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1  Algebra for countable words

A @-algebra (S,-,7,7*, k) consists of a set S with - : S2 — S;7: 5 — S,7* : S — S,k :
P(S)\ {0} — S such that (with infix notation for - and superscript notation for 7, 7*, k)

A-1 (S,-) is a semigroup.

A-2 (a-b)"=a-(b-a)” and (a™)” =a" for a,b € S and n > 0.

A-3 (b-a)” =(a-b)" -aand (a")” =a” for a,b€ S and n > 0.

A-4 For every non-empty subset P of S, every element c in P, every subset P’ of P, and every
non-empty subset P” of {P*,a.P" P%.b,a.P*.b | a,b € P}, we have P® = P".P* =
Pr.c.Pf = (P%)T = (P%.c)” = (P*)” = (c.P")” = (P'UP")".

For any m € S, any a € N, we’ll use m® to denote the finite product - being applied to
a-many m. If @ = 0, it refers to the neutral element of S*.
Consider a @-algebra (N, +,7,7*,%). Since in N, + or finite product is not commutative
3 1
in general, we will use notations like Y n; to represent ny + no + n3 and > n; to represent

i=1 =3
ng +ng +ni.

2 Semidirect Product Construction

In this section, we propose a generalization of semidirect product from semigroups to
@-semigroups. We first define this construction for @-algebras.
We begin by introducing the setup of two commuting actions of a @-algebra on another.
Consider two @-algebra (M, -, 7,7*, k) and (N, +,7,7*,&). Note that - and + need not
be commutative. A function §; : M x N — N is said to be a left action of M on N if it

satisfies the following conditions. d§;(m,n) is denoted by m x n for convenience.

L-1 1xn=n

L-2 (mq-m2) *n =mq % (mg*n)
L-3 m* (ny+ng) =mx*ny +mxng
L-4 mxn™ = (mx*n)"

L-5 m*n’ = (mx*n)"
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L-6 mx{ny,....,n;}* ={mx*ny,...,mxn;}*

Similarly, a function d, : N x M! — N is said to be a right action of M on N if it satisfies
the following conditions. d,.(n,m) is denoted by n * m for convenience.

R1nxl=n

R-2 nx(my-mg) = (n*mq)*xmg
R-3 (n1+ng)xm=nyxm+ng*xm
R-4 n” xm= (nxm)"

R-5 n™ sm= (nxm)"

R-6 {ni,...,n;}*«m={ny xm,...,n; xm}*
d; and J,. are compatible with each other if they satisfy the following condition.

LR (mq xn)*xms =mq* (n*ms) .

*

We define the semidirect product of the two @®-algebras as M x N = (M x N,* 7,7* k)
where

1. (my,n1) * (ma,ng) = (M1 - ma, ny * Mo + My * na)

i=k

N k=1 ktp—1 4
2. (myn)" = [m™, Y mxnxm™+ | Y, mxnsxm” where k and p are respect-
i=0

ively index! and period? of m
+
~ % * k * : 0 * :
3. (m,n)” =|m", SoomT knkxmt + > m” xns*xm"| where k and p are
i=k+p—1 i=k—1

respectively index and period of m
4. {(my,n1),...,(mp,np) ¥ = (m, {mxny*xm,...,mxn,*m}*) where m = {mq,...,m,}*

3 Verification that M x N is a $-algebra

3.1 Axiom A-1
Va,b,ce M x N, (a“b)"c=a*(b"¢c)

((m1,n1) ~ (m2,n2)) * (Mm3,n3)
= (m1ma,ny *x Mg + my xng) * (M3, ng)

= (mymams, ny * Mamsz + My * Ny * M3 + MM * n3) [by R-3 and R-2]

(m1,n1) © ((ma,n2) * (m3,n3))
= (m1,n1) * (Mmams,ng * mg + ma * ng)

= (mimams, 1 * Mamg + My * N * Mg + MMy * N3) [ by L-3 and L-2]

! index of m is the smallest positive integer k for which m* = m**P for some positive integer p
2 period of m is the smallest positive integer p for which m* = m**? for index k of m
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3.2 Axiom A-2
3.21 (a.b)” =a.(b.a)"

Consider a = (my,n1) and b = (ma, na). Let k(resp. k') and p(resp. p’) be the index and
period, respectively of mjima(resp. mamy). We show that k and k' cannot differ by more
than 1 and p equals p’.

» Lemma l. [k —K|<1andp=p

Proof. By the definition of index and period, we have (mjms)¥ = (mymz)**P. Multiplying
by mo on the left and by m; on the right, we get

m2(m1m2)km1 = mz(m1m2)k+pm1
— (m2m1)k+l k+p+1

= k' <k+1land pmodp =0

= (mamq)

Similarly, £ < k' + 1 and p’ mod p =0 So, |k —k'| <1 and p=p'. <

In 3.2.1, we’ll write p to denote period of both mims and maom;.
By our semidirect product definition

((m1,m1) 7 (Mma,n2))" = (mima,ny * ma +my *ng)™

k-1
= ((m1m2)Ta Z(mlmz)i * (ny *ma +my *ng) * (mama)"+
i=0

i=k

ktp—1 ' u
( Z (m1ma)" * (N1 * ma + mq * ng) * (m1m2)7> )

= (z,y)

-
(m1,n1) ~ ((m%nz) - (ml,n1)> = (m1,n1) 7 (mamy,ng * my +ma *nq)"

k' —1
= (ml,nl) T <(m2m1)7, Z (QOl)i * (TLQ * M1 —+ mo * n1> * (mgml)T+
i=0
k' +p—1 7
Z (mamy)® * (ng * my + mg xny) * (Mmamy)” )
i=k'

K —1
= (ml(m2m1)77n1 * (mamq)"+ Z ml(QOl)i % (ng * my + ma xny) * (mamy) ™+
1=0
k' +p—1 7
Z my(momq)’ * (ng * myq + mao *ny) * (Mmamy)” )
i=k
= («',y)
Since A-2 holds in M, we have x = z’. So we now need to prove y = 3. For this we
prove the following two lemmas.
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J ,
» Lemma 2. ny x (mamy)” + Y, mi(mamy)’ x (ngxmq +mag xny) * (mamq)” is equal to
i=0
J ) .
> (mama)® * (ny * ma + my *no) * (Mimea)™ + (mama)I T % (ng % ma) * (myma)™
i=0

Proof. When j = 0, we have

ny * (mamy)” +my * (ng * my + ma *nqy) * (mamy)”
=ny xma(mimz)” + my *ng *x my(mamq)” + (Mmima) * ny * ma(myme)”

= (n1 *ma +my xng) * (mymsg)”™ 4+ (mymsz) * (ny * ma) * (Mmyme)”

Assuming the lemma to be true for j by induction hypothesis, we prove it for j + 1.

Fahal! '
ny * (mamq)” + Zm1(m2m1)’ * (ng x my +ma *nq) * (mamq)”

i=0

j .
=nq * (mgml)T—i—Zml(mgml)’L * (ng * my + ma *nqy) * (mamq)”
i=0

j+1

+ mq (mamy) % (ng x my + mg xny) * (mamq)”

[ by induction hypothesis]

|
-M“'

(mlmg)i * (g * mo+my * ng) * (myma)™ + (mlmg)j+1 * (N1 * mg) * (myma)”

1=0
+my(mam1)? T % (ng * my + mo * ny) * (mamq)”
J
Z mima)® * (nq * mg + my * ng) * (mima)™ + (myma)? ™ (ng * mg) * (mymg)™
i=0
+ (mimo)? g % ng * my (maomq)” + (mlmg)j+1m1m2 % (n1 * mg) x (myma)”
j+1 . '
= Z(mlmg)Z % (1 * mg +my *ng) * (myma)” + (m1m2)7+2 % (N1 * ma) x (mymg)”
i=0
This proves the lemma by induction. <
k' +p—1
» Lemma 3. Foranyj € [k, K +p—1], Z my (mamy ) x (noxmy +maxng )+ (mamy )™
i=j
s equal to
) k'+p—1 .
(mim2)? x (my x ng) * (myma)™ + > (mima)® * (ng * Mg + mq xng) * (Mmymsa)”
i=j+1

+(mama)* FP x (ny % ma) * (myma)”
Proof. Induction on the range of the summation. When j is ¥’ + p — 1, we have

x (ng * my + mo *ny) * (mamq)”
“Imy o (ng * my 4+ mg xnq) * (mamy)”

* (mq % ng) x my(mamy)” + (mlmg)k,“’*lmlmg xnq * ma(myme)”

* (M1 * no) x (myms)” + (mlmg)k,“’ * (1 * mo) x (myma)”
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Assuming true for j 4+ 1, we prove for j.

k' +p—1
Z my(mamq)® * (ng * my + mag *xny) * (Mmamy)”
i=j

= my(mamy ) * (ng * my + mag *ny) * (Mmamq)™
k' +p—1
+ Z my(mami)® * (ng * my +ma *nq) * (mamy)”
i=j+1
= (m1ma)imy * ng * my(mama)™ + (mima ) mima * ng * ma(myms)”
k' +p—1
+ Z my(mami)® * (ng * my +ma *nq) * (mamy)”
i=j+1
= (m1ma)? % (mq * n2) * (M1ma)™ + (mama)? T (ng * my) * (Myms)”
k' +p—1
+ Z my(mami)® * (ng * my +mg *n1) * (mamy)”
i=j+1
= (mima)? * (mq *n2) * (myma)™ + (Mymo)T T x (ng * my) * (mymy)”
k' +p—1
+ (mama)? T % (my * ng) * (myme)™ + Z (mima)" * (ng * mg 4+ my * ny) * (Mymo)
i=j+2

T

+ (mlmg)k/“’ * (ng * ma) x (myma)”
k’+p71
= (my1ma)’ * (my * ng) x (myms)” + Z (mim2)" * (n1 * ma + myq * na) * (Mmyms)”
i=j+1

+ (mam2)¥ P x (ng % ma) * (Mmama)”

This completes the proof of the lemma. |
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Continuing with the verification of the axiom A-2 , we now have

/

Y
k' —1

=nq * (mgml)TJrZ ml(QOl)i * (ng % mq + ma xny) * (mamy)”
i=0

K 4+p—1 7
+ Z my(mamy)® * (ng * my +ma % nq) * (mamy)”
i=k’
[by lemma 2]
k' —1
= Z (mima) *(ny % mg 4+ my * ng) * (myma)™ + (mlmg)k/ * (n1 * mo) x (myms)”
i=0
k' +p—1 7
+ Z ml(mgml)i % (ng * my + mg xnq) * (mamq)”
i=k’
[by lemma 3]
k-1
= Z (mima)'x(ny * ma + mq * na) * (mima)™ + (mlmg)k/ % (n1 *ma) x (myma)”
i=0

+ ((m,1777,2)k/ x (my xng) * (myms)”

k' +p—1

+ Z (mﬂng)"" * (ng * mg +mq xng) *x (myma)”
i=k'+1

R

+(mama) TP« (ng x my) (mqmg)T)

Now by lemma 1, we have to consider three cases.
Case 1: k=F

If k = k', then since (mims)¥ = (mym2)**? and since axiom A-2 holds in N, we have

/

Y
k-1
= (mima)'x(ny * mg + mq * ng) * (mymy)™
i=0
+ <(m1m2)k s (n1 *my) * (m1ma)™ 4 (mima)® * (my % na) * (mymy)”
k+p—1 P
+ Z (mima)® * (ny1 * ma + my * ng) * (m1m2)7>
i=k+1
k-1
= (mama) *(ny * mo 4+ my * ng) * (Mmyma)™
i=0

k+p—1 2
+ ( Z (mima)" * (ny * ma +my *ny) * (m1m2)7>
i=k
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Case 2: k' =k+1
If ¥ = k+ 1, we have

/

Yy
k
= Z(mlmg)l*(nl * Mg + My *xng) * (myma)” + (mlmg)’chl * (ny xmg) * (myma)”
i=0
((mlmg)kJr1 % (my * ng) x (myma)”
k+p _
+ Z (mima)" * (n1 * mg + myq * ng) * (Mmymg)”
i=k+2
R
+ (myma) TP 5 (ng % my) * (mlmg)T>
k-1
= (mima)i*(ny * mo 4+ my * ng) * (mima)™+(mima)® * (ny * my +my * na) * (mymz)”
i=0

+ (mima)F L % (ny * my) * (mymy)”

((mlmg)kJrl * (my * ng) * (myma)”
k+p—1

+ Z (mlmz)i * (Tll * Mo + My * ng) * (mlmg)T
i=k+2

+<7711‘7712)k+p % (ng %« mag + mq xng) * (myma)”

+ (mymg)F TP 5 (ng « myg) * (mlmg)T)

Since (mimg)* = (mimg) P and (mymg)*+!

= = (mymg)**t1*P and since axiom A-2
holds in N, we have

/

Y

>~
|
-

= (mima)'x(ny * mg + mq * ng) * (Mymg)™

-
Il
=

+ <(m1m2)k * (n1 * Mo + My * ’ILQ) * (mlmQ)T

+ (mima)F L % (ny * my) % (mimg)”

+ (mlmg)kJrl * (my % n2) x (myma)”
k+p—1

+ Z (mima)® * (ny * my + my * ng) * (mlmg)T>
i=k+2

= (mlmg)i*(nl * Mg + M *ng) * (Mmyma)”

k+p—1 -
+ ( Z (mima)® % (ny % mo 4+ my * ng) * (mlmg)T)
i=k
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Case 3: k=FK +1

Ifk=k +1, then

k/
= Z(mlmg)i * (N1 * Mg + my *ng) * (mymg)”
i=0
k' +p
+ Z (m1ma)® % (nq * ma + mq x ng) * (Myma)
i=k'+1

T

= Z(mlmg)i * (N1 * ma +my *ng) * (mymz)”
i=0

+ <(m1m2)k’+1 * (N1 % mo) * (myma)”

+ (myma)* % (my % ng) x (mymg)7™
k' +p—1

+ Z (mima)® % (ny * mg + myq * ng) * (Mmyma)™
i=k'+2

+(77L17712)k/+p % (ng * ma) * (myma)”

+ (mlmg)kl"‘p * (my * ng) * (mlmg)T>

[by lemma 3]

k/
= Z(mlmg)i * (ng x mg + mq xng) * (Mmyma)”
1=0

+ ((mlmg)k’Jrl * (n1 *xmg) * (myma)”

k:/+p—l
+ Z mi(mami)’ * (ng x my +ma *ny) * (mamy)™

i=k'+1

+ ml(mgml)kl“’ * (g *my) * (mzml)T>
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Since k = k' 4 1, we have (mimg)* +1 = (mymy)* +P+1 Now because axiom A-2 holds
in N, we can next write y as

Yy
K _

— (Z(mlmg)l * (ny x mg +mq xng) * (myms)”
i=0

+ (mlmg)kur1 * (g %Mo) * (m1m2)T>

k'+p—1
+ ( Z mi(mami)’ * (ng x my +mo *ny) * (Mmamq)™
i=k'+1

4+ my (mgml)k/“’ * (ng xmy) x (mamq)”

-
+ (mlmg)k/ﬂ’+1 * (N * me) * (mlmg)T>

[by lemma 2]
k/

=nq * (mamy)” + Z/ml(mzml)i * (ng * my + mg x ny) * (mamq)7”
i=0

k'erfl
+ ( Z mq(mamq)® * (N2 *xmy + ma xnq1) * (mamq)”
i=k/+1
+ ml(mgml)k,“’ * (ng * my) x (mamq)”
R
+ ml(mgml)k/“’ * (Mg * np) * (QOl)T)
k' —1
=nq * (mamq)" + Z mq(mamq)’ * (ng * my + ma knq) * (mamyq)”
i=0

+ TILl(’HLQ’HLl)k, * (ng * my + mag xny) * (mamq)”

k' +p—1
+( Z ’m1(m2m1)i % (ng * my + mag *nq) * (mamq)”
i=k'+1

4
+ml(m2m1)k/+p % (ng * my + mg xnq) * (mQ’rnl)T>

[by axiom A-2 in N]
K —1

=ny * (mam1)” + Z m(mamq)* * (ng *x my + mag xnq) * (Mmamy)”
i=0

+ <m] (mgml)k’/ * (g *mq + ma xny) * (mamq )"

k' +p—1 7
+ Z ml(mgml)’i’ % (ng % mq + ma xnq) * (mgml)T>
i=k'+1
k-1
=nq * (mamq)” + Z ml(mgml)i * (ng % mq 4+ mg xny) * (mamy)”
i=0

k'+p—1 7
+ < Z m1(mamy)’ * (ng * my + ma *ny) * (mgml)T>
i=k'
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3.22 (m*)" =m"

Consider a random element (m,n) € M x N and some random positive integer a € N\ {0}.
We have to show that ((m,n)*)" = (m,n).
Let index and period of m be k and p respectively, and that of m® be k¥’ and p'.

» Lemma 4. k < ak’ and ap’ mod p = 0.

Proof. By definition of index and period, we have (m®)* = (m®)¥*#" that is, m*" =
m®' +ar’ So | < ak’ and p divides ap’. <
a—1 . .
We can show (by induction) that (m,n)* = (m?, > m? * nx me=179).
§=0
So we have
k-1 ) a—1 . )
(m.m)")" = ((m")ﬂ S (s [ m w0 )
i=0 §=0

(3 (e [z e o] <ma>f>)+)

i=k'
[by axiom A-2 in M]

K —1la-1
= (mT7 E E m et wnxm”

i=0 j=0
K 4p —1a—1 "
+ g g m" T xnxm” )
i=k' =0

((m,n)a)~—<m772mi*n*mf+ Z m' xnxm’ >
1=0 i=ak’
ak’—1 ak’4+p—1 ™"
:(mT,Zm’*n*mT—F Z m'xnxm’ )
1=0 i=ak’

If ak’ — 1 > k, then m®*' =1 = ma'+P=1 and since axiom A-2 holds in N, we can rewrite



Bharat, Saptarshi and Sreejith XX:11

above equation as

k=1 k+p—1 _ T
((m,n)*")” = (mT,Zml*n*mT—F ( Z mz*n*m7> )
i=0 i=k

= (m7 n)%

This completes the verification of axiom A-2.

3.3 Axiom 3

Similar to verification of axiom A-2.

3.4 Axiom 4

Let P = {(m1,n1), (ma,n2),...,(m;,n;)} be some non-empty subset of M x N.
To prove, Ve € P, YQ C P, VR C {P* a~ P* P*“b,a~ P* b | a,be P}, R+# ¢,
PR — PRt pRk — pRT,.7 PR — (PR)‘T' — (PR ’:’C)T _ (PF;)T* _ (Cfpi?;)'r* — (QUR)R

PF = (m,n) where m = {my,ma,...,m;}* and n = {m*ny*m,m*ng*m, ..., m*n;*m}~
Note
nxm={m*nykxm,mxng*m,..., m*n;xm}*xm
= {m*ny*xm? mxngxm?, ... mxn; xm>}* [by action axiom R-6]
= {m*nyxm,mxng*m,...,mx*n;xm}* [since axiom A-4 holds in M]
=n

Similarly, we can show that m*n = n, n¥m”™ =n, m™ *n =n, nxm;m =n and mm;*n =n
for any j € {1,...,4}

(m,n) = (m,n)
=(m2nxm+m=xn)
= (m,n+n) [since axiom A-4 holds in M and m *n = n*xm = n]

= (m,n) [since axiom A-4 holds in N]|

(mvn) R (mjvnj) R (man)
= (mm;m,n* m;m +m % n; * m + mm; * n)
= (m,n+m=*n;xm+n) [since axiom A-4 holds in M and mm; * n = n*m;m = n|

= (m,n) [since axiom A-4 holds in N]
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(m,n)"

k—1 k+p—1 i
= mT,g m'sxnxm’ + E m'xnxm’

=0 i=k

k—1 k+p—1 T
= m,n*m—&-Zm*n*m—i— ( Z m*n*m) [since axiom A-4 holds in M]
i=1 i=k

k-1 kbp—1 \ T
= m,n—i—g n+ g n [since m xn =n*m = n]
i=1

i=k
= (m,n")
= (m,n) [since axiom A-4 holds in N]|

Let index and period of mm; be k" and p’ respectively. Note that (mm;)? = mm;mm; =
mmj.

((m,n) = (mj,n;))"

= (mmy,n*m; +m*n;)"

k-1 K +p'—1
= [ (mmy)™ 3 (mmg) sen (mmg)™ + | (mimy)t e« (mimg)”
i=0 i=k
E -1 E+p'—1 g
= mT,mej*n*mijr Z MM * 1% M
i=0 i=k'
E -1 k' +p'—1 7
[ 2
i=0 i=k
= (m,n")
:(m7n)

Similarly, we can show (m,n) = ((m,n)*)™ = ((m;,n;) * (m,n)*)™".
So we are left to show (m,n) = (Q U R)*.
Q CP. Let
Q = {(ma1,nz1), (Ma2, Na2), -+ - (M, M) }
where {x1,22,...2i} C{1,2,...,i}.
Also let {my1,ma,...,m;} = Py and {mxny xm,mxngxm,...,mxn; xm} = Py. So,
m=PF, n=P§
We have

RC {(m’n)a (mjvnj) B (m, n)7<m7n) B (mj'7nj')7
(mj,ng) = (m,n) = (myr,ny) | 4,5 € {1,2,...,i}}
= {(m,n),(mjm,n; * m+m; *n), (mmj,n*mj +m*n;),

(mjmmg,n; «mmj +mj*nxmj +mym=ng) | 4,5 €{1,2,...,i}}
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R is non-empty. Consider (Q U R)* = (2, y"). Then

x C Py U{m,m;m,mmj,m;mm; | j,j" € {1,2,...,i}}
=rx=Q1UR

where Q1 C Py and Ry C {P{",m;P{, Pfm;,m;jPfm;j} and R; is non-empty. Since axiom
A-4 holds in M,

Similarly,

YyC Py U {m*n*m,m=n;*m-+mm;n*m,m*nmjm -+ ms*nj xm,
. X . . . ./ 12 4}}
mxnjxm+mmjknxmpm+mxngxm|j,5 €{1,2,... i
=P U{nmxnjxm+nn+m*n; xm,
. .
mxn;xm+n+msnyxm| g5 €{1,2,...,i}}

:>y=Q2UR2

where Q2 C P2 and Ry C {P§,m*nj*m+ P§, P§ +m*nj «m,mxn; «m+ P§ +mx
nyxm | 7,7 € {1,2,...,i}} . Ry is non-empty.

Since axiom A-4 holds in N, we get y* = Py =n

This concludes verification of axiom A-4.
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