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Abstract estimates in such cases — when data is contaminated with

outliers in form of samples corrupted by unknown noise or
Robust model fitting is important for computer vision tasks when multiple structures are present in the data, some or all
due to the occurrence of multiple model instances, and, un-of which need to be detected.
known nature of noise. The linear errors-in-variables (EIV) Much work has been done in robust estimation in statis-
model is frequently used in computer vision for model fit- tics, and more recently in vision. We refer the reader to
ting tasks. This paper presents a novel formalism to solve[13] for a recent review of robust techniques used in com-
the problem of robust model fitting using the linear EIV puter vision. The two major classes of robust methods
framework. We use Parzen windows to estimate the noisgyroposed in statistics, M-estimators, and least median of
density and use a maximum likelihood approach for robust squares (LMedS), are regularly used by computer vision re-
estimation of model parameters. Robustness of the algosearchers to develop applications. M-estimators, a general-
rithm results from the fact that density estimation helps us jzation of maximum likelihood estimators and least squares
admit an a priori unknown multimodal density function and method, were first defined by Huber [6] and their asymptotic
parameter estimation reduces to estimation of the densityproperties were studied by Yohai et al. [14], and Koenker
modes. We also propose a provably convergent iterativeet al. [8] in separate works. Least median of squares
algorithm for this task. The algorithm increases the like- (LMedS) was proposed by Rousseeuw [10], wherein the
lihood function at each iteration by solving a generalized sum of squared residuals in traditional least squares is re-
eigenproblem. The performance of the proposed algorithmplaced by median of squared residuals. The Hough Trans-
is empirically compared with Least Trimmed Squares(LTS) form [7], [9], and RANSAC [4] were independently devel-
— a state-of-the-art robust estimation technique, and To- oped in computer vision community for robust estimation.
tal Least Squares(TLS) — the optimal estimator for addi- For Hough Transform, entire parameter space is discretized
tive white Gaussian noise. Results for model fitting on real gnd optimal parameters are estimated by a voting scheme
range data are also provided. due to each data sample. It can be viewed as a discrete
version of M-estimation. RANSAC [4] uses the number of
points with residual below a threshold as the objective func-
tion. It has similarities with both M-estimators, and LMedS.
Robust model fitting is central to many computer vision Recently, Chen et al. [2] showed that all robust techniques
tasks. Examples include tracking or registration under Eu- applied to computer vision, i.e. those imported from statis-
clidian, affine, or projective transformations; surface normal tics, and those developed in computer vision literature, can
and curvature estimation for 3D structure detection; and, fit- be described as specific instances of the general class of
ting intensity models for object recognition and object regis- M-estimators with auxiliary scale. In a separate work [1],
tration. Robust estimation implies a framework which toler- Chen et al. explore the relationship between M-estimators
ates the presence of outliers — samples not obeying the reland kernel density estimators, and propose a technique for
evant model. Consider the problem of segmenting a rangel’ObLlSt estimation based on kernel density estimators.
image with planer patches: Here, each plane satisfies a lin- Many parameter estimation problems in computer vision
ear parametric model. For estimating parameters of eachcan be formulated with the linear errors-in-variable model
plane, samples from all other planes should be consideredEIV) [15], where the observations are assumed to be cor-
as outliers, i.e. they should not contribute to the error in fit. rupted by additive noise. Further, it is often desirable to use
Another scenario is when the noise model for the observedimplicit functional form. For instance, consider the problem
samples is not known. It is not possible to come up with a of range image segmentation mentioned earlier. We can ex-
cost function which is optimal for every kind of (unknown) tract the 3D world coordinates$z;, y;, z;) from the range
noise model. Robust estimation seeks to provide reliabledata. If the range measurements,are noisy,(x;, y;, ;)

1. Introduction



will be noisy. The linear EIV model can be used to fit a imum likelihood estimate of the parameters and noise free
plane through these noisy observations. Further, we shouldsamples is then given by

not use any explicit scheme like= azx + by + ¢, since it n

does not support the case when the original plane has the [0, &, 23] = argmin 1 Z s — @0 @)
equationax + by + ¢ = 0, i.e. a plane perpendicular to z- RO U

axis. An implicit scheme is thus essential in this case. The . . e
linear EIV model has been used for analysis in some Com_sub!e.c_t to the constrallnts (m " ahdxi" as speqﬁed n
puter vision papers recently [2], [1]. Definition 2.1. Clearly, in minimization of (2), for fixed val-

In this work, we assume that the image data may consist"€S of6 anda, the est|mates_ for. noise free samples are
of a number of unknown structures, all of which obey the given by the orthogonal prolchon of t_he observed samples
linear EIV model. We also assume that the observed sam-% ON© the hyperplane given by (1), with
ples are g(_ane_rgted by additively corrupting unknavme min [|z; — 25| = |Ja; — &0l = lz,T0 —a|  (3)
samples with i.i.d. noise. However, the noise model is not Tio
available to us. We present a robust estimation algorithm This indicates that the minimization can be reduced to just
that detects these structures irrespective of the number ofminimizing the sum of squared projections)_, |70 —
structures or the noise model. The robustness is achieved|?, with respect to parametefsanda. The theorem below
as we use a honparametric (kernel) estimator to estimate thghows that this is indeed true.
noise density rather than assuming it to be known a priori. h G
We also prove the convergence of the algorithm under mild T qurem 2'5‘ IDe ine
conditions on the estimating kernels. solution as below,

[0, @] as the total least squares(TLS)

In Section 2, we prove that the parameter estimation . 10 5
. . ~1 . T
problem for the linear EIV model amounts to solving a gen- [0,a] = argmin - Y "0 —al”, (0] =1 (4)
eralized eigenproblem. We then show in Section 3, that a o« i=1

_robust estimation framgwork can b_e developed by mOdel'Then,[é, al = [é’&] Where[é,a] are as defined in (2) with
ing the pdf of the additive noise using nonparametric ker- y,q constraints as specified in Definition 2.1.

nel density estimators. We then propose an iterative al-

gorithm as a solution to the parameter estimation problemProof. For the optimization problem specified by (4), the
using the ML (maximum likelihood) framework and prove solution [, &] should satisfy the following equations ob-
the convergence of this algorithm. In Section 4, we empir- tained using the Lagrange multiplier method. These equa-
ically compare the proposed approach with Least Trimmedtions are obtained by setting the derivative with respeét to
Squares (LTS), a state-of-the-art robust estimation tech-anda equal to zero.

nique,_and T_otal Least Squares (TLS), which is optim_al for g Z@:l(xﬁé &) + \i =0 )
gaussian noise. We also present results of model fitting on ¢ -
real data extracted from range images. o oy (xiT0 — @) =0 (6)

Similarly, the solution,[é, &, to the problem specified by
(2) subject to the constraints in Definition 2.1, should satisfy
The linear errors-in-variables (EIV) approach assumes thatthe following equations:

the observed samples are generated frontrtieedata sam-

2. Linear Errors-in-Variables

ples by additively corrupting them by independent, identi- o : St de = Al i=1,n (1)
cally distributed (i.i.d.) noise. The true samples obey some 0: Yoimi AiZio +90 =0 8)
linear, functional constraints that capture the a-priori physi- o PIHEPY =0 (9)

cal nature of the problem. Thus, we define, . L _—
P subject to the constraints in Definition 2.1. Now, from (7),

Definition 2.1 (Linear EIV model). LetS? = {z;,}, be we geti;, = z; — \0. Also, taking the transpose of this
a data sample set of sizesatisfying the constraints, equation and post-multiplying gives us,\; = =70 — a.
These two equations can be used in (8) to get,

f(@io) =270 —a=0 i=1,..,n 1)
The observed data sample set= {x;};"_, is related toSy Z(IiTé — &)z + (7 — Z N2 =0 (10)
by i.i.d. samples from an unknown, additive noise proeess i—1 =1

such thatr; = z;, + ¢;. The ambiguity in parametetsand

o is resolved by imposing the constrajft| — 1. Substituting the values of; in (9) also gives,

Consider the case when the noise samples are i.i.d. Gaus- En:(x_Té &) =0 (11)

sian i.e.e; ~ N(0,02%1,). Itis well known that the max- =



Further, (5) and (6) can be used to show that = Definition 3.1 (Kernel Density Estimator). Let the ob-

S (2T — &)2. Similarly, (7)-(9) implyy — S0, A2 = served sampleg; € R?,i = 1,...,n be generated indepen-
S (2T — a)2. Thus, solutions to (5)-(6) and (10)-(11) dently from an underlying probability distribution function
are the same. Hence both problems are equivalent. [ f(x), f : RP — R*. Then the kernel density estimate for

. . f is defined as,
Now, let us examine the problem in (4) more closely.

2T : 1 =
. o T o n T;Tq Z; - -1/
Defining = (6.0)", A = £, ("5 %) and 0 e SO 0w 09
I, 0O . . . .
B = 6) 0 ) wherel,, is thep x p identity matrix, we  where, H is a nonsingular bandwidth matrix, an :
can rewrite (4) as RP — R is the kernel function with zero mean, unit area,

R . . and identity covariance matrix.
= i : BB =1 12 . .
b argémnﬁ As; 57Bp (12) The kernel functionk'(-) used above is often assumed

to be rotationally symmetric. We find it convenient to de-
fine the profile of this rotationally symmetric kernel as a
'univariate kernel functiom : R — RT, whereK(y) =
eri(—|lyl?), c¢x being a normalization constant.

The kernel density estimate of an arbitrary set of data
samples can be computed as shown above. However, the
fabove density estimate does not factor in any prior knowl-
edge that one may have of the data. For example, the data
might be generated using a parametric model. For such
a case, we proposed a zero bias-in-mean kernel estimator
in our earlier work [12]. We used this estimator for ro-
bust (parameter) estimation where the image is specified us-
ing an explicit parametric formulation. In this paper, we
adapt the aforementioned approach to define a robust ker-
nel maximum likelihood estimation framework for the EIV

Solving for 5 leads toA3 = AB@3, where\ is mini-
mum eigenvalue for the generalized eigenproblem. Thus
the solution is the generalized (minimum) eigenvectarlof
with respect ta3. Consequently, The Maximum likelihood
estimation of the linear EIV model parameters in case of
Gaussian noise reduces to a generalized eigenproblem.

The assumption, made above, of Gaussian noise is no
always desirable. The model of noise is often unknown, and
the estimator proposed above may not be optimal in gen-
eral. In particular, for heavy tailed distributions (e.g. log-
normal distribution as will be discussed in section 4), the
approach above might have a really bad performance. Also,
the structure that we need to detect (in this case the mode
that we need to fit) might only be valid locally. For instance,

while detecting multiple planer segments in a range Image’model. We draw the reader’s attention to the fact that the

the model parameters are valid only on (local) segments of . ST . . .
. o S ; EIV model is an implicit function formulation unlike our
data. Since the segmentation is not a priori available, robust

estimation becomes important for the discovery of any lo- previous work,

Now we explain our approach in terms of noise density
cal models. It tolerates the presence of data samples that d%stimation' Let us assume that the noise free vatueand
not obey the model that is to be estimated. In the next Sec- ’

tion, we propose a principled approach to carry out robustf[he pa‘.r?‘meterwﬂ] are_kr_lown such that th_e constraints
g in Definition 2.1 are satisfied. Then, the noise can be es-
estimation. . L ,
timated as; = x; — @0, With ;0 = o, i = 1,...,n, and
18]l = 1. The noise is nothing but the deviation of the ob-
servation from the model described by the parameters. The
key question is to decide the metric that is to be chosen on
] ] these deviations to estimate the model parameters. If the
If we know the noise model for the linear EIV problem, then hgise density was known, one could easily formulate such a
we can use the maximum likelihood approach to estimate yeric using the maximum likelihood framework. However,
the EIV model parameters. However, quite often, we do not gince the noise density is not known, we take the next best

have access to such a model. In that case, one can take rgyyproach — we use Parzen windows to estimate the noise
course to estimating the noise density and then applying thedensity using Definition 3.1.

maximum likelihood framework. In this section, we present For a set of observed data samples}” ,, the ker-
such an approach. We first formulate the problem in terms he| gensity estimate of noise given the noise free samples
of a noise density estimate using Parzen windows and sub-{xw}r_z and parameter, o] can be written as
sequently, we propose a solution to the said problem. =l

Parzen windows or kernel density estimators are a pop- 1 — .
ular non parametric density estimation technique in pattern el a,zio) = n ZK(H (€ = (zi —xi0)))  (14)
recognition and computer vision [3]. The Parzen window =t
estimate of the pdf from a given set of data samples can beunder the constraint. § = «, ||0|| = 1. Let us define space
defined as follows: S =1{0 = [0,a,{zi ) ] |10 = 1, 2L0 = a Vi =

3. Robust EIV Estimation Using Parzen Windows



1,..,n}. Then the model parametegs < S, and assuming

minimization on the spac8 = {[f, &, {xi,}7_,] | ZL0 =

the noise to be zero-mean, the maximum likelihood estimatea, 7 H—20 = 1}

of model parameters is given by

Op/r, = argmax f(0|6) (15)
0cS

Note that the above definition is not restrictive, since any

shift in the e-space can be accounted for by a shiftrig

oW = argminZwiHH*lﬂ?i — Fi0)? (20)
0cs i=1
where 0 = H™'0 a = & z;, = Hiy, (21)

anda. In absence of a disambiguating prior, we assume awhere®) = [§() &M {z{)}» 1. By Theorem 2.2, we

Zero-mean noise process.

In general, there might be multiple structures in the data,
all of which we might need to discover (akin to the Hough

transform). Thus, the estimated density functif(®|©)
might be multimodal.

In such a case, one seeks all local

can write

n

0V & wi(H 'z)T0—a)? (22)

(D] = argmin
6T H-20= 1,;=1

minima of the density function. Consequently, we define With xw being equal to the perpendicular projection

the parameter estimates as follows,

Ok = argLmax f(e = 0|O)
heS

(16)

where argLmax denotes a local maximum. It can be shown

of H 'z; onto the plane defined byd, a.
1 T 1 1
A= w < H  zz;" H™ H x;

—.%‘iTH_l 1
H=2 0
0 0

Defining
) andB =

), from the discussion in Section 2, we get

that the estimator above is a redescending M-estimator [12].[#7d] as the generalized eigenvector 4fwith respect to
Om: is a solution to a constrained nonlinear program. B corresponding to the minimum eigenval@") can thus

The local maximum of (-) can be sought in general by gra-

be estimated using (20).

dient ascent. We now propose an iterative algorithm to seek The above mentioned process is repeated iteratively with

the modes of distributiogf(~) given a starting point. Under
the constraint that the profile of the kerne(;), is a convex

new estimates to yield a sequeng®(™}, of parame-
ter estimates, and a sequer{gé® (™)} | of function val-

bounded function, the algorithm is guaranteed to increaseues. Clearly, fol© = ©(1), the right hand side of (18) is

the objective function at each iteration and converges to apositive, implying thaty(©

local maximum.

Since,0;,,,; is constrained to lie in the spack we can
define the objective functiop: S — R+ as

1 — 1 2

a(©) = Y A= H (@i~ wi0)|)

i=1

17)

Now, let the derivative of the profile bex’ = g. Assuming
that the initial estimate a® is ©(?), and using the convexity
of the profile, we see that

n

q(0®) >1 > g(-llH!

=1

4(©) — — 2O

3

— O S I (s — 20)|P) (18)

Defining the weightsw; = g(—||H " (z; —a: )|| ), Wi
seek the next iterat®(!) as the maximizer of right hand
side of (18), i.e.,

(1H " (i

@(1)—argm1nZwl | H (s *IEio)Hz)
oes =

(19)

The problem in (19) is similar to the ML estimation for i.i.d

Gaussian noise samples with identity covariance matrix, as

M) > ¢(0©). The sequence
{q(©™)}22 is thus increasing and bounded above(since
is bounded), implying that it is convergent.

4. Experiments and Results

First, we empirically compare the performance of the algo-
rithm proposed in Section 3 with (a) the total least squares
(TLS) solution, and (b) Least Trimmed Squares(LTS) [11].
TLS, as discussed in Section 2, is the optimal estimator for
additive, white Gaussian noise (AWGN) and comparison
with TLS shows the comparable performance of our algo-
rithm to the optimal solution in case of often-used AWGN
model. To test the robustness, we compare our algorithm
with Least Trimmed Squares(LTS) which is a state-of-the-
art method for robust regression.

We use line fitting in 2D space as the testbed for our ex-
periment. The true samplés,,, v;,) satisfyay;, + bx;, +
c=0 Whereb = ¢ =1, a = —1. The true values are set
aswi, = 55 — 1, andy;, = xjo + 1,7 = 0,..,100. The
data sample$x;, y;) are generated by adding uncorrelated
noise samples tr;,, yi,). The noise samples are generated
from the Gaussian distribution (a standard noise model) and
two-sided log-normal distribution (to simulate outliers) with
several different variance values.

Figure 1 shows two sample realizations. At each value of

discussed in Section 2. It can be reduced to the following variance, we generatdd00 realizations and computed the



Table 2: TLS, LTS, and KML estimates ofb, ¢) for (z;,y;) =
(Tio, yio) + ¢ and {¢;} € R? are i.i.d. log-normal with pa-
rametermu = —4 andS? = ¢27,. Ground-truth values are
(b,c) = (1,1). Mean and deviation of the estimated values for
1000 experiments are presented in the top and bottom four rows,

respectively.
L . Mean
(@) () TLS RE KML
Figure 1: Points generated according to the model, y;) = g b ¢ b ¢ b ¢
(Tio, Yio) + €; @and{e;} € R? (@) ¢; is gaussian with meahand 0.5 1.000| 1.000{ 0.990| 1.000 | 1.000| 1.000
variance0.09, (b) ¢; is log-normal withM = —4 andS = 1.5. 1.0 1.002| 1.000]| 0.976| 1.000( 1.003| 1.000
Table 1: TLS, LTS, and KML estimates ofb, c) for (z;,y:) = 1.5 1.149] 0.996 0.953| 1.000 1.001 0.998
(gji07yio) + ¢; and {51} c R? are i.i.d. Gaussian with meah 2.0 5.314 1.497 | 0.919| 0.996| 1.003| 1.001
and variance?Z,. Ground-truth values arg, ¢) = (1,1). Mean Standard Deviation
and deviation of the estimated values /00 experiments are 05 0.0161 00091 0.019] 0.01111 0.016 ] 0.009
presented in the top and bottom four rows, respectively. 1.0 0.038] 00191 0.025] 0.0141 0.025 0.015
Mean 1.5 2.087| 0.084] 0.038| 0.019| 0.038| 0.020
TLS LTS KML 2.0 186.2 24.79 | 0.065| 0.032| 0.044| 0.024
o b c b c b c
0.03| 1.000| 1.000 || 0.999| 0.999| 1.000| 1.000
0.06 | 1.002| 1.000|| 0.991| 1.000| 1.003| 1.000
0.09| 1.001| 0.998 | 0.979| 1.000| 1.001| 0.998
0.12| 1.001| 1.000|| 0.963| 0.999| 1.003| 1.001
Standard Deviation -
0.03 | 0.007| 0.004 || 0.008 | 0.004 | 0.007| 0.004
0.06 | 0.015| 0.007 || 0.015| 0.009| 0.015| 0.007
0.09 | 0.020| 0.013|| 0.023| 0.013| 0.020| 0.013
0.12 | 0.027| 0.016|| 0.032| 0.020| 0.029| 0.016

(b)

|1—'igure 2:(a) Intensity image from perceptron Ladar USF Range
Database (b) Cartesian coordinates extracted from the range data
corresponding to (a).

means and variances of the estimated parameters. Table
shows the results for Gaussian noise. The estimated param
eters here are normalized with respecutsince the LTS
algorithm is implemented only for explicit function model.
The upper and lower halves of the table shows means andnate plane parameters from 3D data extracted from range
variances of the estimated parameters respectively. TLSjmages with planer patches. We used the perceptron ladar
LTS, and KML denote Total Least Squares, Least Trimmed range images from the USF Range Database [5]. Carte-
Squares, and Kernel Maximum likelihood (proposed algo- sian coordinategz;, y;, z;) corresponding to points in the
rithm). As we can see, the TLS is the best for this case, i.e.range image are first extracted. Estimation of (all) plane pa-
has means closest toand lowest variances, but the perfor- rameters is formulated as a rob&V model parameter es-
mance of our algorithm is comparable. LTS has a bias in timation problem. The algorithm has following steps: (1)
estimation and the variances are higher as well. This showsEstimate TLS estimat®, for the parameters for each data
that the proposed algorithm is comparable to LTS, which point due to points withid neighborhood op to provide
is the optimal estimator for this case. Table 2 shows the an initial guess. (2) Arrange the points and corresponding
performance for log-normal noise. The table exposes theparameter values in decreasing order of likelihg¢®,)
non robustness of TLS. Its variance blows up as the noiseand put on a stacls. (3) Choose the value of parameters
variance increases. Both KML and LTS perform well, with from top of the stack, and apply the iterations according to
KML being better for higher noise variances. We also note (19) till convergence. Append this value in the estimated pa-
that our algorithm is simpler than LTS and is faster by al- rameter list. (4) Remove all points from stagkwhich are
most one order of magnitude. within a perpendicular distaneefrom the estimated plane.
We next demonstrate the ability of the algorithm to detect (5) Repeat steps (3),(4) till all points are exhausted.
multiple structures in data: The algorithm was used to esti- The above steps were applied to the data depicted in Fig-
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Figure 3:Three estimated plands2 and3 overlayed on the data

samples. The planes are shown in different colors. (rotated version

of 2(b) for ease of illustration)

plane 6

Figure 4:Estimated planes,5 and6 overlayed on the data sam-
ples. The planes are shown in different colors. (rotated version of
2(b) for ease of illustration)

ure 2(b). This data was extracted from the range image

shown in Figure 2(a). There are six planes to be detected[11]
in this image. Figures 3 and 4 show the estimated planes

overlayed onto the data points. The algorithm was, thus,

able to detect all the instances, along with their parameters,[12

in this multiple structure detection problem .

5. Conclusions

In this paper, we presented a novel formalism to solve the
problem of robust model fitting using the linear EIV frame-

work. We used nonparametric density estimation to esti-
mate the unknown noise density and use a maximum like-
lihood approach for robust estimation of model parame-
ters. The implication of such an approach was that the
data could consist of multiple model instances and unknown
noise. We also proposed a provably convergent iterative al-

gorithm to solve the resultant optimization problem. The
algorithm uses iterative quadratic approximation to the like-
lihood function based on a variation formulation using the
convexity of density kernel functions. The performance of
the proposed algorithm favorably compares to two popular
algorithms — the Least Trimmed Squares (LTS), and the
Total Least Squares (TLS). Results for model fitting on real
range data are also provided.
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