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Value lteration

Vo < Arbitrary, element-wise bounded, n-length vector. t + 0.

Repeat:
Forse S:
Vir1(S) < MaXaca Y o5 T(S,a,8") (R(s,a,8") + v Vi(s')).
t+ t+1.

Until Vi =~ V;_4 (up to machine precision).
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Forse S:
Vir1(S) < MaXaca Y o5 T(S,a,8") (R(s,a,8") + v Vi(s')).
t+ t+1.

Until Vi =~ V;_4 (up to machine precision).

Convergence to V* guaranteed using a max-norm contraction argument.
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Linear Programming

Minimise Z V(s)
scS
subjectto  V(s) > Z T(s,a,s’) (R(s,a,s)+~vV(s)),Vse€ S,vac A
s’eS
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scS
subjectto  V(s) > Z T(s,a,s’) (R(s,a,s)+~vV(s)),Vse€ S,vac A
s’eS

Let |S| = nand |A| = k.
n variables, nk constraints.
Can also be posed as dual with nk variables and n constraints.
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Policy Improvement

Q'(s, M)> Q'(s, M)

Qs; M) < Qs M)
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Policy Improvement

Given T,
Pick one or more improvable states, and in them,
Switch to an arbitrary improving action.

Let the resulting policy be ’.

E Improving actions
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Policy Improvement

Given T,
Pick one or more improvable states, and in them,

Switch to an arbitrary improving action.
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Policy Improvement

Given ,
Pick one or more improvable states, and in them,
Switch to an arbitrary improving action.

Let the resulting policy be 7’.

Policy Improvement Theorem:
(1) If = has no improvable states, then it is optimal, else
(2) if =’ is obtained as above, then
VseS: V7 (s) >V (s)and3s e S: V™ (s) > V(s).
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Policy Improvement Theorem:
(1) If = has no improvable states, then it is optimal, else
(2) if =’ is obtained as above, then
VseS: V7 (s)>VT(s)andIs e S: V7 (s) > V7(s).
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Definitions and Basic Facts

B ForX:S—RandY:S— R,wedefine X = Yifvse S: X(s) > Y(s),
and we define X - Yif X > Yand3s e S: X(s) > Y(s).
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Definitions and Basic Facts

B ForX:S—RandY:S— R,wedefine X > Yifvse S: X(s) > Y(s),
and we define X > Yif X = Yand3s e S: X(s) > Y(s).

For policies 71, w2 € N, we define 71 = m if V™ = V™2,
and we define my = mo if V™ = V72,

B Bellman Operator. For 7 € I, we define B™ : (S — R) — (S — R) as follows:
forX:S—RandVse S,

B"(X)(8)E Y T(s,w(s),s') (R(s, (s),8') +1X(s)) -

s'eS

W Fact1.FormreM, X:S—=R,andY :S — R:
if X =Y, then B"(X) = B"(Y).

B Fact2. FormeMand X: S — R:
lim (B™)'(X) = V™. (from Banach’s FP Theorem)

=00
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Proof of Policy Improvement Theorem
Observe that for -, 7’ € N,Vs € S: B™ (V™)(s) = Q" (s, 7'(s)).
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Proof of Policy Improvement Theorem
Observe that for , 7/ € M,Vs € S: B™ (V™)(s) = Q" (s, 7'(8)).

« has no improvable states
= Vr' eN: V" = B" (V")
= Va' eM: V™ = B (V™) = (B" )’(V™)
= Vr' €N V"= B" (V") = (BT (V) = = IETO(B”/)'(V”)

— Vr eN: V™= V™.

7 has improvable states and policy improvement yields 7’
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Proof of Policy Improvement Theorem
Observe that for , 7/ € M,Vs € S: B™ (V™)(s) = Q" (s, 7'(8)).

« has no improvable states
= Vr' eN: V" = B" (V")
= Va' eM: V™ = B (V™) = (B" )’(V™)
= Vr' €N V"= B" (V") = (BT (V) = = IETO(B”/)'(V”)

— Vr eN: V™= V™.

7 has improvable states and policy improvement yields
. BW’(VW) - V‘rr
— (BYR(V) = BT (V)= VT
— Jim (B”)/(V") = o= (BY (V) = BT (V) - VT
— 00
— V-V
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Policy lteration Algorithm

7 < Arbitrary policy.
While 7 has improvable states:
7 < Policylmprovement(r).
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Policy lteration Algorithm
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Overview

1. Value lteration

2. Linear Programming

3. Policy Iteration
Policy Improvement Theorem

4. Complexity of algorithms (not a part of course syllabus!)
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Weak and Strong Running-time Bounds
B Computation model: Infinite precision arithmetic (or Real RAM) model.
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Is there a strong upper bound on the complexity of policy evaluation? O(rfk + n®).
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B Bounds for Linear Programming-type approaches to MDP planning:
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Weak and Strong Running-time Bounds
B Computation model: Infinite precision arithmetic (or Real RAM) model.

B Upper Bound for Value lteration [LDK95]:
poly(n, k, B, ﬁ), where B is the number of bits used to represent the MDP.
Not a strong bound.

B Strong bounds depend solely on nand k (no dependence on B, -, etc.).
Is there a strong upper bound on the complexity of policy evaluation? O(rfk + n®).
Can you give a strong bound on the running time of MDP planning? poly(n, k) - k".

B Bounds for Linear Programming-type approaches to MDP planning:
poly(n, k, B) [K80, K84].
poly(n, k) - exp(O(y/nlog(n))) (Expected) [MSW96].
poly(n, k) - k°-68341 [GK17].
poly(n, k) for deterministic MDPs [MTZ10, PY13].

B Complexity of Policy Iteration trivially upper-bounded by poly(n, k) - k"
Is it more efficient than that?
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Switching Strategies and Bounds for Policy lteration

Upper bounds on nhumber of iterations

Pl Variant Type K2
Howard’s (“all switch”) Pl o ”
[H60, MS99] Deterministic O (7)

Mansour and Singh’s

H n
Randomised PI [MSgg] handomised  1.7172
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Switching Strategies and Bounds for Policy lteration

Upper bounds on nhumber of iterations

Pl Variant Type k=2 General k
H[%Vé%tdﬁé;;%l] SWiteh’) Pl b oterministic O (%) o} (k—n")
Randomsed Pi Msgg]  Randomised 17172 ~0((4)")
nghpls)\'\f&ﬂg 196?] Deterministic  1.6479" -
F}zzll(J;S;}le 2l Deterministic - KO-7207n
R[eKCI\‘A‘g;"gb]Simp'e A Randomised -  (2+In(k—1))"
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Switching Strategies and Bounds for Policy lteration

Upper bounds on nhumber of iterations

Pl Variant Type k=2 General k
H[%Vé%tdﬁé;;%l] SWitth) Pl poterministic O (%) o) (k—n")
Randomsed Pi Msgg]  Randomised 17172 ~0((4)")
Bﬁgtghpf)vr&?\;g 196?] Deterministic ~ 1.6479" -
R{((;;:lt(J:s;}/e 2l Deterministic - KO-7207n
R[eKC,\‘A‘g;"gb]Simp'e A Randomised -  (2+In(k—1))"

Lower bounds on number of iterations

Q(2"7)  Howard’s Pl on n-state MDPs with ©(n) actions per state [F10, HGD12].
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Lower bounds on number of iterations

Q(2"7)  Howard’s Pl on n-state MDPs with ©(n) actions per state [F10, HGD12].

Q(2"/2)  Simple Pl on n-state, 2-action MDPs [MC94].
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Switching Strategies and Bounds for Policy lteration

Upper bounds on nhumber of iterations

Pl Variant Type k=2 General k
Howards (8 W) Pl pgeminiic 0(2) o)
oS ansomses 17720 = 0(()
nghpls)\’\f&?\:g 196?] Deterministic  1.6479" -
F}glzzs;}/e 2l Deterministic - KO-7207n
R[eKCI\‘A‘g;"gb]Simp'e Pl Randomised - (24 In(k—1))"

Lower bounds on number of iterations

Q(2"7)  Howard’s Pl on n-state MDPs with ©(n) actions per state [F10, HGD12].

Q(2"2)  Simple Pl on n-state, 2-action MDPs [MC94].
Q(n) Howard'’s Pl on n-state, 2-action MDPs [HZ10].
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Open Problems

H Is the complexity of Howard’s Pl on 2-action MDPs upper-bounded by the
Fibonacci sequence (~ 1.6181")?
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Open Problems

H Is the complexity of Howard’s Pl on 2-action MDPs upper-bounded by the
Fibonacci sequence (~ 1.6181")?

B Is Howard’s Pl the most efficient among deterministic Pl algorithms (worst case
over all MDPs)?

B Is there a super-linear lower bound on the iterations taken by Howard’s Pl on
2-action MDPs?

W Is (Howard’s) Pl strongly polynomial on deterministic MDPs?

B Is there a strongly polynomial algorithm for MDP planning?
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