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This talk 1s

e in the setting of Countable Linear Orderings

« about finding small objects

that combine to recognize FO or LTL languages
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Words over countable linear orderings
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Countable Linear Ordering

he

Countable Linear Ordering - ( Z , <)

Example 1 Example 2 Example 3
({1, 2, 3,4,5}, <) w: (N, <) w* (N7, <)
Example 4 Example 5
a:w+ o* n=(Q, <)
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countable word u : a = X

Examples
a b ¢ a b...
) ) ) ) )
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Countable Words
N [

countable word u : a = X

Examples
a b ¢ a b...
l. (Cle)a) — >
2. {a,b,c}" < ] >

set of all countable words — X®



Algebra in Formal Language

Finite Words

Finite Monoids

Schutzenberger
McNaughton

2007 Scattered Words

@ words Wilke Algebras Thomas Wilke
Countable Bedon
Finite ¢ —Monoid Bes Bruyere

Carton et.al.

Countable Words

Finite ® —Monoid
Finite ® — Algebra

Carton
Colcombet

Puppis
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Monoid (S, -) SRR SORE )
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Associativity

Generalized Associativity
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Monoid (S, -) SRR SORE )
® — Monoid (S, 7) 7:5® > S
Ui
U = HiEauz I I I
HZEaﬂ(ui) ¢ ot ¢ ¢

Associativity

Generalized Associativity

(1L 1)
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® — Monoid

Monoid (S, -) 85> § Associativity
® — Monoid (S, 7) 7:8® > S Generalized Associativity
U \'
u = HiEaul I I ﬂ(HiEaui)
I 7(u;) ° o r(ILc, m(u,))
m(u;)
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® — Monoid examples

Example 1 (Z®, I0)

Example 2 U = ({0, 1}, n) n(u) =

1 1fuhasnoO
O 1f u has at least one O

1 1fuhasnosorQO

Example 3  Sing=({1,s,0}, 7))  7(u) if u has exactly one s

and no O

|l
2

O 1if u has at least one 0
or more than one s
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Morphism

h:(S,n)— (T,7)

Il
Ay

h(r(u)) = n'(h(u)) where u € S®

(Z® 11) is a free ® — monoid

« Any morphism % : 2® — §is completely determined by # restricted to X

« Conversely, any function / : X — S uniquely extends to a morphism
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Language Recognition

\ N

h:3X® 5§ L=hr1X)
Example
h:{a,b}® — U, h=10) = {u|u contains letter a}
a0

1 1fuhasnoO

O 1f u has at least one O

b1 U, = ({0,1}, 7) n<u>={



Language Recognition

\ N

h:3X® 5§ L=hr1X)

Example h=1(s) =

h: {a.b)® = Sing {u|u contains exactly one position labelled a}

ar— 3§ 1 ifuhasnoQOors

b— 1 Sing = ({1, s, 0}, 7) w(u) = {0 if u has a O or multiple s

s otherwise
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MSQO Logic Definabillity
p=ax) | x<y|-¢|loVve|Ixeg]|IX¢

The following two statements are equivalent [CCP2011]:

1) A language of countable words 1s MSO logic definable

2) A language of countable words 1s recognized by some morphism
to a finite @ —Monoid

MSO logic definability 1s decidable?
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® — Algebra examples

Example 1  Sing = ({1, s, 0}, n) Sing = ({1, s, 0}, -, 7, 7%, k)
s-5s=0 =7 =0
1 1fuhasnosor( > >
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(1) = y pr_ 1 ifP .{1}
and no 0 O otherwise

O otherwise



® — Algebra examples

Example 1  Sing = ({1, s, 0}, n)

1 1fuhasnosor(

s 1f u has exactly one s
m(u) =
and no 0

O otherwise

Example 2 Ué = ({1, [, (}, n)

1 1fuhasnol| or(
n(u) = { [ 1f u has min position labelled |
(  otherwise

Sing = ({1, s, 0}, -, 7, 7%, k)

s-s=0

PK

1
0

*
st=s"" =0

if P={1}
otherwise



® — Algebra examples

Example 1

n(u) =

Example 2

n(u) =

|
S

0

1

|
(

Sing = ({1, s, 0}, n)

if # has no s or O
if u has exactly one s

and no O
otherwise

U, =1 1[, (},n)

1f u has no [ or (
if u has min position labelled [
otherwise

Sing = ({1, s, 0}, -, 7, 7%, k)
s-s=0 sT=5" =0

1 ifP=1{1}
O otherwise

PK

Ué — ({19 [9 (}9 2 T*a K)

[ = (" = (
pr { 1 if P= .{1}
(  otherwise
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Block Product (operational view)

M, -) (N, +) M[IN

h:Y > M[N . . . U

b S o M | - : - | )

o:2F > (MXXZXM)* \ /

hl(u<x> ,» a, hl(u>x)

hy: MXXXM— N ' ' u' = o(u)

h(u) 1s completely determined by hy(u) and h,(u")
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Uy = ({10}, -)

> ={a,b)} L = {u | u contains exactly one a}
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Block Product example

Ul — ({1’0}3 ) ) Ul Ul

> ={a,b)} L = {u | u contains exactly one a}

Cll—>0 a

hl: ) ) ) )

b1



Block Product example

U =({10},-) u,1v,
> ={a,b)} L = {u | u contains exactly one a}
a— 0 a
hl . ) ) ) ) ) U
h— 1 \___\/__/ \__v_/

o:2% > (U XXZXU)* \ /

) ) ) ) u' = o(u)




Block Product example

U =({10},-) u,1v,
> ={a,b)} L = {u | u contains exactly one a}
a H O e oo co
hl . ) )
h— 1 \___\/__/ \__v_/

02*—>(U1XZXU1)*

u' = o(u)



Block Product example

U =({10},-) u,1v,
> ={a,b)} L = {u | u contains exactly one a}
a0 a
hl . ) ) ) ) ) U
b= 1 \___\/__/ \__v_/
o:2% = (U XXX U)* \ /
1 1 0 1.a.1
h2 ) ¢ 17 ) ) > ) ) u' = o(u)
. ]

u € Liff hy(u) = 0 & hy(u) =0



Block Product Principle

(Ma) & (Na+) > (M N,T)

Givenh: 2 - M[]N, let h; : £ — M be the projection of 7 on M

Any language recognized by M [] N 1s a boolean combination of

1) Languages recognized by M

2) o~ ! of languages recognized by N

o 1s transducer induced by A,
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Block Product for ®-Monoid

(M, r) (N, ) MLIN , n)

Satisfies Generalized

Associativity
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Block Product for ®-Algebra

(M, ) & (N, 1) » (M[]N, 7%)

v

v
M, - r,7%x) & NV, +,7,7%K) » (M o, T, T, K)
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Block Product (operational view)

M, -, 7, 7%, k) (N, +, 7, 7%, K) (MLIN, ~, 7, 7%, &)

heS — MON ) \ L, "




I
(
k

K
cy T, T
(M,

2 —-> M
h :

hy : 2 —-> M
1.

)@
X2X2XM
X S5 (M

O

%, K)
+.7, 17
(N,

)
(1
) » a , hl
hl(u<x

~ 1'5)
’:’9%’7’- 9
N,
(M |
U
| >
)
:\-——\/_—/

"= o(u)
U =




Block Product (operational view)

M, -, 7, 7%, k) (N, +, 7, 7%, K) (M[IN, ~, 7, T%, K)
h:Y > MIN . . . U
A | a: | )

6:3% 5> (MXxXIXxM)® \ /

hl(u<x> ,» a, hl(u>x)

hy: MXXXM— N ' ' u' = o(u)

h(u) 1s completely determined by hy(u) and h,(u")



Block Product Principle

M, -,t, 7%, k) & (N, +,17, 7% K)

- (M[N, ~, %, #, %)

Givenh: 2 - M[]N, let h; : £ — M be the projection of 7 on M

Any countable language recognized by M

N 1s a boolean combination of

1) Countable languages recognized by M

2) 6~ ! of countable languages recognized by N

o 1s transducer induced by A,
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Block Product Closure

(U, 40y

U,))

(U,

U...

Up)

Iterated Block product

Weakly Iterated Block product

*U, = set of all iterated block products of U,

* U, = set of all weakly iterated block products of U,

U =({0,1},n) =#(u)= {

1 1fuhasnoO

O 1f u has at least one O



Block Product & Logic (finite
words)

Z([1*U,) = FO definable languages [Krohn, Rhodes]
= LTL definable languages [Kamp]
Z([JxU,) = FO, definable languages [Straubing, Therien]

1 1fuhasnoO

O 1f u has at least one O

U ={0,1},n) 7#(u)= {



First Order Logic (CLO)

Z([J*U,) = FO definable countable languages

Z([1¥U,) = FO, definable countable languages

1 1fuhasnoO

O 1f u has at least one O

U1 — ({071}’72.) 71'(1/!) — {



First Order Logic (CLO)



First Order Logic (CLO)

Z([J*U,) 2 FO definable countable languages




First Order Logic (CLO)

Z([J*U,) 2 FO definable countable languages

¢ = dx w(x)

dx
/ \M
a(x)



First Order Logic (CLO)

Z([J*U,) 2 FO definable countable languages

¢ = dx w(x)

dx ‘
/ \M
a(x)




First Order Logic (CLO)

Z([J*U,) 2 FO definable countable languages

¢ = dx w(x)
(‘{)

. |
/ \W(x) . <a> ex1sts
1
ax) e exactly one ( , )




First Order Logic (CLO)

Z([J*U,) 2 FO definable countable languages

¢ = dx w(x)
(‘{)

. |
/ \W(x) . <a> ex1sts
1
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Z([J*U,) 2 FO definable countable languages

¢ = dx w(x)
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1
ax) e exactly one ( , )

Ul ( Ul Ul )




First Order Logic (CLO)

Z([J*U,) 2 FO definable countable languages

¢ = dx w(x)
()

3 X y > > y
/ \W(x) . <a> ex1sts
1
ax) e exactly one ( , )

U, x W, 10
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Z([J*U,) 2 FO definable languages

¢ = dx w(x)

Ix ‘
/ \w(x)
a(x)

()

u e L(y)
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First Order Logic (CLO)

Z([J*U,) 2 FO definable languages

¢ = dx w(x)

G:) : u € L(y)

. |
/ \w(x)
a(x) : - C: - ) v = proj(u, X)

MU,
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Marked Star Free Expression

s=@ |lals;+s,|sgns, | 7s|s.a.s, a€ X

Marked Star Free Expressions = FO = []* U,

1 1fuhasnoO

O 1f u has at least one O

U ={0,1},n) =x(u)= {
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Linear Temporal Logic [S, U]

p=pEP|)| VI | P Shy| d Uy

L) = {weXZX® | w,0E ¢)



Linear Temporal Logic [S, U]

Z(

* {M",M'}) = LTL[S, U] definable languages
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p Ugq (finite words)

pUg ) q

g =1{q}or{p,q}



U,

p Ugqg

(finite words)

pUgq

U q

l l g =1{q}or{p,q}

(- x=(
[-x =]



U,

p Ugqg

(finite words)

) )
vt )} {p} q

l l l % q ={q}or{p,q}

* >t

| BN



U,

o(u)

p Ugq (finite words)

) ) ) 4
{p} {} r} q

pUq
ﬂ \ [/

h( =1 o
or O)/
) b D D ) )

* >t

= {g} or {p,q}

il
| p— Ve
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p U g (countable words)

1
Uy [
(

g}, 1p.q} = [

hy: {p}—1

= (



p U g (countable words)

1
Ué [ 1 ) - - - —0 ) ) ) )
pUq {p.q} {} {p.q} {} {p.q} q
( )
g1, 1p.q} — [
)« -- ) ) ) >
hl: w1 pUgq r.qt  {p.q} {p.q}
)

= (



p U g (countable words)

1
Ué [ 1 ) - - - —0 ) N ) )
( pUq {p.q} {} {p.q} {} {p.q} Q/
7 S
\/
hy (i) = (
q1,1p.q} — |
)< - - ) ) ) y
hy: {py el pUg r.q} {p.q} {p.q} /
7 S
()~ ( T~

hy(us0) = (
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ab
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p U g (countable words)

e contains ab or (ab)*

e prefix of a



ab

(ab)*

p U g (countable words)

a 1 a a
—_— — ) ) ) —
e d 1 ab or
—> —o > > > > —
\_V_/ (ab)K

e contains ab or (ab)*

e prefix of a
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p U g (countable words)

1
) 4. - - —0O ) ) ) )
pUq {p.q} {} {p.q} {} {p.q} q
a )
ab
(ab)*

) < - ) ) ) )

pUgq .9y {p.q} {p.q}
)



p U g (countable words)

)4 —0 ) ) ) )

pUq {p.q} {} {p.q} {} {p.q} q
a )

ab

(ab)*

) < - - ) ) > N

P-q a )

hl . w1
{q} — ab
i}~ (ab)*



p U g (countable words)

ab

(ab)*

\p.q1 —a
hy: {pt—1
{q} — ab
{} — (aD)*

) < —0

pUq {p.q} {} {p.q} {} {p.q}

?

) «- - -

pUg
?

q

\ /
\/
hy(u.o) = (ab)*
) ) )
.9y {p.q} {p.q}
\ /
\/

hl(u>0) = da or Clb



p U g (countable words)

|
) < —0 > ) ) >
pUgq {p.q} {} {p.q} {} {p.q} q
a ) ~_ -
Ml \/
hy(u.q) = (ab)"
ab
(ab)*
) 4 - - ) ) ) >
me ’ K ~— \/ i
hy: {pt—1
hi(uso) = a or ab
{q} — ab

e (ab)* uO0Fp Ugq it h(u,y) =aorab
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LTL[S,U] (countable words)

¢=¢1S¢2

S
U
//\
P q



LTL[S,U] (countable words)

b | - a - | )
$=ao1S ¢, —_—

hl(u<x) » d hl(u>x)
, ) ) > > I/t, — G(I/l)
U
/7 \
P q




LTL[S,U] (countable words)

b | - a - | )
$=ao1S ¢, —_—

hl(u<x) » d hl(u>x)
) ) ) > ) u' = G(I/t)
U
/7 \
) ) ) )
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LTL[S,U] (countable words)

¢=¢1S¢2

k* d)’s



LTL[S,U] (countable words)

¢=¢1S¢2

& d)’s



LTL[S,U] (countable words)

¢=¢1S¢2




Summary

e Block product operation for @ — Algebra

« Z([J*U,) = FO definable countable languages

= countable languages of marked star free expressions

o« Z([J%U,) = FO, definable languages

e Z(O* {M",M"}) =LTLJ[S, U] definable languages




Future Work

1) Extend to more expressive logic e.g.FO[cut]

31X p(X)

2) Get finer characterization of LTL or FO

3) Get equational characterization of LTL[S, U]
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