CS602 Applied Algorithms Jul 2023

Assignment 1
Total Marks: 40 Deadline: Sep 12, 14:00

Note: The assignment needs to be done individually. Any kind of discussion with other students is not
allowed. If you feel the need to discuss anything, you can reach out to the instructor. You can directly use
any result proved in the class. You can use other sources (book/internet), but you should give a reference
and specify for which part it has been used.

Que 1 (5+5 marks). Red-blue s-t connectivity: In this problem, we are given an undirected graph
G, with each edge colored either red or blue. We are also given a source vertex s and a destination vertex
t. The goal is to find an alternating red-blue path between s and ¢. That is, a path that starts on s with a
red edge, alternates between red and blue edges, and ends at ¢ with a blue edge.

We try to reduce this problem to the matching problem as follows. Naturally, first we can delete any
blue edges incident on s and any red edges incident on t. We will construct another graph H based on the
given graph.

e For every vertex v in G other than s and ¢, create two vertices in H, v, and vy.
e Create two more vertices in H, s, and ;.

e For any edge (u,v) in G: if it is red then create an edge (u,,v.) in H and if it is blue then create an
edge (up,vp) in H.

e Create an edge (u,,up) for every vertex u other than s and ¢.

Prove or disprove using a counter-example the following: graph G has an alternating red-blue path
between s and ¢ if and only if the new graph has a perfect matching.

Que 2 (10 marks). Suppose S is a convex set and we are maximizing a linear function w” z over it. If a

point z* € S locally maximizes the function, then prove that it maximizes the function over all S. Locally
maximizes means the following: there exists an € > 0 such that for all points y € S within distance e from
x*, we have w”z* > w”y. You will need to prove such an inequality for all points y in S.

Que 3 (10 marks). Use Fourier Motzkin procedure to compute the linear inequalities in variables
x1, T2, 73, which describe the cone {\;(1,2,3) + X2(2,3,1) + X3(3,1,2) : A, A2, A3 > 0} € R3. Don’t
just write the final answer. You need to show the steps of Fourier Motzkin procedure.

Que 4 (545 marks). We proved the following Farkas’ lemma in the class. For any given k& x n matrix A
and b € R”, the system
Ar=b,z >0

has no feasible solution if and only if the system

ATy > 0,07y = -1



has a feasible solution. Use this lemma (or any other way) to prove that for any given numbers by, ba, b3, bs,
the system

201 — 320+ 23 < by
—z1+ w2 +2x3 < by
r1— Ty = bg
To —2x3 = by
1,29 > 0

r3 €R

has no feasible solution if and only if there exists y; > 0,y2 > 0,ys,ys € R such that

201 —y2 +ys >
—3y1+y2—ys+ys >
Y1+ 2y2 — 2yy

Il
I
=

biy1 + bay2 + b3ys + bays

You need to show both the directions.



