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Scribe: Rishabh RP, Anand Narasimhan Lecturer: Rohit Gurjar

1 Proof that Determinant is in NC?

In the previous class, we got a formula for determinant by representing permutations as cycle covers.

Det(M) - Z (_1)n+#cydes in C H M,

C is a cycle cover (i,5)eC

The problem with our formula is that it is not clear how to compute this summation efficienty, which needs
to iterate over exponentially many cycle covers. What we’ll do now is smartly add more terms to this
summation, and magically the new terms we add won’t change the value of the summation but will make it
easier to compute.

1.1 Clows and Clow Sequences

A clow is a closed walk where both edges and vertices can repeat. Note that every cycle is a clow. We are
going to extend the set of cycle covers, to that of clow sequences.

We call € = (C1,Cy,...,Ck) (where C1,C,...,Cy are clows) a clow sequence if it satisfies the following
properties:

e Every clow has a head (default first vertex), which is given by a function h. h(C;) is the minimum
vertex of Cj.

o h(Cy) <h(Cq) <+ <h(Ch).

e In any clow C;, the head can’t repeat (except at the end of the clow). That is, if the vertex sequence
of the clow is (v1,v2,vs,...,v¢), then for any 1 < j </, vy # v; (the last edge of the clow is (v, v1)).

These restrictions are placed so that we don’t double count the clow sequences. The second property is just
ordering the clows so that you can’t just swap the order and get a new clow sequence. Why we define a head
is so that we can’t just cycle the elements to get a new clow, so we root every clow at a unique vertex. For
example we want (1,2,3), (2,3,1) and (3,1,2) to all be considered as the same clow with 1 as the head.

Note that every cycle cover is represented by a unique clow sequence. The cycles are uniquely ordered
because of the second property, and every cycle is uniquely rooted at the minimum node.

We can represent every clow sequence as a list of tuples, where the minimum element of every sequence is
placed at the beginning, and the beginning elements are in ascending order. We don’t need to place the
head at the end of every tuple as it is redundant.

We consider the size of a clow with vertex sequence (v1,v2,vs,...,v¢) as £, that is, the number of edges in
the clow. The size of a clow sequence will be the sum of the sizes of the clows in the sequence. Let us denote
size of a clow sequence € as |€]. Now we claim that if we extend our determinant formula to include terms
of all clow sequences, not just cycle covers, the summation remains the same!



The clow sequence can be written as [(1,2,3,4), (5)]

1.2 Involution which proves Validity of Clow Sequence Summation

We claim the following formula to be true:

Det(M): Z (_1)n+#clows in ¢ H Mij
|€|=n (i,5)e€

We have introduced extra terms to our summation but somehow all the extra terms “cancel out”. We shall
rigorously prove this by finding a pairing function (involution) which makes sure that the term of a clow
sequence cancels out with the clow sequence mapped to by our involution. And for cycle covers, our function
will just be an identity mapping.

So we are looking for a function with the following properties:
p : set of clow sequences — set of clow sequences

e p(p(Q))=¢

® I1(ijyee Mij = [1(i j)ep(e) Mij (infact our involution will maintain the same multi-set of edges)

e If € is a cycle cover then ¢(€) = €, else sgn(p(€)) = —sgn(€) (where sgn(<¢) = (—1)"+7‘7ECIOWS n C)

Since we want our involution to preserve the edges but swap the parity of number of clows, our involution
is going to merge/split clows in some form. Consider the following example.

Q-® Q;@
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©([(1,2,4,3,5,4)]) = [(1,2,4),(3,5,4)] and ¢([(1,2,4),(3,5,4)]) =[(1,2,4,3,5,4)]
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Below is how the involution algorithm works. Let € = (C1,Cs,...,Cy). E|

for ¢ going from k to 1:
for vertex ve(; (in order they appear in (}):
if veC; for some j > i: (Merge Case)

Let C;=s;v.e; (for smallest possible s;) and Cj=sj.v.€;
Replace (; with s;v.ej.s;j.v.e
Delete (]
Return the updated clow sequence.
else if v already appeared in Cj: (Split Case)

Let C;=s;v.m;.v.e; (for smallest possible s;,m;)
Replace (C; with s;.v.€
Insert new clow C/=v.m; at an appropriate position
in the clow sequence, with an appropriate head.
Return the updated clow sequence.

Return the clow sequence.

Proposition 15.1. If the algorithm returns from clow C;, then Ciy1,Ciya, ..., Cy are disjoint cycles.

Proof. The fact that Merge Case never happened before reaching C; means that all the following clows are
disjoint. Since Split Case also never happened means that all the following clows are cycles. O

Proposition 15.2. For any v, Merge Case and Split Case can’t happen simultaneously in the algorithm.

Proof. Suppose it did happen i.e v appeared previously in C; and in some later C;, where j > i. But
then when we were at the previous occurence of v, Merge Case should have happened, hence we have a
contradiction. O

Proposition 15.3. When Merge Case happens, C; is unique and v occurs only once in Cj.
Proof. This follows from proposition [I5.1] the fact that all clows after C; are disjoint cycles. O

Now we shall prove that ¢ is indeed an involution i.e. p(p(€)) =¢

Case 1: Merge happened when applying ¢ on € (say the merge happened at C;). Now when running the
algorithm on (), neither Merge nor Split will happen until C; as Cy41, ..., C are disjoint cycles, and the
clows after C; in ¢(€) are the same except C; is deleted. While traversing C; of ¢(€), neither Merge nor
Split will happen until reaching the second occurence of v.

Neither Merge nor Split will happen at s;.v, if it did it would have happened when we applied ¢ on €. Merge
Case won’t happen at ej.s; as C'; which was deleted, is disjoint from all clows after C;. The Split Case won’t
happen as C; was a cycle with no repetition of vertices, as well as the fact that if some vertex in s; appeared
in €, C; would have been merged before v.

And once we reach the second occurence of v, Split case will happen and the clow will split exactly how it
was merged.

Case 2: Split happened when applying ¢ on € (say the Split happened at C;). Note that the new clow C
inserted will appear after C; as all the vertices in C! are greater than the head of C;. We can also say that
C! is disjoint from Cjy1,...,Ck. As otherwise when ¢ was applied to €, a Merge would have happened first.

n the following psuedocode we are using bold to represent a sequence of vertices. Also we return the clow sequence just as
it is for cycle covers



It’s also true that C} is a cycle as else we would have had a Split before seeing the second occurence of v.
Now since C] when added to the set Cj,1,...,C} are all disjoint cycles, we can say ¢ when applied to ¢(€)
reaches a Merge/Split case at C;.

No Split Case happens at s; else it would have happened when applying ¢ on €. Merge Case at s; wouldn’t
have happened to any of the clauses ignoring CY, else it would have happened when applying ¢ on €. It
won’t happen at C] either as s;,v,m; are disjoint (else a Split Case would have happened earlier than v
when applying ¢ to €)

This merge happens exactly how the clow was split, so you get back €.

Now that we have proven its an involution, we know that it satisfies the other properties, it preserves the
edges so the product term is preserved. It changes the number of clows by 1 so the sign reverses.

1.3 Computing the Summation using Dynamic Programming

Now that we have a formula to get the determinant, we need an efficient way to sum over all clow sequences.

Define P(h,t,¢) to be the sum of all termsﬂ which correspond to a walk starting at h, ending at ¢, with
length ¢ and all the vertices of the walk are greater than the head h. Every walk to t of length ¢ will be
a walk to some vertex ¢ with length ¢ — 1, and then from that ¢ to . So all terms of this type need to be
multiplied by M;; and summed.

P(h,t,0)= Y P(h,i,{—1)My.

i=h+1

Base cases are P(h,t,1) = My, if t > h else 0.

Now for a clow with head h of length ¢, it’s nothing but a walk to a vertex i of length £—1 and then an edge
back to h. Let this term be T'(h,?).

T(h,t)= > P(h,i,{-1)M;,.

i=h+1

Our base case is T'(h,1) = Mpp.

Now let S(h,¢) determine the (signed) sum of all terms of a clow sequence of size ¢, where the head of the
first clow is at least h. We can case split based on whether there’s a clow with head A or not, and if so case
split on its size.

S(h,0) = S(h+1,0) -%T(h,i)sm 1 1,0-4) - T(h,0).

i=1

Our base cases are S(n,¢) = -T(n,¢) (as if the smallest head has to be at least n you can have only 1 clow)
and the negative sign comes because of the parity of the number of clows.

1.4 Computing Dynamic Programming as Iterated Matrix multiplication

We now want to compute this dynamic programming approach using a circuit. Since we already know that
matrix multiplication is in NC* we shall try to write everything as matrix multiplication. The first DP can
be written as the following:

2The term corresponding to a walk (where edges and vertices can repeat) will be a product of M;;’s where (4,7) is an edge
in the walk



P(h,h+1,£) Mh+1,h+1 Mh+2,h+1 Mn,h+1 P(h,h+1,£—1)
P(h,h+2,£) _ Mh+1,h+2 Mh+2,h+2 Mn,h+2 P(h7h+2a£_]-)

P(h,n,ﬁ) Mh+1,n Mh+2.,n Mn,n P(h,n,ﬁ— 1)

So infact to get all terms of the form P(*,*,¢) from the base case of P(*,x*,0) all we have to do is multiply
the matrix £ — 1 times to the base case vector. This iterated matrix multiplication is in NC? as matrix
multiplication is in NC* and iterated multiplication can be done by divide and conquer.

Similarly, the second DP terms can be found by a simple dot product from the terms calculated by the first
DP, hence this part adds only a logarithmic depth.

The third DP can be done just like the first one, but we argument a bit in order to take care of the 2 terms
S(h+1,¢) and T'(h,?).

1 1 0 ... 0 0 1
S(h,1) ~T(h,1) 1 0 0 S(h+1,1)
sthn-1) | | Thin-1) -Thn-2y .. 1 o|| shetn-1)
S(h,n) -T(h,n) -T(h,n-1) ... -T(h,1) 1 S(h+1,n)

The final answer we require is (=1)"S(1,n) which can be found by multiplying the matrix n—1 times to the
base case vector which has terms of the form S(n, *).

Overall the depth of the circuit we need to compute this dp is O(log® n) + O(logn) + O(log®n) = O(log® n),
so determinant is in NC?.

2 Parity is not in ACY

This is a very brief overview of the next topic, which is to find and prove lower bounds on AC? circuits. The
problem we focus on here is the Parity problem.

We look at an important and non-trivial lemma, which is essential in proving that Parity is actually not in
AC® (Unbounded fan-in, constant depth circuits).

2.1 Hstad’s Switching Lemma

This essentially says that a DNF of small width can be converted into a CNF (with high probability), also
of small width, under a random restriction of some of the variables in the formula (vice-versa also holds).

Small width here means that the number of literals in each clause is small, of the order of O(logn).

What is a Random Restriction? Given a constant 0 < p <1, a random restriction R, is a choice of a random
subset of size pn, where n is the total number of variables in the formula. These pn variables are kept as
variables, whereas the remaining variables are either set to 0 or 1, with probability 0.5.

The following figure describes the switching lemma.

The main theorem to prove is :

Theorem 15.4. Assume that n > 2°%) and k << log(n). Computing the parity of n bits using depth k

. . , . 1/(k-1)
circuits requires size at least 24" )



(a) A small-width DNF before ran- (b) The DNF after random restric- (c) A small width equivalent CNF
dom restriction tion exists with high probability

Figure 2: An example of an AC? circuit

The idea of the proof is to take the parity function, apply a random restriction on it, and see that it remains
a parity function of the remaining bits (either that or the complement, which are both computationally
equally hard).

Assume there exists a circuit (of class AC) to evaluate the parity of n bits, and push all the NOT gates into
the literals using the fact that —(a A b) = (-a) v (=b)

Note that in such a circuit with unbounded fan-in, the layers will alternate between AND and OR layers,
cause if they don’t alternate, you can either split the layer into two (one containing only AND gates and the
other containing OR gates) or merge two layers (both having AND or both having OR). The figures below
describe the merging step, if two consecutive layers are either both AND or both OR.

Splitting layers can be done in such a way that the depth of the circuit increases by atmost 2, and the size
of the circuit increases by a polynomial factor.

Now, the idea is as follows : Look at the bottom two layers, and assume that it is a DNF (the CNF case
also holds similarly). Now, looking at our parity function (after having applied a random restriction) we
now swap the two layers, applying the switching lemma, noting that this holds with a high probability.

We then merge the second and third layers into one (both of them are OR layers) and continue this process,
until we get a circuit with just two layers, which is a DNF (or a CNF)

Each step holds with a high probability, which means that this will continue to hold if the depth of our original



Figure 3: Merged circuit from Fig 1, bypassing the second layer altogether (can remove the duplicate edges,
makes no difference)

circuit was constant (ACY). However, this implies that there is a depth 2 (AC?) circuit for computing parity,
which we know is not the case (Can be proved by contradiction and adversarial examples, as you must have
seen each of the input bits to have computed the parity)

This is the rough outline of the proof, the actual proof will be discussed in the next scribe.
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