602 Applied Algorithms Jul-Nov 2023

Midsem exam
Total Marks: 75 Time: 210 minutes

Instructions.
e Please write your answers concisely.

e You can directly use anything proved in the class.

Que 1 [3+4+45 marks]. Consider the following LP.

n
min Zz - x; subject to
i=1
x; >0 foreachl1<i<n
r; <1 foreach1<i<n

n
E €Tr; = k
i=1

e Give an optimal solution and the optimal value for this LP (no need to argue that the solution is
optimal, as the third part will guarantee that).

Optimal solution 1 = 1,29 =1,..., 2, = 1, 2441 =0,...,2, = 0.
Optimal value = Zf:li =k(k+1)/2.
e Write the dual LP for the above LP.

n
max kz — Zyi subject to
i=1
y; > 0foreach 1 <i<n
z—y;<iforeach1<i<mn

e Give a dual feasible solution such that the dual objective value is equal to the primal objective value
from the first part.

Dual feasible solution: y1 = k,yo =k —1,...,yx = 1, yk41 = 0, Yk12=0,...,y, =0, 2z =k + 1.
Dual objective value: k(k+1)—(k+(k—1)+---+1)=k(k+1)/2.

Que 2 [5 4+ 5 marks| (Clustering). Suppose we are given n objects and their pairwise dissimilarities
{d;j : 1 <i < j <n}. Dissimilarities are positive real numbers. We want to partition the objects into two
clusters so as to maximize the total dissimilarity of pairs lying in different clusters. That is, maximize the
following objective function

2. iy

i,J
which are in
different clusters



e Write an integer linear program (ILP) for this problem.

Hint: You may take variables y; € {0,1} to denote the cluster in which the it
take variables x; ; € {0,1} to denote which pairs are in different clusters.

max Y _ d; j; ; subject to
i,
y; € {0,1} foreach 1 <i<n
z;; €{0,1} foreach 1 <i<j<n
x;; <y;+yjforeachl1 <i<j<n
2, <2—y;—y;foreachl1 <i<j<n

h object lies. You may

e Relax the integer condition to make it a linear program. Show an example, where the LP optimal is

not equal to the maximum possible total dissimilarity.

Hint: you may show that there is an feasible (fractional) solution for the LP
value le d@j

madeivj:ci,j subject to
i,
0<y;<lforeachl1<i<n
0<z;;<1lforeach1<i<j<n
xi; <yi+yjforeachl <i<j<n
2 <2—y;—y;foreach1 <i<j<n

that achieves objective

Consider for example, n = 3. Suppose di 2 = 5,d2,3 = 5,d1,3 = 5. Maximum possible total dissimilarity

is 5+5=10. This is because some 2 objects have to be in the same cluster.

A dual feasible solution: y; = 1/2for 1 < i <n. And a;; =1for 1 <i <
value= 5+5+5 = 15.

Que 3 [5 marks]. Let S be a set points in R” and let f(z) = wlz be a linear

j < n. Dual objective

function. Let conv (S)

denote the convex hull of the set S (i.e., smallest convex set containing S). Then prove that

max f(x) over S = max f(z) over conv (S5).

Assuming S is finite. Let S = {s1,52,...,8x}. Let ¢* = max{w?sy,w’ sy,
contained in conv (5), we have
¢* < max f(x) over conv (5).

We need to prove the other inequality. Any point in « € conv (S) can be written as
a = A1s1+ Ag2sg + - + Agsi,
where \; > 0 and >, \; = 1. We get

wlha = MwTs; + XawTso+ -+ Mow” s,

< At Xt 4 - At

=c*.

coo,wTlsg}. Since S is



Hence, max f(z) over conv (S) < ¢*.

When we don’t assume S to be finite, we can still write any point o € conv (S) as a convex combination
of finitely many points. This just follows from the definition of the convex hull. Rest of the proof will follow
as it is.

Que 4 [3+8 marks]. Let A be a k x n matrix and b € R* such that the system Az < b is feasible. Then
prove that for any given w € R"”,

The optimal value of maxw”z subject to Az < b is unbounded (i.e., +00)
if and only if
there exists z € R™ such that Az < 0 and wTz = 1.

You can use any results proved in the class, for example, Farkas’ Lemma, LP duality. One of the directions
is easy, the other is not.
Let’s write the dual LP of the given LP maxw”x subject to Az < b. It will be

min b’y subject to ATy =w,y > 0.

Recall that any feasible solution of the dual gives an upper bound on the primal optimal value (weak duality),
ie.,
wlz =yT Az < yTb=bTy.
Since primal optimal is unbounded, it must be that the dual LP is not feasible. Also, the direction holds,
if the primal optimal is bounded (we know primal is feasible), then the dual LP is feasible (strong duality).
Now, recall that Farkas’ lemma states that the system ATy = w,y > 0 is infeasible if and only if there exists
z such that
2TAT > O,ZTw = —1.

This is equivalent to
Az <0,wTz=1.

We had not proved this form of Farkas’ lemma, but it is ok to use it directly.
A proof of the above form of Farkas’ lemma. Not expected in the solution.
We proved the below in the class.

Az < b is not feasible <= y > 0,47 A =0,y"b= —1 is feasible.
We can write ATy = w,y > 0 in an equivalent way as
ATy <w, ATy > w,y > 0.

Let us define

AT w
B=|-AT| andc= | —w
—I 0

Then the above is equivalent to By < c. From the form of Farkas’ lemma we proved, we get By < c is
infeasible if and only if the following is feasible

2>0,2'B=0,2T¢c=-1.
Let z = (21, 29, 23) where 21, 29, 23 are in appropriate dimensions. Above is equivalent to
21, 29,23 > O,ZipAT — ZQTAT — 23 = O,wa — ZQTw =—1.
Let 2/ = 21 — z». Then the above is equivalent to
A7 = 25,23 >0,2Tw=—1.

This is equivalent to
A2 > 0,2 Tw=—1.



Que 5 (5+3+5). Let A, be the n-dimensional probability simplex, i.e.,

n
Ap={NeR": Y A =1land ) >0 for each 1 <i <n}.
1=1

Let R be a m x n real matrix. Let R; ; be the (¢, j)-th entry of R. Define

-— min v %
"=y

e Prove that

h(y) = min {Z yiRix, Y yiRia, .. 7Zyszn} ~
i=1 i=1 i=1

For any 1 < j <n, let  := (0,0,...,1,...,0,0) where 1 is at jth position. Clearly, 6/ € A,,. Hence,
by definition

m
hy) <y" RO =" yiR; ;.
i=1
Let us prove the other direction. Let min {>"!"  y;R; ; : 1 < j < n} be ¢*. We can write
y"Re = Y ;> iR,
j i

ijc* (since x; > 0)
J

IV

v

c* (since Zx]— =1)
J

e Argue that maxyen,, h(y) is same as the optimal value of the below LP.

max z

subject to

m
D yiRin >z
=1

m
> yiRis >z
i=1

m
ZyiRi,,n >z
i=1
m
S
i=1
y; > 0 for each 1 < i < m.

Let the LP optimal value be z*. For any y € A,,, we know that h(y) < >_I" | y;R; ; for any j. Hence,
we get that (y,z = h(y)) is a feasible solution for the LP for any y € A,,. Thus, z* > h(y) for all
y e Ay



Let (y*, 2*) be an optimal solution for the LP. Then,
m
Wy") = min{}_yi Ris} > 2"
i=1

Thus,

ax h = z*.
Jnax h(y)

e Write the dual LP for the above LP. Show that the dual optimal value is same as

min max y! Rx.
TEA, YEA,

Writing the LP in one of the standard forms.

max 2z

subject to

m
z— ZyiRi,l <0
i1

m
2= YiRin <0
i—1

y; > 0 for each 1 <7 < m.
The dual LP.

min w
subject to
n
w — ijRl’j Z 0
j=1
n
w — Z.Tij)j Z 0

Jj=1

n
w — ijRm,j Z 0
j=1
n
Dz =1
=1
xj > 0for each 1 < j < n.



This can be rearranged to get

min w

subject to

n
E l‘jRLj S w
j=1

Zl‘ijJ‘ S w

j=1

n

ijil

j=1
xz; >0 foreach 1 <j <n.

Let us define

g(x) = mzax{z zjR; ;}.
j=1

As argued in part 1, g(x) can be written as

m n
= . R} = T
g(x) = max { Vi > 1 iR} = max y Rr.
1= J=

Again as argued in part 1, the optimal value for the above program is equal to

min g(z) = min max y’ Rx.
TEA, TEA, YEA,

Que 6 [3+3 +5] (Hitting-set). We have n objects, V' = {v1,va,...,v,}, each with a cost, say ¢1,ca, ..., cp.
We are given some target subsets 11,75, ..., Ty C V each with 2 or 3 objects.
Example. V = {v1,v2,v3,v4,v5} with costs {20,15,10,10,20}. T = {v1,v4},To = {va,v4, 05}, T35 =

{Ul , V2, /U3}'
The goal is to select a hitting-set H C V with minimum total cost, such that H contains at least one

object from every target subset T;. In the above example, H = {v1,v2} is a hitting set with cost 35 and
H = {vs,v4} is a hitting-set with cost 20.

e Write the natural LP for the minimum cost hitting-set, with primal variables xy,xs,...,2, and k
constraints.

n
minZCixi subject to
i=1
z; >0for1<i<n
inzlfongjgk
€Ty



e Write the dual LP with variables y1, v, ..., yk-
E
max Z y; subject to
i=1
y; > 0for1 <j<k

Z y; <epfor1 <i<n
jHeT;

Consider the following primal-dual algorithm.

1. Initialize H as empty set.
2. Consider any target subset 7}, from which we have no object in H.

3. Increase the dual variable y; till the point that the dual constraint for one of the objects in 7}
becomes tight.

4. Whichever object becomes tight, put it in H (if multiple objects become tight, put all of them).
5. If there is any target subset 7; for which we have no object in H, go to 2. Otherwise return H.

e Prove that the hitting-set output by the algorithm has cost at most 3 times the optimal cost.

The cost of the hitting-set H output by the algorithm is ¢(H) = >, , ¢;. Note that an object i is
taken into H only when the ith dual constraint becomes tight. Hence, for every i € H, we have

C; = Z Yj-

€Ty
The cost of H will be i
C(H)=> > w=> > u
i€H jueT; j=1icH,

€Ty

Now, recall that there are at most three objects in any T}, and thus, Y ;cn, y; < 3y;. We get,
=y

k
c(H) <3y
j=1

But, we know that the objective value for any dual solution is at most the primal LP optimal value,
which in turn is at most the cost of the minimum hitting-set. Thus, we have ¢(H) < 3X cost of optimal
hitting-set.

Que 7 [5+3+5] (Disjoint paths). Given a directed graph G(V, E), with a source vertex s and a desti-
nation vertex t. We want to find out the maximum number of edge-disjoint paths from s to t. We write the
following linear program.

max p subject to
0<x. <1 for each e € £
— Z Te + Z e =0 for each v # s,t.
e€in(v) ecout(v)
Y
e€in(t)
ecout(s)



e Write the dual LP.

min ) g Ze subject to
2e >0 for each e € F
Ze +Ya —yp >0  for each e = (a,b) € £
Y —ys =1

e Show that every s-t cut corresponds to a feasible solution of the dual. An s-t cut is a subset of vertices
S, which contains s and does not contain ¢.

For any s-t cut S containing s and not ¢, we construct the following dual solution.

Yy =0 for v € S,
Yo =1 for v € 5,
ze = 1 for e = (a,b) € E such that a € S,b & S (cut edge).

It is straightforward to verify feasibility.
e The size of an s-t cut is the number of edges going from S to outside S. Argue that the dual optimal

value is at most the minimum size of an s-t cut.

For any s-t cut, consider the above dual feasible solution. The objective value for the above solution
will be precisely the number of edges going from S to outside S. This is true, in particular, for the
minimum size s-t cut. Hence, dual LP optimal value can be at most minimum size of an s-t cut.



