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Abstract

Moment functions are widely used in image analysis as
feature descriptors. Compared to geometric moments, or-
thogonal moments have become more popular in image
analysis for their better representation capabilities. In com-
parison to continuous orthogonal moments discrete orthog-
onal moments provide a more accurate description of the
image features. This paper compares the performance of
discrete orthonormal Chebyshev moments with continuous
orthogonal Legendre moments for representation of noisy
printed characters of the Assamese alphabet. Experimen-
tal results show that at all noise levels Chebyshev moments
outperforms Legendre moments. The performance of both
the moments increases when higher order moments are con-
sidered but after some point the performance of Chebyshev
moments decreases.

1. Introduction

Researchin computerrecognitionof printedcharacters
is popularfor its applicationin banks,postofficesandde-
fenceorganizations.Otherapplicationsarereadingaidsfor
blind, library automation,languageprocessingandmulti-
mediasystemdesign.A perfectOpticalCharacterRecogni-
tion (OCR)systemfor printedandhand-writtencharacters
is anidealgoalof theresearchers.

A volumeof researchresultsareavailableon character
recognitionon Europeanscriptsbasedon Romanalphabet
andKanji andotherChinese/Japanesescripts.A goodnum-
berof researchreportsareavailableonIndianscriptsrecog-
nition systems[1], [2], [10], [11], [14], [15]. Somepioneer-
ing workstowardsthedevelopmentof a completeOCRfor
anIndianlanguagescriptweredonein Bengali(Bangla)[1]
andDevanagari[10], [14]. Therecognitionaccuracy of the
OCRpresentedin [1] is reportedto be95.50%atwordlevel
(which is equivalentto 99.10%at characterlevel) for a sin-
gle font cleardocument.

Mostof thecharacterrecognitionmethodsdevelopedfor
Indian languagesarebasedon featuresextractedfrom the
imageof the character. Someof the featuresare: stroke
andrun-numberbasedfeatures[1],[2], topologicalfeatures
[2], featuresobtainedfrom the conceptof waterflow [2]
andwavelet basedfeature[11]. The featuresselectedfor
a particularOCRarebasedon thespecificpropertiesof the
script for which it is developed. The featuresselectedfor
onescriptmaynot besuitablefor anotherscript.Moments,
on theotherhand,canbeusedasfeaturesfor characterrep-
resentationaswell asrecognitionwithout consideringspe-
cific propertiesof thescript. Legendremomentsandother
orthogonalmomentshavebeenusedfor recognitionof Chi-
nesecharacterswith improvedsuccessratesof recognition
[4],[5]. Theorthogonalmomentsareobtainedby weighted
averagingof the imagepixels andthusexpectedto be ro-
bustagainstnoise.Thebasissetsor themomentweighting
kernelsin conventionalmomentslikeLegendreandZernike
arepolynomialsdefinedoveracontinuousdomainwhich is
completelydifferentfrom theimagecoordinatespace.The
implementationof suchmomentsinvolvestwo sourcesof
errors: [7], [8],[9]. (i) the imagecoordinatespacemustbe
normalizedto the rangewherethe orthogonalpolynomial
definitionsarevalid (ii) thecontinuousintegralmustbeap-
proximatedby discretesummation.A new setof discrete
orthogonalmoments,known asChebyshev moments,intro-
ducedin [8] eliminatethetwo problemscompletelybut pre-
servesall theoreticalpropertiesof orthogonalmoments.An
orthonormalversionof Chebyshev momentsis proposedin
[6] whichimprovesthequalityof reconstructedimages.We
presentherea comparisonof orthonormalChebyshev mo-
mentswith Legendremomentsfor representationof Indian
scripts,particularlyAssameseandBengaliscripts.

We considerthe representationof noisy printedcharac-
ters. A characteris representedby a setof d features,or
attributes,viewed asa d-dimensionalfeaturevector. Mo-
mentsareconsideredasfeaturesin our study. Theclassifi-
cationis basedon theconceptof similarity andtheEuclid-
iandistanceis takenasameasureof similarity. Experimen-



tal resultsusing52 charactersfrom Assamesealphabetare
presented.

2. Moments

Moment functions are usedin image analysisas fea-
turedescriptorsin a wide rangeof applicationslike object
classification,invariantpatternrecognition,objectidentifi-
cation, robot vision, poseestimationand stereopsis.For
animage
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is continuousfunction of (x,y) known as
themoment weighting kernel or thebasis set. Thesimplest
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wereintroducedby Hu [3] to derive shapedescriptorsthat
areinvariantwith respectto imageplanetransformations.

2.1 Legendre Moments

Legendremomentswereintroducedby Teague[16] with
orthogonalLegendrepolynomialsaskernel.The(p,q)order
Legendremomentis definedas, ��� � �.-�/0 /21 � ���#	 1 � ����	����������
	3� �4� �#� (3)

wherethepth orderLegendrepolynomialis givenby
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Whenananalogimageis discretizedwith anM C N array
of pixels,we canapproximate
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2.2 Chebyshev Moments

The
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is the squarednorm and
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is the scaledChebyshev

polynomialof order
$
.

Theproblemassociatedwith Equation7 is that,thevalue
of thesquarednormtendsto zeroas

$
increases.As aresult,

Equation7 givesvery large valuesfor the momentswhen
either

$
or

&
is large. The problemcanbe resolvedby the

orthonormalversionof the momentsas introducedin [6].
TheorthonormalChebyshev polynomialsaredefinedby the
following recurrencerelation:qh � ���#	 �sr �t*\�[Zs)o8ukm	 qh � 0 / ���5	vZxw qh � 0 7 ���5	O� (9)$ �s( ��)"��+�+�+O��ky8x*�z{� �2( ��)
+�+�+j�'k%89) +

where ru� | } � U 0 /� | L U 0 � U �w � 8 _ � 0 / bt~ 7 � -�/ | L U 0 _ � 0 / b U� � 7 � 05� | L U 0 � U
Theinitial conditionsof theaboverecurrencerelationareqh f ���#	 � k 0o�U

qh / ���5	 � | � �B*a�pZs)o8uk�	� k.��k 7 8�)R	 (10)

The discreteorthonormalpolynomialsdefinedasabove
satisfythefollowing conditionfor all

$
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The polynomials given in Equation 9 can be re-
normalizedto minimize propagationof any numericaler-
rorsthroughtherecurrencerelation,asfollows:qh � ���5	 � qh � ���5	� e L 0 /� J�f � qh � ���5	�	 7 (12)

It hasbeenshown that the reconstructionaccuracy im-
provessignificantlyby renormalizationof theorthonormal
Chebyshev moments[6]. We usethis renormalizedversion
of theorthonormalChebyshev polynomialin our study.



3. Character Representation with Moments

Accordingto theuniquenesstheoremif
���������
	

is piece-
wisecontinuousandboundedin afinite regionof the
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plane,themomentsequence
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, andviceversa[3]. However, themomentsetde-
finedby theEquation1 is infinite. Themomentsetdefined
by Equation7 is finite, but usuallyvery large. In practice,
we can computeonly a finite set of moments. Therefore
any momentbasedpatternrepresentationmethodis feasi-
ble only if it works with a small set of moments. Other
disadvantagesof takinga largesetof momentsarethatthey
arecomputationallyvery expensive andhigher order mo-
mentsaremoresensitive to noise. Also the numericaler-
rors dueto the approximationof the polynomialsin com-
putingthemomentsincreaseswith the increaseof orderof
moments.Paststudies[4] reveal that geometricmoments
canbe usedfor somepatternrecognitionproblemswhere
the numberof patternsis not large and they are not very
muchsimilar. But it is not suitablein a situationwherethe
differentpatternsarevery similar to eachother. The infor-
mationredundancy in aorthogonalmomentsetis minimum
andthereforepossessbetterfeaturerepresentationcapabili-
ties. S.X. Liao in [4] hasshown thatthemethodsbasedon
Legendremomentsarebetterfor imagepatternrecognition
problemsthan the methodsbasedon centralmoments.A
methodusingPrincipalComponentAnalysis(PCA)onLeg-
endremomentsis suggestedin[13] which shows betterre-
sult thanthemethodsuggestedby Liao. A studyon repre-
sentingprintednoisyAssamesecharactersusingLegendre
momentsand Principal ComponentAnalysis is presented
in [12]. Discreteorthogonalmomentsbasedon Chebyshev
polynomialovercomethedrawbacksof continuousorthog-
onalmomentsandreportedto havebetterrepresentationca-
pabilities[6],[7],[8]. In thispaperwepresentacomparative
studyof methodsbasedontheorthonormalChebyshev mo-
mentsandtheorthogonalLegendremomentsfor represen-
tationof printedAssamesecharactersin presenceof noise.

Let therebe � differentcharactersin the alphabet.Let
thegray-level imageof eachcharacterbecorruptedby zero-
meanGaussiannoise.Fromeachcharacter� differentsam-
plesareconsidered.Thus,we have

k � �nCm� characters
corruptedwith Gaussiannoiseof zeromean. Thesechar-
actersbelongto � differentclasseswhereeachclassrep-
resentsonecharacterfrom the alphabet.Moments(either
Legendreor Chebyshev) of order0 to � arecomputedfor
eachcharacterusingEquation5 andEquation 7. Thechar-
actersare thenrepresentedin a

� � Z�)R	�� � Z�*"	'�\*
dimen-

sional featurespacewhere the featuresare the moments.
Thesecharactersform differentclustersandif eachcluster
representoneclassi.e., onecharacterin thealphabet,then
themethodcaneffectively recognizenoisycharactersof the
alphabet.

Figure 1. Sample noisy character s

Let, � I M is the � h N sampleof the
� h N character(

� �)"��*���+�+�+O� � � � � )"��*���+�+�+O� � . Eachsample� I M is represented
asacolumnvectorof
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Now, let usconsiderthehyperspheresin
� � Z�):	j� � Z�*"	'�\*

dimensionalEuclidianspacewith centersat � I
s andradii� I

, where
� I

is themaximumEuclidiandistanceof samples
of the

� h N characterfrom thecenter� I
andis givenby� I ���i� �M � � � � I M 8 � I 	3��� � I M 8 � I 	j� ��� � ) �'*���+�+�+j� �

(14)
Thesehyperspheresrepresent� clusterscorrespondingto
then characters.If thesehyperspheresarenon-overlapping,
i.e. the clustersare disjoint then the noisy charactersbe-
longing to one classare clearly distinguishablefrom the
otherclasses.Let,

�4� � I � � M 	 be the distancebetween� I
and � M . For the two clusterscenteredat � I

and � M , we
havethefollowing threecases:� �5� � I � � M 	o� � I Z � M - theclustersaredisjoint� �5� � I � � M 	 � � I Z � M - theclustersaretouchingeach

other� �5� � I � � M 	o  � I Z � M - theclustersareoverlapping

To examinethe disjointnessof the clusterswe find out
theclosestpair of clusters.Thetwo clusterscenteredat � I
and� M aretheclosestif

�5� � I � � M 	a8¡� � I Z � M 	 is minimum
amongall pairsof clusters.If theclosestpairof clustersare
disjoint, i.e.,

�5� � I � � M 	¢82� � I Z � M 	!� (
, thenall clusters

aredisjoint.
In orderto compareof the two momentmethodsor the

samemomentmethodat differentnoiselevelswe consider
the ratio £¥¤§¦c¨ � , where £©¤ and ¨ � are the Distance
betweenCentersandtheSum of Radii respectively, of the
closestpair of clusters. Larger value of £¥¤ª¦�¨ � im-
plies betterclustering. Obviously

� £¥¤«¦¬¨ � 	u ­)
and� £¥¤®¦¢¨ � 	 � )

meanoverlappingandtouchingclusters
respectively.

4. Experimental Results

In this sectionwe presentthe experimentalresultsto
comparetheperformanceof theChebyshev momentswith



Table 1. Distance between Center s (DC) and Sum of Radii

(SR) of the closest pair of cluster s with Legendre mo-

ments ( ¯ �
standar d deviation of noise)

DC Orderof momentsconsidered° &
SR 1 2 3 4 6 7 8

4 DC 4.83 8.23 11.46 12.93 19.17 20.5 21.25
SR 2.74 2.87 3.06 3.21 3.32 3.43 3.48

6 DC 4.17 8.01 11.21 12.65 22.91 20.07 25.76
SR 3.99 4.44 4.13 4.25 5.42 4.46 5.51

8 DC 3.77 7.61 15.32 12.48 23.02 25.87 25.93
SR 4.30 4.77 7.17 5.13 7.38 7.45 7.52

10 DC 3.90 8.67 12.56 15.13 22.12 22.58 23.12
SR 4.78 5.73 7.28 7.37 8.81 8.89 8.95

12 DC 4.32 8.04 10.36 11.94 18.44 20.16 21.28
SR 8.08 8.82 7.93 8.23 8.24 9.44 9.53

14 DC 4.62 7.10 11.30 12.85 23.27 25.85 25.97
SR 7.52 8.09 8.32 8.63 12.24 12.49 12.65

16 DC 3.54 6.23 9.26 11.53 18.60 19.21 21.47
SR 8.20 8.97 9.56 9.74 10.58 10.36 11.01

18 DC 2.91 7.12 13.23 15.11 21.46 22.59 20.18
SR 9.31 11.27 12.54 12.72 13.07 13.16 11.36

20 DC 5.10 7.00 13.86 15.89 21.79 22.69 22.21
SR 12.77 9.96 13.60 13.87 14.50 14.80 13.45

22 DC 3.72 7.72 10.72 12.37 18.41 18.84 19.73
SR 11.08 12.48 12.74 13.27 13.60 13.78 14.03

24 DC 4.12 8.85 13.85 15.89 21.41 22.50 21.21
SR 14.19 12.57 15.07 15.47 15.85 16.09 14.98

26 DC 2.60 6.50 9.67 10.78 17.06 18.24 19.12
SR 9.33 11.64 12.59 13.27 14.94 15.26 15.38

28 DC 2.25 11.13 11.82 14.97 17.93 18.51 19.07
SR 11.77 19.88 18.48 18.81 19.97 19.55 20.21

30 DC 3.54 6.71 9.80 11.34 17.63 18.95 22.03
SR 11.55 16.20 16.70 17.59 18.34 18.72 21.08

Legendremomentsin representationof the 52 characters
of the Assamesealphabetin presenceof noise. For each
character, an imageof size24 C 24 and

* ±\²
gray levels is

obtainedby scanningthecharacter.
Eachimageis corruptedwith Gaussiannoiseof mean

0 and different standarddeviations. At eachnoise level,
fivenoisyimagesaregeneratedfrom eachcharacter. There-
fore we have altogether260 patternsbelongingto 52 dif-
ferentclasses.Eachclassrepresentsonecharacterfrom the
Assamesealphabet.Figure1 shows an Assamesecharac-
ter and its threenoisy sampleswith mean0 andstandard
deviations

� ¯ 	�±���) ( ��* ( and � ( respectively.
After generating260charactersbelongingto 52 classes,

momentsof order0 to 9 (55 moments)are computedus-
ing Equation5 andEquation12 for eachcharacterpattern.
Thenthemeanvectors� I

andtheradii
� I

arecomputedfor
eachclassusingEquation13 andEquation14 respectively.
Thenthevalues

�5� � I � � M 	 and
� � I Z � M 	 arecomputedfor

all pairsof classes.Usingthesevalueswefind out theclos-
estpair clustersandtheratio £¥¤³¦V¨ � asexplainedin the
previoussection.

The experimentis repeatedat different levels of noise,
i.e., with ¯ �ª´ �'²
��µV��+�+�+O� � ( and consideringdistances
computedfrom 3 moments(order0 and1), 6 moments(up
to order2), . . . , 55moments(Uptonorder9).

The result for Legendreand Chebyshev momentsare

given in Table1 andTable2 respectively for orderof mo-
ments

)"�'*
� � � ´ �'²
�O¶�� and
µ
.

It canbeobservedfrom table1 thatwith Legendremo-
mentsof order

(
and

)
clustersaredisjoint if the standard

deviation
� ¯ 	 of noiseis

²
or less. For highernoiselevel

(i.e., ¯ �s²
) theclustersareoverlapping.At thesametime

it canseenfrom table2 that with Chebyshev momentsof
order

(
and

)
theclustersremaindisjointup to anoiselevel

with standarddeviationof noise
µ
. Similarly whenthestan-

darddeviation of noiseis
)�²

, theclustersbecomesdisjoint
only when the Legendremomentsup to order

´
(
)R±

mo-
ments)areconsidered.But, Chebyshev momentsup to or-
der � (

) (
moments)aresufficient to make theclustersdis-

joint at thesamelevel of noise.Fromthesetwo tablesit can
be observed that at all noiselevel performanceof Cheby-
shev momentsis betterthanLegendremomentssofarasthe
disjointnessof theclustersareconsidered.But at thesame
time it canbe observed that whenwe go for higherorder
momentsperformanceof Chebyshev momentsdegrades.

The resultsfor LegendremomentsandChebyshev mo-
mentsare graphicallypresentedin Figure 2 and Figure 3
respectively for few levels of noise. In thesetwo figures
theminimumof theratio £¥¤%¦#¨ � areplottedagainstthe
orderof momentscomputedfrom Legendre(Figure2) and
Chebyshev (Figure3)moments.A valueof £¥¤�¦�¨ � above
one meansthat all the clusterare disjoint. If its value is
lessthanonethenat leastonepairsof clustersareoverlap-
ping. Fromboththegraphsit canbeseenthat theratio in-
creaseswith theorderof momentsconsidered.This means
whenhigherorderof momentsareconsideredthe clusters
aremoreapartfrom eachother. Also the higherthe noise
level the lower is theratio of DC to SR,i.e., whennoiseis
morethentheclustersarecloserto eachother. Figure4 and
Figure 5 give comparisonof the two momentswith stan-
darddeviation of noise

)R²
and

* *
respectively. Fromthese

two figuresit canbe clearly observed that performanceof
Chebyshev momentsis far betterthanLegendremoments
whenorderof momentsis

µ
or less. The performanceof

Chebyshev momentsstartsdecreasingbeyondorderof mo-
ments

²
and it becomeslower thanLegendremomentsat

order · . Similar resultsareobservedatotherlevelsof noise
also.

5. Conclusion

The paperperformsa comparative studyon the perfor-
manceof orthonormalChebyshev momentswith Legendre
momentsfor representationof printednoisy charactersof
theAssamesealphabet.Experimentalresultsshow that the
performanceof both the momentsincreasesinitially along
with increasingorderof moments.ThoughtheChebyshev
momentsshow a decline in performancewhen order in-
creasesbeyond

¶
, its performanceis betterthanLegendre



Table 2. Distance between Center s (DC) and Sum of Radii

(SR) of the closest pair of cluster s with Chebyshe v mo-

ments

DC Orderof momentsconsidered° &
DC 1 2 3 4 6 7 8

4 DC 32.9 88.4 197.3 208.4 360.1 398.1 397.3
SR 16.9 25.6 33.7 35.8 45.6 49.7 54.9

6 DC 30.6 89.2 159.0 196.8 360.7 391.1 396.2
SR 30.5 33.2 45.7 55.0 66.2 71.4 77.3

8 DC 47.5 89.5 164.1 206.6 378.2 400.2 406.7
SR 42.5 51.3 72.6 66.9 95.5 99.2 99.5

10 DC 42.1 97.4 175.7 272.4 380.6 395.7 402.3
SR 42.4 59.4 72.0 97.2 120.2 140.6 153.2

12 DC 22.0 85.7 160.7 192.5 363.7 390.5 398.2
SR 54.8 81.0 84.7 93.0 129.0 140.3 158.4

14 DC 35.1 84.9 175.1 201.4 420.8 381.1 390.2
SR 61.0 78.6 98.4 108.3 173.4 156.3 189.2

16 DC 33.2 74.5 146.4 180.4 363.2 395.1 408.3
SR 60.6 87.7 121.9 118.1 163.6 184.4 203.2

18 DC 47.2 83.8 159.8 190.7 377.9 393.8 401.4
SR 79.2 89.9 142.6 134.3 213.8 233.7 248.7

20 DC 47.5 91.1 168.4 233.9 337.3 376.0 394.6
SR 103.3 117.3 132.6 158.1 198.6 220.8 246.0

22 DC 38.8 96.4 147.1 185.2 342.1 387.1 385.9
SR 101.7 116.2 145.6 180.6 215.4 239.7 255.7

24 DC 38.7 86.4 149.1 257.9 362.3 417.8 412.6
SR 93.4 135.0 201.3 224.0 259.1 283.8 271.2

26 DC 24.3 96.0 187.2 279.1 386.6 397.6 404.3
SR 85.9 115.3 193.5 226.9 275.4 315.7 345.4

28 DC 19.60 89.4 142.9 182.7 382.0 377.1 387.9
SR 118.0 161.6 184.1 195.9 289.2 325.7 359.7

30 DC 24.9 88.0 173.3 205.1 345.4 436.8 376.1
SR 119.9 149.1 179.2 213.4 284.2 353.4 358.4
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Figure 5. Comparison of Chebyshe v moments and Leg-

endre moments at noise level ¯ � * *
momentsup to order

µ
. Chebyshev momentsup to order

±
candistinguishnoisycharactersin thealphabetat all noise
levelsconsidered.But, Legendremomentsup to order · is
requiredto distinguishthenoisycharactersof thealphabet
whenthestandarddeviation of noiseis � ( . Thoughtheex-
perimentswereperformedfor charactersof the Assamese
alphabettheresultsof thiscomparativestudymaybeuseful
to any characterrecognitionsystem.
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