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—— Abstract

Results concerning green’s relations in o-algebra. Here we only consider finite o-algebra. Unless
stated otherwise, M is a finite o-algebra.
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» Lemma 1. Lete, f € E(M). Then eJ f = e“Lf*. In particular, if eRf then e¥ = f«.

Proof. eJ f means there exists two elements x,y € M such that zy = e and yz = f. So
e’ = (zy)* = z(yz)¥ = «f¥. Hence e¥ <. e“. Similarly we can prove f« <, e* and thus
e“Lfe.

If eRf, then e = feand f =ef. Soe¥ = (fe)¥ = f(ef)¥ = ff¥ = f“. <

» Lemma 2. Let a € M. Then aJa" implies the following things-

aRa®

a s an idempotent

all H class in J(a) is singleton

foranyec E(M)NJ(a), eJe

there is a special column in J(a) whose every element is w power of some idempotent in
J(a). Also for any e € E(M)N J(a), e resides in this special column.

Ll

Proof. 1. a* = aa®, and so a* <g a. Since M is finite, aJa* and a* <g a implies aRa*.
2. Since aRa* and pge(a) = a* where recall that p,(y) = yz, from Green’s relations over
semigroups, we know that pge : H(a) = H(a®) is a bijection.
Note that since aJa®, it must be that for all n € N2!, ¢"Ja. Also for any n > 2, we
have a" = aa"~' = " 'a. So a"Ha for all n € N=1,
Suppose a is not an idempotent, then a? € H(a) and a? # a. But pae(a) = pae(a?) and
S0 paw : H(a) = H(a®) is not a bijection. Contradiction. Hence a must be an idempotent.
3. Suppose H(a) is not singleton, and there exists b € H(a) where b # a. Since a is an
idempotent, by Green’s relations, we know that H(a) is a group with a as its identity.
Hence there exists n € N22 such that b® = a. But this means b* = ¢* which implies
Paw (b) = paw(a) and so again we get a contradiction. Hence H(a) must be singleton.
Since all H-class in a J -class are of same cardinality, we get what we wanted to prove.
4. By lemma 1, since aJe and since a is an idempotent, we know that e“La®. That in
addition to the fact that aJa“ means that eJe".

© Saptarshi Sarkar;
37 licensed under Creative Commons License CC-BY

42nd Conference on Very Important Topics (CVIT 2016).
Editors: John Q. Open and Joan R. Access; Article No. 23; pp. 23:1-23:3

\\v Leibniz International Proceedings in Informatics
LIPICS Schloss Dagstuhl — Leibniz-Zentrum fiir Informatik, Dagstuhl Publishing, Germany


http://www.cse.iitb.ac.in/~adsul
mailto:adsul@cse.iitb.ac.in
http://www.cse.iitb.ac.in/~sapta
mailto:sapta@cse.iitb.ac.in
http://www.iitgoa.ac.in/~sreejithav
mailto:sreejithav@gmail.com
https://doi.org/10.4230/LIPIcs.CVIT.2016.23
https://creativecommons.org/licenses/by/3.0/
https://www.dagstuhl.de/lipics/
https://www.dagstuhl.de

23:2

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

7

78

79

80

81

82

83

84

85

86

87

88
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5. Since a is an idempotent, J(a) is a regular J-class. By Green’s relations, every row in

J(a) has an idemptent. By the previous result, the w-power of all those idempotents are

in J(a). Furthermore by lemma 1, all these w-power elements are in one column of 7 (a).

So all elements of this special column, called w-column, are w-powers of idempotents from
the corresponding row.

In addition by lemma 1, any idempotent in J(a) will have its w-power in this w-column.

<

» Lemma 3. Let a € M. Then aJa® implies the following things-

. ala®”

. a is an tdempotent

. all H class in J(a) is singleton

. for any e € E(M)N J(a), eJe*

. there is a special row in J(a) whose every element is w* power of some idempotent in
J(a). Also for any e € E(M)N J(a), e resides in this special row.

b WD =

» Lemma 4. Consider R,S € 2™\ (). Then S"JR" implies S" = R"

Proof. Note that S” is a w-idempotent, w*-idempotent and n-idempotent. So J(S7) has a
w-column and a w*-row and S is in the intersection of these two. Similarly, R" is also in
the same H-class. But all H-classes in this [J-class are singleton. Hence S = R". |

» Lemma 5. Let J be a regular J-class. Then the following are equivalent.
1. J contains an ordinal idempotent

2. J contains an idempotent e such that e* € J.

3. Every R class in J contains an idempotent e such that e € J

Proof. 1 = 2 by definition and 3 = 2 is obvious. 2 = 3 because if J conains an
idempotent e, then every R class of J contains an idempotent. Furthermore since e 7e“, all
these idempotents have their w-power in the w-column of J. Now 2 —> 1 because if J
conains an idempotent e, then every L class of J contains an idempotent. In particular, the
w-column of J must have an idempotent and its w-power must be itself as the H-classes are
singleton. <

A J-class satisfying one of the clauses of the previous lemma is said ordinal regular.
Similarly, a J-class J is called ordinal® regular (resp. shuffle regular and scattered regular)
if J contains a ordinal® idempotent (resp. shuffle idempotent and scattered idempotent).

» Lemma 6. Let J be a regular J-class. Then the following are equivalent.
1. J contains an ordinal” idempotent

2. J contains an idempotent e such that e € J.

3. Every L class in J contains an idempotent e such that e € J

» Lemma 7. Let J be a regular J-class. Then the following are equivalent.
1. J is scattered regular

2. for all idempotents e in J, e“.e¥” =e

3. there exists an idempotent e in J such that e*.e¥” = e.

Proof. 1 =— 3 and 2 — 3 are obvious. We prove 3 — 2 and 3 — 1. Let 3 hold.
Then eJe” and eJe* . This means by lemma 2 and lemma 3 that for every idempotent
feJe), fTfe and fTf . Now since e = e“.e*", by Green’s relations on semigroups, we
know that the element g “in the opposite corner”, i.e. in the intersection of the w-column
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and the w*-row is an idempotent. Clearly g must be a scattered idempotent. Thus 3 — 1
is proved. Furthermore since g is an idempotent, for any idempotent f, f<.f*" must be “in
the opposite corner” and H(f) being singleton, this means f = fe.f¢". Thus 3 = 2. <

» Lemma 8. Let J be a regular J-class. Then the following are equivalent.

1. J is shuffie reqular

2. for all idempotents e in J, (¥ .e) = e .e* and ¥ .e¥ € J(e)

3. there exists an idempotent e in J such that (e¥ .e)" = e .e* and e .e¥ € J(e)

Proof. Again 2 = 3 is obvious, and 1 = 3 because a shuffle idempotent is also an

ordinal idempotent as well as an ordinal® idempotent. Now we prove 3 = 1 and 3 = 2.

Let 3 hold. Then e¥".e¥ € J(e) is a shuffle idempotent. Thus 3 = 1 is proved. Let us
call this shuffle idempotent g. By previous lemmas, it should be clear that ¢ = f«".f* for
any idempotent f € J(e). Hence 3 = 2. <
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