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Abstract

Popular algorithms to solve Markov Decision Problems
(MDPs) include policy iteration and the Simplex method (ex-
ecuted on an induced linear program). Each run of these
algorithms can be associated with a sequence of “locally-
improving” policies for the input MDP. For integers n > 2,
k > 2, let f(n,k) denote the longest possible sequence of
locally-improving policies for any MDP with n states and k
actions per state. An alternative view of f(n, k) is as a de-
scriptive structural property of the policy space of MDPs: it
is the largest possible “c-height” in an induced “LP-digraph”
of any n-state, k-action MDP. How large can f(n, k) be?

A trivial upper bound on f(n,k) is the total number of
(Markovian, deterministic) policies, which is ™. A con-
struction from Melekopoglou and Condon (1994) shows that
f(n,2) = 2™, implying that the trivial upper bound is tight
for k = 2. For k > 3, the tightest lower bound on f(n, k) in
the current literature is only Q(\/En) (Ashutosh et al. 2020).
In this paper, we propose a family of MDPs to show a lower
bound of Q(|k/2]™) on f(n, k)—giving a exponential-in-n
tightening for each £ > 6. Our investigation brings out tech-
nical challenges that do not arise for £ = 2. Our result still
leaves open the important question of whether f(n, k) is in-
deed k" for n > 2,k > 2. We furnish an affirmative answer
for the special case of n = 2, k > 2.

1 Introduction

Markov Decision Problems (Bellman 1957; Howard 1960;
Puterman 2014) have been employed for more than half
a century as a mathematical basis for sequential decision
making in stochastic environments. They are widely used in
planning (Mausam and Kolobov 2012), control (Bertsekas
2012), and reinforcement learning (Sutton and Barto 1998).

An MDP specifies an environment, with which an agent
interacts by taking actions according to a policy. The pol-
icy carries the agent through a random sequence of states,
gathering a reward at each step. These rewards can be suit-
ably aggregated to associate a “value” for the policy from
each starting state. For an MDP that has n > 2 states and
k > 2 actions available at each state, the number of possible
(time-independent, deterministic) policies is k™. For many
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common definitions of value, it can be shown that there ex-
ists an optimal policy, whose value cannot be exceeded from
any starting state. Planning in MDPs is the problem of com-
puting an optimal policy for any given MDP.

There are two contrasting algorithmic approaches to MDP
planning. The first is value iteration (Bellman 1957), which
uses dynamic programming to progressively refine an es-
timate of optimal state values. The second approach is to
progressively update to better policies. Examples of this ap-
proach are policy iteration (Howard 1960) and its special
case the Simplex algorithm (Dantzig 1963) (which is per-
formed on a related linear program). The basis for iterating
over policies is provided by the structure of the policy space.
Define any two policies to be neighbours if their actions are
different for exactly one state. It is a fact that for any two
neighbouring policies 7 and 7/, one must “locally-improve”
the other, or both have equal values at all states. 7’ is said to
locally-improve 7 if 7 has a strictly higher value than 7 in
one or more states, and equal values in all other states. Given
a policy, it is relatively straightforward (polynomial-time in
n and k) to determine all its locally-improving neighbours.

Starting with an arbitrary initial policy, at each step the
Simplex algorithm picks a locally-improving neighbour,
continuing so until an optimal policy is found. Thus any
run of the algorithm may be associated with a “locally-
improving” policy sequence mg, 71, ..., TN, Where (1) mxn
is an optimal policy, and (2) for ¢ € {0,1,...,N — 1},
m;4+1 is a locally-improving neighbour of 7;. Policy itera-
tion can potentially “jump” from 7 to a policy 7’ that is
not a neighbour (they can differ on more than one state),
but which is still locally-improving. It remains that any run
of policy iteration can also be associated with one or more
locally-improving policy sequences, since there must be a
locally-improving subsequence corresponding to each jump.

Let f(n, k) denote the longest possible locally-improving
policy sequence for any n-state, k-action MDP. This quan-
tity is of interest in the analysis of algorithms, since it upper-
bounds the number of steps that any algorithm from the Sim-
plex and policy iteration families can possibly take. As il-
lustrated in Section 2, f(n, k) is also an informative struc-
tural property of the feasible polytopes of linear programs
induced by n-state, k-action MDPs. How does f(n, k) scale
with n and £? We contribute to the current understanding of
this fundamental theoretical question.



Melekopoglou and Condon (1994) have already furnished
a definitive answer for the special case of k& = 2. They pro-
vide an n-state, 2-action MDP construction in which all 2"
policies can be arranged as a locally-improving sequence,
thus establishing that f(n, 2) = 2™. The picture is less clear
for £ > 3. When k = 2, each policy has exactly one neigh-
bour along each state—hence selecting a neighbouring pol-
icy is equivalent to selecting a state. For k£ > 3, each state
gets associated with £ —1 > 2 neighbours, which introduces
a new layer of complexity for stringing together lengthy
locally-improving sequences. The best efforts yet are due to

Ashutosh et al. (2020), who show that f(n, k) = Q(VE )
for k£ > 3. Our contribution is an exponentially tighter lower
bound on f(n, k) for k > 3.

* The special case of 2-state MDPs helps us develop in-
tuitions for the general case. We show that indeed all
k? policies can be visited along a locally-improving se-
quence on such MDPs. Key to this result is the use of
stochasticity; in fact we show that sequences of length
k? cannot be realised on deterministic MDPs.

¢ Our lower bound for the general case of n > 2,k > 2
shows that f(n, k) = Q(|k/2]™). This bound is achieved
through a construction in which all policies taking only
“even-numbered” actions can be visited, enabled by in-
termediate switches to some “odd-numbered” actions.
Our construction, like that of Ashutosh et al. (2020), only
uses deterministic transitions. It remains open to improve
our lower bound (possibly by using stochastic MDPs), or
to tighten the trivial upper bound of k™ (for k > 3).

We begin with a formal description of MDPs and their
policy space in Section 2. We present the related literature
on lower bounds in Section 3. In Section 4 we present our k?
lower bound for 2-state MDPs, and in Section 5 follow with
the general result: the Q(|k/2]™) lower bound for n-state
MDPs. Section 6 concludes with a summary and outlook.

2 Markov Decision Problems

A Markov Decision Problem (MDP) is defined on a set of
states S and a set of actions A. In this paper, we assume S =
{1,2,...,n} forsomen > 2,and A = {0, 1,...,k—1} for
some k > 2: thus |S| = n and | A| = k. The effect of taking
action a € A from state s € S is for the agent to obtain a re-
ward r € R and go to a next state s’. The reward r = R(s, a)
is determined by the reward function R, while the next state
s’ is generated at random with probability 7'(s, a, s"), where
T is the transition function of the MDP. If s’ is ferminal
(from set S), no more actions are performed. If s’ € S, the
agent again takes an action from s’, and this process contin-
ues. Observe that the agent goes along a sequence of states,
actions, and rewards; its aim is to maximise the expected
long-term reward (or value) along this sequence.

A common definition of values in the Al literature (Sut-
ton and Barto 1998) relies on discounting future rewards
geometrically by a factor v € (0,1). Hence the tuple
(S,A,T,R,,S) completely specifies the MDP. Suppose
the agent takes actions according to a policy m : S — A:
that is, from state s € S, the agent takes action 7 (s). Then

the value accrued, starting from state s € S, is defined to be

Vﬂ(s) =E, lz ’Ytrt
t=0

where actions are taken according to m, starting from initial
state s) = s, and the sequence of rewards is rg, 71,72, . ...
Alternatively, values can be undiscounted (equivalent to hav-
ing v = 1) if sequences are guaranteed to eventually reach
some terminal state 7 € S: this setting is called “total re-
ward”. By definition terminal states have value 0. For non-
terminal states s € S, expanding (1) gives the recursion

V7(s) = R(s,m(s)) +7 Z T(s,m(s),s" ) V™(s). (2)
s’esus

8028] , (D

This linear system of equations, called the Bellman equa-
tions for 7, can be solved to obtain the state values V™. We
find it convenient to present our lower bound for n = 2 in
Section 4 using discounted reward, and the one for n > 2 in
Section 5 using total reward. We outline in Section 6, how
both our constructions can be made to work in both settings.

2.1 Policy Improvement

Let IT denote the set of all policies 7 : S — A. An agent’s
natural aim is to seek policies in IT with “larger” state values.
Formally, consider the relations > (“dominates or equals”)
and > (“dominates”) on the set of policies II. For 7, #’ € TI,

m=a iff Vs e S(VT(s) > V™ (s));
T iff m=a Adse S(VT(s)> VT (s)).

A quantity called “gain” comes handy to identify domi-
nating policies. For state s € .S and action ¢ € A, the “ac-
tion value” under policy 7 € II, denoted Q™ (s, a), is the
expected long-term reward from taking a from s, and there-
after acting according to 7. The gain G™ (s, a) measures the
advantage of doing so relative to following 7 (all the time)
starting from s. These quantities work out to:

Q" (s,a) = R(s,a) + 7 Z T(s,a,s\V™(s'), (3)
s'€SUS

G"(s,a) = Q" (s,a) — V™(s). 4)

For a given policy, gains can be computed in poly(n, k) time.

The well-known “policy improvement theorem” (Puterman

2014, see Section 6.4) shows that switching in one or more

states to actions with positive gains (while retaining the ac-
tions at other states) must result in a dominating policy.

Theorem 1. Fix policy m € IL.
1. Suppose for policy 7' € I\ {n}, forall s € S,
7'(s) #m(s) = G™(s,7'(s)) > 0.
Then 7' = . We say that © “locally improves” .
2. Suppose for all (s,a) € S X A,
G™(s,a) <0.

Then for all policies ©’ € 11, m = «'. We say that 7 is an
“optimal” policy.



The theorem establishes the existence of an optimal pol-
icy (which has the largest possible value at each state), and
also provides a recipe to compute it. The policy iteration (PI)
family of algorithms implement this recipe. A PI algorithm
is initialised at an arbitrary policy. In each step, if the cur-
rent policy 7 has one or more state-action pairs with posi-
tive gain, then 7 is replaced by a locally-improving policy
7. Since II is finite and no policy can be visited more than
once (due to the increase in value under ), we must reach
a policy with no positive-gain state-action pairs. By the sec-
ond part of the theorem, this final policy must be optimal.

Algorithms within the PI family are distinguished by
the “switching rule” they employ to update from the cur-
rent policy 7 to a locally-improving policy 7’. In Howard’s
PI (Howard 1960), which is widely used in practice, (1) 7’
takes the same action as 7 on states with no positive gains
for m; (2) on all other states, 7’ takes an action with the
largest gain for 7. In contrast, Simplex algorithms are PI
variants that on each step switch the action at exactly one
state. For example, in “max-gain Simplex” (Ye 2011) the
differing state-action pair in 7’ has the largest gain among
all state-action pairs for 7. Switching rules can also be ran-
domised (Mansour and Singh 1999).

2.2 Locally-Improving Policy Sequences

It is apparent that any run of any PI algorithm results in a
sequence of policies mg, 71,..., TN, where for 1 < ¢ < N,
m; locally-improves 7;_1, and m is an optimal policy. We
refer to such a sequence as a locally-improving policy se-
quence for the input MDP. Reflecting the practical need for
fast algorithms, the literature has provided upper bounds on
the lengths of the sequences generated by several PI variants.
For example, Howard’s PI and Simplex PI geoemetrically
reduce the distance between values of the current and opti-
mal policy, hence cannot visit more than O(% log(1%5))
policies (Hansen, Miltersen, and Zwick 2013). Several ran-
domised variants eliminate enough policies on most itera-
tions, so the expected lengths of their sequences becomes
exponentially smaller than |II| = £™ (Mansour and Singh
1999; Taraviya and Kalyanakrishnan 2020).

In this paper, we investigate the complementary question:
what is the longest locally-improving policy sequence that
can possibly exist for any n-state, k-action MDP? Formally,
we seek a lower bound on the largest integer f(n,k) for
which the statement below is true.

“There exist an n-state, k-action MDP M and f(n, k)
distinct policies 7y, T1, ..., Tf(n,k)—1 Jor M that con-
stitute a locally-improving policy sequence for M.”

f(n, k) is of theoretical interest as a combinatorial prop-
erty of the policy space of MDPs. In a common linear pro-
gramming formulation to solve MDPs (Post and Ye 2015),
the vertices of the feasible polytope are in 1-1 correspon-
dence with policies. The “LP digraph” (Avis, Miyata, and
Moriyama 2013) is an unweighted directed graph connect-
ing these vertices to neighbours that improve the objective
function. A neighbour corresponds to a policy that differs on
exactly one state-action pair. Figure 1 shows a small MDP

011 111
001 ;6 101
010 110
Y
000 100
(b) Induced LP digraph

Figure 1: Subfigure (a) shows an MDP with 3 states
and 2 actions. Transitions (black, solid for action 0
and red, dashed for action 1) show associated prob-
abilities and rewards. Subfigure (b) shows the cor-
responding LP digraph. Notice locally-improving
policy sequences (101,111,011,010,000,001) and
(101,100, 110,010,000, 001) of length 6; none are longer.

and its LP digraph. Policies are represented as strings, in
which the i-th entry specifies the action at state .

f(n, k) is the number of vertices on the longest possi-
ble path in the LP digraph induced by any n-state, k-action
MDP. In the literature on convex polyhedra, such paths are
called “c-monotone” paths, and the length of the longest
such path called the “c-height” (Kalai 1992; Blanchard, Lo-
era, and Louveaux 2021).

Whereas Simplex algorithms necessarily visit all the poli-
cies along some path in the LP digraph, PI algorithms may
“jump” from a policy 7 to a non-neighbour 7. The result be-
low shows that nevertheless, there must be a path in the LP
digraph connecting 7 to 7’ (assuming no tied policy values).

Proposition 2. Suppose policies w, 7' € 1l are such that
(1) @ locally-improves w, and (2) © and 7' differ on ex-
actly m > 1 state(s). Then there exists a sequence of m
policies w1, 7o, ..., Ty € Il such that (1) my > w; (2) for
1 <4 <m — 1, w4 differs from 7; on exactly 1 state and
mi+1 locally-improves w;; (3) T = mp,.

The proposition implies that to generate long trajectories
either for Simplex or for general PI, it suffices to constrain
consecutive policies to be neighbours. The proof of Propo-
sition 2 relies on the proof of Theorem 1, which is available
in textbooks (Bertsekas 2012; Szepesvdri 2009). For easy
reference, we furnish both proofs in Appendix A. !

3 Known Lower Bounds on f(n, k)

The earliest literature in the spirit of our investigation per-
tains to the analysis of the Simplex algorithm for linear
programming. After Klee and Minty (1972) established
an exponential lower bound (in the number of variables)
for the number of iterations taken by “Dantzig’s” pivot-
ing rule (Dantzig 1963), similar lower bounds have been
shown for other variants (Avis and Friedmann 2017; Disser,
Friedmann, and Hopp 2023). These results for general lin-
ear programs need not apply to MDPs. On the other hand,

! Appendices are included in a longer version of the paper linked
from SK’s home page: https://www.cse.iitb.ac.in/~shivaram/.



lower bounds have also been shown on the number of itera-
tions taken by specific PI variants on MDPs—for example a
bound of exp(£2(n)) for Howard’s PI on an MDP with ©(n)
states and actions (Fearnley 2010).

Any lower bound for a specific PI variant is also a lower
bound on f(n,k). Interestingly, a lower bound given by
Melekopoglou and Condon (1994) for “Simple PI” settles
f(n,2) to be 2". These authors’ analysis is restricted to 2-
action MDPs. Assuming a fixed numbering of the states,
Simple PI always switches the smallest-numbered state with
a positive-gain action. On a particular n-state, 2-action MDP,
Simple PI can visit all 2" policies. This MDP, illustrated
in Figure 2a for n = 4, is for “total reward”, and has two
terminal states. It also has n “dummy” states from which
there are no actions to take. These states merely simplify
the description; they can be absorbed into the transitions of
the n decision-making states. For n = 3, the following is a
locally-improving policy sequence for the MDP.

100,101,111, 110,010,011, 001, 000.

The sequence above is an example of a Gray code (Gray
1953), which covers all 2™ bit strings while switching only
1 bit between consecutive elements. Gray codes can be gen-
eralised in many ways to a k-ary alphabet for £ > 2 (Joichi,
White, and Williamson 1980; Squire 1996). However, for
k > 3, it becomes challenging to construct MDPs for which
the corresponding policy sequences are locally-improving.

The longest locally-improving policy sequences yet
shown for & > 3 are from Ashutosh et al. (2020). An in-
stance of their MDP (for n = 8,k = 3) is shown in Fig-
ure 2b. The idea is to have some m states take all k™ possi-
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(a) Transitions in the MDP of Melekopoglou and Condon (1994),
shown for n = 4 (k = 2). States 71 and 7( are terminal. All
rewards are 0 excepting a 1 for reaching 7. The two actions are
0 (solid, black) and 1 (dashed, red). There are no decisions to

make at “states” 1/, 2, 3/, and 4’, which transition with equal
probability to their next states.

(b) Transitions in the MDP of Ashutosh et al. (2020), shown
forn = 8,k = 3. Assume n = 2m. State 7 is terminal.
All transitions are deterministic. Each state s € {1,2,...,m}
has a partner state s + m with the same rewards and transi-
tions for each action. For state s € {1,2,...,m} and action
a€{0,1,...,k— 1}, therewardisa - k™ ~°.

Figure 2: Instances of existing lower-bound constructions.
Both use total reward (y = 1).

ble configurations of actions. Unfortunately, the construc-
tion uses up another m states to devise subsequences of
policies between any consecutive configurations of this k-
ary counter. Consequently the largest that m can be made is
5. Correspondingly the lower bound on f(n, k) that is fur-

nished by Ashutosh et al. (2020) is Q(k"/2).

Our work is motivated precisely by the current gap be-
tween lower and upper bounds for £ > 3. Like Ashutosh
et al. (2020), we also construct a deterministic MDP, using
total reward. However, we devise an m-ary counter for m =
|£]. In analogous terms, we use |£| actions as helpers,

rather than 2 states, to get a lower bound of Q(| % |™).

4 Tight Lower Bound for 2-state MDPs

In this section, we consider the special case of tasks with
n = 2 states (and for concreteness, assume there are no ter-
minal states). This setup facilitates a 2-dimensional visual-
isation of the challenge of constructing a lower bound for
k > 3, preparing us for our general result in Section 5.
Since n = 2, we have the set of states to be S = {1, 2},
while the set of actions is A = {0, 1,...,k — 1}. We intro-
duce simplifying notation for the transition probabilities and
rewards. For s € S,a € A, let A\J denote the probability of
transitioning from s to s by taking action a. Hence, we have
T(s,a,s) = A and T'(s,a,s') =1— X3 fors’ € S\ {s}.
Similarly, for s € S,a € A, let uf denote the expected
reward obtained by taking action a from state s. In other
words, R(s,a) = pg. Figure 3(a) pictorially depicts state
transitions in terms of A\’ and p.. We continue to denote the
discount factor 7. For i, j € A, let (i, j) denote the policy
that takes action ¢ from state 1 and action j from state 2.

4.1 Design Challenge

The Bellman equations in (2) for 7 = (i, j) are equivalently:

1 1
T K 1_’)’)\1‘ ™
2:7 ]_' 5
V@ 7—7A3+<7—7A%>V()’ ®
2 2
15 YA
7r2: J J 7r1.
v 1_w;+(1_w;)w> ©

Now consider plotting the point (V7 (1),V™(2)) on the
xy plane with V™ (1) as x coordinate and V™ (2) as y coordi-
nate. From (5), we observe that every policy taking action ¢
from state 1 lies on a line determined by action ¢, and simi-
larly, from (6), that every policy taking action j from state 2
lies on a line determined by action j. Moreover, “i-lines”
all have slopes larger than 1, while “j-lines” have slopes
smaller than 1. Figure 3(b) illustrates a locally-improving
sequence of neighbouring policies with this visualisation.

Observe that a locally-improving sequence of neighbour-
ing policies can be viewed as a sequence of line segments
(m1,m2), (w2, m3), . ... The slope of the line segment is de-
cided by the action shared by its termini. Now suppose that a
policy m; = (i1, j1) in a locally-improving sequence is fol-
lowed (not necessarily consecutively) by mo = (i, j2), with
io # i1. Thereafter, suppose 73 = (i1, j3) is encountered.

T3l

Note that 7 and 73 share their ‘¢ action (which is 77), and
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(a) 2-state MDP (b) Policy values as points
Figure 3: (a) “Probability, reward” pairs for the transitions
out of state 1 for action 7 € A, and out of state 2 for ac-
tion j € A. There are k such actions for each state (not all
displayed). (b) Values of a locally-improving sequence of
neighbouring policies plotted as points. Observe that points
corresponding to (0, 0), (0, 1), and (0, 2) are collinear.

moreover, there is at least one line segment in between them
with a common “;” action (hence with a slope smaller than
1). It follows that in between 7 and 73, there must be at
least one line segment with a slope larger than that of .
This must be a line segment whose shared action is an “2”
action (since j actions all have slopes smaller than 1). We
infer two symmetric constraints. (Constraint 1) If action ¢
at state 1 is switched out and then it returns in a sequence,
there must be another action ¢’ in between the occurrences of
1 whose slope is larger than that of 7. (Constraint 2) If action
7 at state 2 is switched out and then it returns in a sequence,
there must be another action j' in between the occurrences
of j whose slope is smaller than that of j.

The first step in designing a lower bound on f(n, k) (here
f(2,k)) is to propose a sequence of policies, and the next
step is to furnish an MDP to facilitate the sequence. How-
ever, many sequences that appear “intuitive” and “easy-to-
define” are ruled out by the constraints outlined above. Fig-
ures 4(a) and 4(b) show two such infeasible sequences for
k = 3; the reader can verify that any assignment of slopes
to the rows and columns will cause both constraints to be
violated. However, if k£ = 2, there are only two possible se-
quences to try out (modulo i-j symmetry), and one of them
has been shown to work even for n > 3 (Melekopoglou and
Condon 1994).

For n > 3, each action corresponds to an (n — 1)-
dimensional hyperplane. If additionally ¥ > 3, we have
more complex constraints than the two specified above on
sets of policies that can be arranged as locally-improving
sequences. This makes it a harder task for designers to come
up with tight lower bounds on f(n, k).

4.2 k2 Lower Bound

Indeed we are able to furnish a locally-improving policy se-
quence for 2-state, k-action MDPs that visits all k2 policies
on a family of MDPs. The sequence satisfies both constraints
given above; it is presented in Figure 4 (c) for £k = 5. Ob-
serve that the sequence traverses the last row and then the
last column, thereafter recursing on a matrix with one fewer
row and column. For general k£ > 3, the first policy in the se-
quence is (k — 1,0), and the last policy is (0, 0). In general,

for each policy (7, j), where i, j € Aand i # 0 or j # 0, the
next policy in the sequence is given by function

i,j+1), ifi>j,
L 7)), ifi=j,
i+1,5), ifi<j—1,
i 1), ifi=j—1.

(
next((i, j)) = 2 (7)
(

We provide pseudocode in Figure 4 to specify a family of
2-state MDPs on which the sequence constructed above is
locally-improving.? Figure 4(d) provides the parameters of
an MDP with £ = 5, which is obtained by executing the
pseudocode. Our construction—the policy sequence speci-
fied by (7), along with the MDP specified in Figure 4(e))—
establishes the following result.

Theorem 3. Fix k > 2 and v € (0, 1). There exist

1. MDP M = (S, A, T, R,~,0) with |S| =2, |A| =k, and
2. k2 distinct policies mg, 71, . .., Tx2_1 for M

which constitute a locally-improving policy sequence for M.

The proof of the theorem—essentially the calculations
justifying our construction—is provided in Appendix B.

5 Main Result: (| £/2|™) Lower Bound

In this section, we prove our main result, stated below for
the total reward setting.

Theorem 4. Fixn > 2, k > 2. There exist

1. MDP M = (S, A,T,R,y = 1,5) with |S| = n,
|A| = k, and
2. N + 1distinct policies g, w1, ..., 7N for M, where
k n
N=a([3])",

which constitute a locally-improving policy sequence for M.

Let II™* denote the set of all policies for n-state, k-action
MDPs. In Section 2 we denoted this same set II, since n and
k were clear from the context—but here we shall vary n.
Each policy in II™* is represented as an n-length string over
the alphabet {1, 2, ..., k} (we use xy to denote the concate-
nation of strings = and y). In this section, the j-th entry of
the policy string shall represent the action at state n 4 1 — j.
Our first step is to propose a sequence of policies from II™*
that is as long as claimed in Theorem 4. Next, we define a
family of MDPs parameterised by n and k. Finally, we prove
that the specified sequence of policies is locally-improving
on any MDP from the family. For convenient exposition, we
assume in this section that k is an even number (for odd &,
the construction can proceed using k£ — 1 actions, with one
action left unutilised). We also partition the set of actions
A=1{0,1,...,k — 1} into sets

def def

Acven 2{0,2, ...k — 2} and Aggq £{1,3,... k — 1}.

5.1 Policy Sequence

For each u € A,q4, We recursively define a sequence of poli-
cies II"¥ C II™* such that the only odd action taken by any
policy 7 € II™* in state n is action u. Let £(n, k) be the total
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Ao 1234 ~ =09
(a) Infeasible (k = 3) (b) Infeasible (k = 3) (¢c) Feasible (k = 5) (d) MDP supporting sequence in (c)

1. Select ~ arbitrarily from (0, 1). Select A} and A3 arbitrarily from (0, 1). Set x$ and 2 to be arbitrary finite real numbers.
2.Fora=0,1,2,...,k—2:

Select A}, arbitrarily from (A}, 1).

Select A2, ; arbitrarily from (A2, 1).

Set pi2 ., to an arbitrary finite real number smaller than

. . b (i =)A= A =) T (= A = AR)) (N — M) ka
min min wi + T 1 ) 2\ )2 ’
0<i<a-1 YAl — A L+y(1 = A= N)
6.  Set pl,, to an arbitrary finite real number smaller than

min{ min (#2 n (M?H - M?)(l +y(1 =Xy - A?))) ’ pi(1+ (L= A = A20)) + (N — A)ed } .

0<j<a YN =A%) L+ y(1= A =A%)

kW

(e) Steps to set 2-state MDP parameters (AJ, AL, ..., AL 1), (W, A2, A2 ), (s iids e v v ih )y (By i3, oo 2 1), e

Figure 4: In (a), (b), and (c), each matrix entry shows the index of a corresponding policy (read as (row, column}) in the visitation
sequence. For example, the sequence in (a) is (0, 0), (0,1), (0,2), (1,2), (1,1), (1,0), (2,0), (2,1), (2,2). The sequences in
(a) and (b) cannot be locally-improving on any MDP. The sequence in (c) is locally-improving on the MDP specified in (d).
(e) Steps to set 2-state MDP parameters (A, A1, ..., AL 1), (A3, A3, .. 02 ), (b peds ooy piby), (B, w3, ..o 3 ), and
7, such that starting from (k — 1,0), the next function defined in (7) yields a locally-improving policy sequence. In the MDP

shown in (d), 7y is set to 0.9, and for a € A, \} = \2 = 7% - The rewards for action O—that is, ug and p3—are both set to 0.

Fora € A\ {k —1}, p},, and pu2 ; are set to be 1 less than the smallest quantities on lines 5 and 6, respectively.

number of policies in II™**. Also, fori € {1,2,...,4(n, k)}, odd actions facilitate transitions between even-only policies.
let TI™%(7) denote the i-th policy in T, Correspondingly, notice that entries in 1" (other than the
The recursion is on n. As base case, we define final one) are obtained by prefixing policies in the sequences
n—1,k . . . . .
IrE0 924 k4 k—2u). IT"', " either with actions from Ag,e, or with the odd action
=024, ’ u) u.uFormally, fori € {1,2,...,0(n, k) — 1}, define
Hence, observe that £(1,k) = 2. To construct II""* for ;
n > 2, we start from the k/2 sequences %Y for all rOWn’k(i) = {_‘ ;
/ . .- "k.u . E(n—l,k)—kl
u' € Aoqa- The recursive definition of II7"" is conveniently . ) ok
visualised as the row-major traversal of Table 1. The table col™" (i) = i — (row™*(i) — 1)({(n — 1,k) + 1).
has /2 rows and I(n — 1, k) + 1 fully-filled columns, and Foric {1.9 V. Y. TI7F (3) is defined as foll
one additional policy u0"~! (u followed by (n — 1) 0’s). ori €{1,2,.... ln, k)}, Iy t_(l) 15 Gelined as JoTows.
For n > 2, we observe that the sequence lengths satisfy o If i = ¢(n, k), then 1% (3) = w01,
_ k . . .
U(n, k) = 3(€(n —1,k) + 1) + 1, which implies e else if col™" (i) < £(n —1,k), then
k42 EN" nuk /o def ks n—1,k nk/-
Un, k) = — 5) - 1]). 8 % (4) =(row™" (i) — 1)Hmwn‘k(i)(col (1)),
The essential idea in the recursive construction of IT%* is  else (col™" (i) must be equal to £(n — 1,k) + 1)
to ensure that all (k/2)" “even-only” policies (whose n ac- ket ko n—1,k
tions are all from Aeyeq) find place in it. Policies that take 1L (8) =(row™"(d) + 1) 1_Ir<>\~”"’“(i)(€(n —1,k))-
2c++ code for our constructions (sections 4, 5) is provided at For illustration, we enumerate Hi’ﬁ (of length 52) in Ap-

https://github.com/pratyush1019/Improved-Lower-Bound-MDP/. pendix C. Our repository includes c++ code to generate



oy (1) oy (2) Oy () 20, (k)
n—1,k n—1,k n—1,k n—1,k
2T | Il ) 20N (ly) | AT (d)
AT~ (1) ATl (2) ATT5 ™" (4o) 6115~ " (¢o)

(k — HIm " (1)

(21 ()

(k— 21" (1)

uonfl

ully~ " (o)

Table 1: The sequence of policies IT"** shown in row major order. Here £ Ly (n—1,k).

™" for arbitrary n,k,u, and validate that it is locally-
improving on the family of MDPs we define next.

5.2 Family of MDPs

For each n > 1 and even &k > 2, we define a determinis-
tic MDP M™*. The transition function T is such that even
actions v € Ay increment the state index by 1 (except
at state n, which transitions into a terminal state 7). On the
other hand, odd actions increment the state by 2 (except for
states n — 1 and n, which transition to 7). Figure 5 illustrates
this transition structure using M %* as an example.

Notice that every policy must terminate in at most n steps.
Leaving the MDP undiscounted, we administer rewards so
that “even-only” policies (whose actions are all from Acyen)
function as states of a counter, while the remaining policies
facilitate transitions among the even-only policies. Below
are formal definitions of T" and R.

Fors,s’ € S, v € Aeven,

1 ifs<n-—1lands' =s+1,
T(s,v,8) =<1 ifs=nands =T,
0 otherwise;

R(s,v) = vk*~ !,
For s,s’ € S, u € Aoad,

1 ifs<n-—2ands =s+2,
T(s,u,s)=<1 ifse{n—1,n}ands =r,
0 otherwise;

R(s,u) = (k — 1)k~ + (u — 1)k°.

It is convenient to visualise the connection between even-
only policies and their values for k¥ = 10, since this would
implement the common decimal system. For example, no-
tice that on M 419 (whose transitions are shown in Figure 5),
the policy 6424 would have values of 6000, 6400, 6420, and
6424 for states 4, 3, 2, and 1, respectively.

~

[
=& -~ u € Aod

- N -

e Wiie,
—— U € Agyen

-

Figure 5: Transitions for even (solid, black) and odd (dashed,
blue) actions in M**. State 7 is terminal. Rewards are
action-dependent, and specified in the text.

5.3 Proof of Theorem 4

We have already constructed the sequence I1"* of length
(n,k) = Q((%)™). For proving Theorem 4, we show that
the sequence is locally-improving on M™ .

Our proof is by induction on n. As base case, con-
sider ITL* = (0,2,4,...,k — 2,u) for u € A, as de-
fined in Section 5.1. On M* the single state 1 has values
0,2,4,...,(k—2), (ku—1), respectively, for these policies.
Clearly the sequence of values is increasing for all u € Agqq.

Our induction hypothesis is that TI"~%* is a locally-
increasing policy sequence for M™~1¥, for some n > 2. To
show that TI"~1* is a locally-increasing policy sequence
for M™*, we consider every pair of consecutive policies
7,7 in the sequence IT1""*. We find it instructive to return
to Table 1, which guides us to divide our proof that 7’ > 7
on M into five cases. Denote M™* by M and M™~1* by
M. To achieve clarity in the steps below, we suffix relevant
objects with the MDP on which they are defined or applied.

Case 1. 7 = (x — DI?LFG) and 7/ =
(x — DOP~5F( + 1) for some 1 < i < £(n — 1,k)

and © € Aogq. In this case, 7 is in row £L and column ¢

2
of Table 1, while 7’ is in row IT'H and column ¢ + 1. For

brevity denote TT?~*(4) by 7; and TI? =1 ( 4 1) by m;41:
thus, 7 = (x — 1)m; and 7" = (z — 1)m;41. It is clear that
Vi (n) = Vi(n) = Rp(n,x — 1). For arbitrary state
n —1 > s > 1, consider the following sub-cases. In a
given MDP, we say state s reaches state s’ under policy 7 if
starting from s and following 7 takes the agent to s’.

(la) If s reaches n on M both under 7w and 7/,
then Vyj(s) = Vii(s) + Ru(n,z — 1), and
Vi (s) = Vit (s) + Ru(n,x — 1). By the induc-
tion hypothesis, 7; 11 >+ m;—and hence 7’ =, 7.

(1b) If s does not reach n on M both under 7 and 7/, then
it must reach n — 1 under both these policies. It can only
be that 7(n — 1) = #’(n — 1) = x (which is the only odd
action possible at state n — 1 in II7~1*). Since z transitions
from n — 1 to 7 in both policies, the value at n — 1 does
not depend on the action at n for both policies. Indeed
Vi (s) = Vi (s) and Vi (s) = Vi (s). By the induction
hypothesis, 7 = .

(1c) Suppose s reaches n on M under 7, but not under 7.
In turn this must mean s reaches n — 1 under 7/, and 7’ (n —



1) = . Clearly V} (s) is at least Ry (n x). On the
other hand, V7 (s) is at most the sum of rewards on any
path that reaches n — 2 and then n. The onward reward from
nis Rys(n,z — 1). By our definition of Ry, the maximum
cumulative reward that can be accrued up to n is by taking
odd action k — 1 at statesn —2,n —4,n—6,...,and if n is
even, by taking even action k — 2 at state 1. Regardless, we
can upper-bound V7 (s) as

Viip(s) <
> (b=
r=0

k2 — k n— 1 n—1

< (k= DE"2 4 (2 — D"

1)kn—3—2r + (kﬁ _ Q)k_n—2—27‘) 4 R]w(n’.r - 1)

The working shown above to establish that V7 (s) > V7 (s)
in this case is the most critical aspect in our design of M™F.

(1d) We cannot have the case that s does not reach n on
M under T, but it reaches it under 7’. On the contrary, if
this happens, then by the argument in (1c), we would have
Vi (s) > Vi (s). However, since Vi (s) = Vi, (s), and
Vi (s) > Vi.(s), this would imply Vi, (s) > Vi (s),
which contradicts the induction hypothesis.

Case 2. 7 = (z — )" V¥ (¢(n — 1,k)) and 7’ = (z +
DIM=Y*(¢(n—1,k)) for some z € Aggq \ {k — 1}. Here
and 7’ are columns ¢(n — 1, k) and ¢(n — 1, k) + 1, respec-
tively, in row £F1 of the table.

From each state, the sequence of states visited is identical
under 7 and 7’. The rewards are also identical at all states
except n, where 7' has a higher reward. Hence 7’ >/ .

Case 3. 7 = (v + )" Y*(l(n — 1,k)) and 7’ = (z +
l)H:;Ql’k( ) for some & € Aodq \ {k — 1}. Here 7 is the last
entry in row 211, and 7’ is the first entry in row Z£3.

It can be worked out that 7 = (x + 1)z0"~ 2, while
™ = (z + 1)0" ' Clearly Vit(n) = Vi (n) =
Ryr(n,z +1). Meanwhile, Vi (n — 1) = Ry(n—1,x) =
(k=1)k" 24 (z -1k Tand Vi (n—1) = (z+1)k" 1.
Hence, Vi (n — 1) > V{5 (n — 1). Under both policies,
states n — 2,n — 3,...,1 reach n — 1 with 0 reward,
establishing that ' >, 7.

Case 4. 7 = (k — U _1F(¢(n — 1,k)) and 7/ =
uHZill #(¢(n — 1,k)). Here  is the last-but-two entry and
7’ the last-but-one entry in the table.

These policies only differ on state n, from
which 7’ has a higher reward than m: Ry/(n,u) =
(k—1k" 1+ (u—1)E" > (k—2)k""1 = Ryr(n, k—2).
Clearly 7’ =), 7.

Case 5. 7 = ull}_{""({(n — 1,k)) and 7’ = u0™ . Here
7 is the last-but-one entry and 7’ the last entry in the table.

= Ry(n—1,2) < Vi (s).

It can be worked out that 7 = w?0""% We
observe Vi (n) = Vi(n) = Rum(n,u). Also,
Vi (n—1) = Ry(n—1,u) while Vi (n—1) = Ras(n, u).
Hence, V% (n — 1) > V7 (n — 1). Like in case 3, under
both policies, statesn —2,n — 3,...,1reachn — 1 with 0
reward, establishing that 7’ =, 7.

This exhaustive set of five cases completes the proof that
1™ is a locally-improving policy sequence for M™*.

We note that our construction generalises to MDPs with
a non-uniform number of actions per state. Suppose state ¢
has k; actions, where k; is even. Without loss of generality,
let the states be numbered such that their action counts are
in non-increasing order. Table 1 would now still look the
same, except that to obtain ¢-length policies, the table would
have 21 rows. The recurrence on the size of the sequences
for n > 2 becomes:

ki +1
5

Thus £(n) > [T 1 %, which generalises our lower bound
of (k/2)™. We again notice that this sequence visits all the
“even-only” policies, while using the odd actions to transi-
tion between them. Our code incorporates the generalisation
to a non-uniform number of actions per state.

U(n) = %" (6(n—1)+ 1) +1, with £(1) =

6 Summary and Outlook

In this paper, we have improved the lower bound of
Ashutosh et al. (2020) on f(n, k), making it exponentially
tighter for £ > 6. Our construction using total reward can
be adapted to work for discount factor v € (o, 1), where
7o could depend on n and k. This is because values vary
continuously with . We have also shown by construction
that f(2,k) = k2. It is straightforward to translate this dis-
counted MDP to become undiscounted and use total reward,
by introducing a terminal state into which existing transi-
tions are routed with probability ~.

Our investigation leaves it open if f(n,k) = k™ for
k > 3. A related question that emerges is whether stochas-
ticity is strictly necessary to support a locally-improving
policy sequence of length k™. The answer is affirmative.
Taking n = 2 again as a special case, we prove the following
upper bound for deterministic MDPs in Appendix D.
Proposition 5. Fix MDP M = (S, A,T,R,v,S) with
|S| = = k, where the range of T is {0, 1} (all tran-
sitions are deterministic). Let my, 71, ...,mN be a locally-
improving policy sequence for M. Then N < %2 + 2k — 1.

Interestingly, Goenka et al. (2025) have used the struc-
tural properties of deterministic MDPs to show that locally-
improving policy sequences on them are at most of length
(k — 0.18)™. These results set the stage for exploring con-
structions that use stochasticity. As yet, it even remains un-
resolved whether all 33 = 27 policies can form a locally-
improving sequence on some 3-state, 3-action MDP.
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A Proofs of Theorem 1 and Proposition 2

For a given policy, gains can be computed in poly(n, k) time. The well-known “policy improvement theorem” (Puterman 2014,
see Section 6.4) shows that switching in one or more states to actions with positive gains (while retaining the actions at other
states) must result in a dominating policy.

A common approach for proving the policy improvement theorem (Puterman 2014, see Section 6.4), stated as Theorem 1,
proceeds using the Bellman operator (Szepesvari 2009). For policy 7 : S — A, the Bellman operator B”™ transforms any
function X : .S — R to output function Y : S — R, as defined below. For s € S,

Y(s) = B™(X)(s) £ R(s,m(s)) +v »_ T(s,m(s),s") X(s).
s'eS
X and Y can also be interpreted as n-dimensional real-valued vectors. If the max-norm is used in conjunction, the Bellman
operator can be shown to be a contraction mapping (with contraction factor ). It follows from Banach’s fixed point theorem
that forany X : S — R,

lim (B™(X)™" =V". ©))

m—r o0

The Bellman operator is also easily shown to have the following property. For X : S - Rand Y : S — R, let X > Y denote
that X (s) > Y(s) foralls € S. Thenfor X : S - R, Y : S —» R:

X»rY = B"(X)=B"(Y). (10)
A.1 Proof of Theorem 1
In the first part of the theorem, the condition specified in terms of gains implies
B™ (V™) = V™.
Applying (10), we therefore get
(B”/)2(V”) = B™ (V'™), and combining with the result above, (B”/)z(V’T) =V
Now again applying (10), we observe
(B™)*(V™) = (B™)(V™), and combining as before, (B )>(V™) = V.
Proceeding similarly, we can show that for all m > 1,
(B™)™(V™) = V.
It must therefore hold that lim,,,— ~ (B“/ )™(V™) > V7™, which from (9) we know is equivalent to
VT -V
In the second part of the theorem, the condition specified in terms of gains implies
V™ = BT (V7).
Once again, repeatedly applying (10) and chaining with previous steps gives us
(BT (V™) = V(BT )P (V) = VT,

which again implies

V™= lim (B")"(V™)=V".

m—o0

This completes the proof of Theorem 1.



A.2  Proof of Proposition 2
For m = 1, the proposition is trivially true with the m-length sequence containing the single element 7’ = 7;. We provide an
inductive proof, assuming that the proposition is true for some 1 < m < n, and then showing it to be true for m + 1.
For policies 7, 7" € 11, let diff(w, 7’) be the set of states on which 7 and 7’ take different actions. Formally
diff(m,7') = {s € S: 7(s) # 7'(s)}.

For our induction step, we consider 7, 7" € II such that 7’ locally-improves 7, and |diff(7, 7')| = m + 1. Now suppose that
for each s € diff(wr, 7'), G™ (s,7(s)) > 0. This would imply B™(V™ ) = V™', and by the repeated application of B™, imply
that m = 7/, which is a contradiction. Hence, we conclude that there exists 5 € diff(w, 7’) such that G™ (5, 7(5)) < 0. Now
consider the policy 7 such that

_ '(s) ifs#35,
mis) = {w((s)) ifs =3.
We can draw the following observations about policy 7.
1. |diff(m, 7)| = m
2. For each s € diff(m,7), G™(s,7(s)) > 0. Hence, by Theorem 1, 7 > 7.
3. For each s € diff(7, 7') = {3}, G™ (s,7(s)) < 0. Hence, ©’ > 7.
In short, 7 locally-improves 7, with which it differs on m states. By the induction hypothesis, there is a sequence of m policies
Ty, T2, ..., Ty € Il such that (1) m; > m; (2) for 1 < ¢ < m — 1, m;4 differs from 7; on exactly 1 state and ;4 ; locally-

improves 7;; (3) T = m,,. We append 7,1 = 7’ to this sequence to establish the proposition true for m+ 1, thereby completing
our inductive proof.

B Proof of Theorem 3
Recall from (7) that next((4, j)) always differs from (i, j) in exactly one action. To prove Proposition 3, it suffices for us to show
that the different action in next((s, j)) is an improving one for policy (i, j). Equivalently, we need to show that our construction
satisfies the following constraints fora € A\ {k — 1}:

GlatLi) (2, +1) > for0 < j<a, (11)
Glotlott) (1 1) > (12)
GOt (1i+1) > for0<i<a-—1, (13)
Gl (2,1) > 0, (14)

When we expand the gain function as defined in (4), we obtain for i’, ;' € A,

YN = A (g — 113)
L+y(1 =AM =23) 7

Y3 = N9 (uf — 13)

G2 = 15— 1~ AT e -
i J

GO0 = p = pf +

Below we rewrite (11)—(14) based on the expansion of the gain function in (15), and apply the fact that (A1, A3, .. )\1) and

(A2,)3,...,\}) are monotonically increasing sequences. The four equivalent constraints, respectively, are, for a € A\ {k—1}:
2 =) (A1 = AL — A2
/J/111+1 < /1/? + (lu’j-‘,-l /J’j)( > ’Y( 5 +1 ])) for 0 < j < a, (16)
()\J-i-l )\])
ul < pi(l+(1 )‘a+1 /\a+1)) + ’7()‘(11+1 _ )‘%)Mngl (17)
ot T+y(1 = A= 22,)) ’
=)@+ = A=)
WE <+ (P — 1) 1 /( 2 a+1)) for0<i<a-_l, (18)
(>\1+1 )‘)
2 1 2y,,1
A1+ y(1 = A= X2 +9(A2 — Ml
PRV LR )+ 70 = Ak )

1+9(1=A=)3)

The choice of ,ug 11 in our construction (line 5 in Figure 4(e)) ensures that (18) and (19) are satisfied, while that of ,ué 41 (on
line 6) ensures that (16) and (17) are satisfied.



C Sequence of Policies I13°

Below is the sequence of 52 policies H?’ﬁ. Even-only policies are shown using boldface.

1. 000 19. 202 37. 404
2. 002 20. 204 38. 401
3. 004 21. 201 39. 421
4. 001 22. 221 40. 420
5. 021 23. 220 41. 422
6. 020 24, 222 42 424
7. 022 25. 224 43 123
8. 024 26. 223

9. 023 27. 243 jg'jjg
10. 043 28. 240 :

11. 040 29. 242 46. 442
12. 042 30. 244 47. 444
13. 044 31. 245 48. 445
14. 045 32. 235 49. 455
15. 015 33. 230 50. 450
16. 010 34. 430 51. 150
17. 210 35. 400 52. 100
18. 200 36. 402

D Proof of Proposition 5

We prove Proposition 5, considering an arbitrary DMDP M with states S = {1, 2} and actions A = {1,2,...,k}. We assume
that M does not have any terminal state, and that discount factor v < 1. If v = 1, values are well-defined for actions with
non-zero rewards only if all the transitions are into the terminal state—which would require at most ©(k) iterations of PI to
complete. With v < 1, the terminal state can be removed, since any action a that transitions from s € S to a terminal state with
reward r can be replaced by action a’ that has a self-loop at s with reward (1 — +)r. Actions a and o’ would behave identically
during PI: that is, a would be an improving action for some policy if and only if @’ is an improving action for the same policy.

In summary, we assume M uses y-discounting with v = 1, and only has non-terminal states {1, 2}. For each state we can
partition A into two subsets: actions that transition into the same state, and those that transition into the other state. Concretely,
let AL,. € A be the set of actions which when applied at state 1, transition into state 1. In other words, AL .(1) = {a €
A, AL =1}, Also define Al = A\ AL ..

Let g, 71, ..., 7 n be alocally-improving policy sequence on M. In this sequence of policies, we focus on the sequence of
switches to the action at state 1. Let ag be the action in the initial policy ; let a1 be the action to which ag is switched; let ao
be the action to which a; is switched; and so on. Let there be N'! switches to state 1 in total. Note that the sequence of actions

(ag, a1, as,...,an1) need not be in 1-to-1 correspondence with (7, 71, 72, . . ., Ty), since some switches may be at state 2.
We observe two constraints on (ag, a1, a2, ...,ayn1).

L me €an occur at most once in (ag, a1, az, . . .,ay1 ). The reason is as follows. The value of state 1 under

R(1,a)
-

1. Any actiona € A
. In particular, since a € A}, V™ (1) does not depend on (2). Now, if

any policy 7 such that 7(1) = a is exactly ame>

1
a € AL, is switched to an improving action, it means that state 1 should get a strictly higher value in the resulting policy

(as evident from Theorem 1). Since values cannot decrease in the locally-improving policy sequence, state 1 cannot once

. . . . . R(1
again get a as its action, since that would return its value to %f;)

2. In between any two occurrences of an action a € Al .. in (ag,a1,as,...,ax1), there must be some action a’ € Al ..
To see why, consider an arbitrary contiguous subsequence of actions a;, a1, . ..,a; for some 0 < i < j < N', in which

every action is from Al ... Since ;41 is an improving action for state 1 for some policy 7 satisfying 7(1) = a;, we must

have R(1,a;4+1) > R(1,a;). By the same argument, R(1,a;42) > R(1,a;41), R(1,a,1+3) > R(1,a;42), and so on. Due to
this monotonic increase in rewards within the contiguous subsequence, we cannot have a; = a;.

L me €an occur at most once in (ag, a1, as, . ..,ay1), and (2) any action a € Al can
| + 1 time(s) in (ag, a1, as, . .., ayt ). Consequently, the length of the sequence (ag, a1, az,...,an1) is

In summary, (1) any action a € A

occur at most | AL .



N'+1 < |Aber] (| Abame] + 1) + [Adame

other same

= |Agner| (k= [Agtner| +1) + & — | Agper|

other other

k2 k 2
= Z +k— <2 - |A(1)lher|>

k2
< —+k
— 4
. . 2 .
The number of switches done to state 1 is N < % + k — 1. We may repeat our argument to claim the same upper bound on
the number of switches done to state 2. Since at least one action is switched in between any two policies in the sequence, the

length of the sequences is at most 2(’%2 + k — 1) + 1, as claimed in the proposition.



