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Maximizing set and faces

Definition 2.1 (Face of a Polyhedron). Let P be a polyhedron given by a set of linear constraints, i.e.,
P ={zeR"| Az < b}, and let (A",V') be any subset of rows of (A,b). Then if F = {x € P | Az = b},
and F is not empty, we call F a face of the polyhedron P. We say that the constraints A’z < V' are tight for
the face F (or every point in F).

Example: Consider the following linear program. Let P be a polyhedron given by the following set of
linear constraints (see Figure 1):

ey > 0

To > 0

r < 2

xe <2 (1)
T1+x0 < 3 (2)
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(a) A point maximizing function f1 (b) A line segment maximizing function fa

Figure 1: A linear function is optimized at a face

Now consider these two optimizing functions, with the above constraints:

fi = 1422
fg = 21+ 229

It can be seen from the Figure 1 that f; is maximized at a point in P which is a face of P (tight constraints
are (1) and (2)) and f, is maximized at a line segment in P which is also a face of P (tight constraint is
(1)). In general, maximizing set will be a face of any dimension (could be a corner, a line segment/edge of
the polyhedron, or any k(< n)-dimensional face).



Definition 2.2 (Convex Set). A set P CR™ is called convez if for all a,b € P, any conver combination of
a and b, that is, aX+ (1 — X\)b for 0 < A <1 is also in P.

Lemma 2.3. The feasible region of a set of linear constraints, i.e., P = {x € R™ | Az < b} for some
AeR™" and b e R™, is a conver set.

Proof. Let a1 and ag be two points in P, that is, Aa; < b and Aas < b. Consider some 0 < A < 1.
A()\al + (1 - )\)CLQ) = )\Aal + (1 - )\)Aag S Ab + (1 - )\)b =b
Thus, by the definition of a convex set, P is convex. O

Claim 2.4. Suppose P = {z € R"|Az < b} and z € P is a point mazimizing w x. Let (A’,V') be a subset
of rows of (A,b) that gives all the tight constraints for z, i.e., A’z = b'. Then, any point y € P satisfying
Ay =V will also mazimize w'x over P.

Proof. Let wTz = w*. Now, for the sake of contradiction, suppose wly < wTz = w* This implies
wh(z—1y) >0 (3)
Now, let us define a point p = z + (2 — y)e for some € > 0. Then, using Equation (3),
wp=wz+ew(z —y) >w'z=w" (4)
We argue that p € P. First, we show that the tight constraints for z are also tight for p.
Ap=Az+Az—y)e=A2=0. (5)
Now, consider any non-tight constraint for z, i.e., a]z < b;. We have
a;p = a;z + aj[(z — y)e] <b; (6)

which holds because there always exists a small enough e which makes it true. (5) and (6) prove our claim
that p € P. Combining it with (4), we get that the function w'z takes a larger value at p than at z, which
is contradiction. O

Claim 2.5. If a and 8 are two points mazimizing w x in P. Then QTH} will also mazimize w x in P.

Proof. By Lemma, 2.3, # € P. Let
wla = w'g = w*.

Then

’UJT (04+B> :wTa/Q—l—wTﬁ/Q:w*

which makes O‘—gﬁ maximize w'z in P. O

Claim 2.6. For any w € R"™ and a polyhedron P, the set of points x € P mazimizing w'x forms a face.

Proof. For any two optimal points which have different smallest face containing them, if both points optimize
wTx, we need to prove that both of them lie on a face and that entire face optimizes wTz. If we prove this,
we can take all possible such distinct points two at a time and recursively claim that the entire set of points
in P maximizing w'x forms a face of P.

Let 21 € P and 22 € P be two points that maximize w’z. By Claim 2.5, (%) is also optimal, and by
Claim 2.4, all the points on the smallest face containing (21'522 ), say F are also optimal. Now, we just need
to prove that z; and z, lie on F' and we are done.

Let us say z; doesn’t lie on F', then among the set of tight constraints for F', there must be one, say
alx < b;, that is not tight for z;. That is, alz; < b;. Since (%) lies on F' and satisfies af(%) = b;, we
get that a}zQ > b;. This is a contradiction, since zo € P and cannot violate azT < b;. Thus z; and z; lie on
F. O




