
20 33 2052 5 79,05,038

We compared the subgradient approach with the
heuristic approach, using the first ten instances. Table III
shows the comparison of solution time and solution value
between the heuristic and subgradient approach. It is
observed that the heuristic approach performed better in
terms of solution quality and solution time for most of the
instances. We note that instance number five and eight are
the only instances, among the ten, in which the solution of
the LP relaxation is fractional and hence the heuristic is
utilized to get the feasible integer solution. For both the
instances, the heuristic approach  outperformed
subgradient optimisation.

Since the heuristic approach outperformed the
subgradient method, we compared the heuristic approach
with the CPLEX solution, for the next ten larger
instances. Fig. 3 and Fig. 4 show the comparison of the
solution time (and the value) between CPLEX and the
heuristic.

TABLE I1
CPU SPECIFICATION

Model Intel(R) Xeon (R) CPU E5-2670 v2 @2.50GHz
RAM 128 GB
CPUs 20
Threads per core 1
Core per socket 10
oS Linux 64bit

30000 30000000

B No of connections in A2
®--CPU time for 42 4

No of Connections in A1
& CPU time for A1

25000 25000000

20000 20000000

15000 15000000

CPU time in seconds
No of connections

10000

5]
2
]
2

5000 5000000

0 . - 4]
8 9 10 11 12 13 14 15 16 17 18 19 20

Problem instances

Fig. 2 Improvement due to node aggregation

results in a smaller solution time. TABLE III
TABLE 1 COMPARISON BETWEEN HEURISTIC AND SUBGRADIENT SOLUTION
DATASET DESCRIPTION CPU time in nd % Deviation from the

Problem Number of P roblem € In seconds CPLEX solution
instances | Components Vehicles | Bookings | Connections instances Subgradient | Heuristic | Subgradient Heuristic

; ﬁ Hg? 151 zg’ggé 1 11.92 0.08 0.00 0.00

3 2 1819 5 72271 2 162.04 0.12 0.00 0.00

4 12 631 3 2,16,213 3 411.03 0.16 0.00 0.00

5 11 549 3 2,59,772 4 114.73 0.25 0.00 0.00

6 9 1043 10 4,33,550 5 252.88 122 2.72 0.00

7 10 1101 10 5,19,211

> 6 381.30 1.02 0.00 0.00

8 75 1308 14 8,28,272

9 17 1255 10 926,131 7 1125.89 1.39 0.04 0.00

10 23 1236 10 11,49,128 8 26951.00 5.50 20.07 0.00

11 93 2049 5 29,41,833 9 4657.31 4.53 1.73 0.00

12 93 1765 7 33,41,393 10 3883.80 6.46 2.4 0.00

13 99 2138 6 35,18,575




For all the instances, the solution time for the
heuristic is lesser than the CPLEX solution time, while
the maximum gap between the solutions of the heuristic
and the LP solution is 4.5%. For instance 15 where
CPLEX solution is 5% away from the LP relaxation, the
heuristic is able to find a solution that is within 1% of the
LP solution value.

Fig. 5 shows the division of the solution time for the
heuristic into the percentage of the total solution time that
is required (a) to solve LP relaxation, (b) the construction
heuristic and (c) improvement heuristic, (for the instances
where the heuristic is used to improve the solution).

12000
CPU time for CPLEX CPU time for Heuristic
10000
@
©
S 8000
[
3
£ 6000
Q
£
=
35 4000
a
o
2000
0
Problem instances
Fig. 3. Comparison of CPU time for CPLEX and heuristic
5.00
450 % deviation from LP solution for CPLEX
4'00 B % deviation from LP solution for Heuristic
3.50
3.00
a
& 250

::c]
11 12 13 14 15 16 17 18 19 20

Problem instances

Fig. 4. Comparison of solution quality between CPLEX and heuristic

B CPU time for LP relaxation CPU time for Construction heuristic B CPU time for Improvement heuristic
100%
90%
80%
70%
60%
50%

40%

CPU time in % of total solution time

Problem instances

Fig. 5. Percentage of CPU time utilized between LP relaxation,
construction heuristic and improvement heuristic.

It is observed that, with the increase in the instance
size, the solution to the LP relaxation requires more time.
The large amount of time that is required for the
improvement heuristic implies that a greater number
bookings are fractionally allocated to multiple
components in the LP solution.

V. CONCLUSION AND FUTURE SCOPE

The proposed heuristic outperforms subgradient
optimisation in terms of the solution quality as well as the
solution time. When applied to large-sized instances, the
heuristic provides solutions that are within 5% of the
lower bound provided by the LP solution. The solution
time for the heuristic is small, in comparison with the
CPLEX solution time.

The major limitation of the heuristic is that it needs to
start with an LP solution. As the instance size increases,
getting the LP solution itself requires more computational
time. Hence, a better starting solution technique needs to
be developed to reduce the solution time further.

The techniques such as subgradient optimisation, that
generate different solutions, at each iteration, can be used
to generate different starting solutions which will be
repaired and improved using the heuristic.

An interesting extension of this study could be the
application of the heuristic approach to other
multicommodity network flow problems, in which
resources or commodities are assigned to multiple tasks
and the tasks can be performed by more than one
commodity or resource. In such cases, predetermining the
resource-task allocation can reduce the problem into
independent easy-to-solve problems which enables the
derivation of upper bounds.
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