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UCB Algorithm

B UCB
- Pull each arm once.

- Attimer € {n,n+1,...
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UCB Algorithm

H UCB
- Pull each arm once.
- Attimer € {n,n+ 1,...}, for every arm a, ucb/, Ept 4 2]:,(’) ; pull argmax,, ucb/,.
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B Recall that RT = Tp, — Z;T;ol E[r'].

B We shall show that UCB achieves RT = O (Za:p#p* I Lpa og(T))

Shivaram Kaly:

krishnan (2018)

UCB Regret 2/9



Notation

B A, Zp, — p. (instance-specific constant).
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Notation

mAE P« — Pa (instance-specific constant).
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Notation

B A, Zp. — p. (instance-specific constant).

B Let Z, be the event that arm a is pulled at time ¢.
B Let Z, be a random variable that takes value 1 if arm a is pulled at time ¢, and 0 otherwise.
Observe that E[z;] = P{Z}(1) + (1 — P{Z})(0) = P{Z.}.

B As in the algorithm, i, is a random variable that denotes the number of pulls arm a has
received up to (and excluding) time :

t—1
t i
u, = g Z.
i=0
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Notation

mAE P« — Pa (instance-specific constant).

B Let Z, be the event that arm a is pulled at time ¢.
B Let Z, be a random variable that takes value 1 if arm a is pulled at time ¢, and 0 otherwise.

Observe that E[z;] = P{Z}(1) + (1 — P{Z})(0) = P{Z.}.

B As in the algorithm, i, is a random variable that denotes the number of pulls arm a has
received up to (and excluding) time :

—1
t i
7 = E Za-
i=0
B We define an instance-specific constant

Al & {ﬁ ln(T)—‘

that will serve in our proof as a “sufficient” number of pulls of arm a for horizon 7.
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Step 1: Show that RT = E[ul]A,.
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Step 1: Show that RT = E[ul]A,.
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R = Tps — ZE[;”]
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=T — 3 3 P{ZIEIZ)

=0 a€A
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Step 1: Show that R" =3 . E[uj]A,.
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Step 1: Show that RT = E[ul]A,.
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Step 1: Show that RT =" E[ul]A,.

a:paFp« a

T—1

R = Tps — ZE[}"’]
=0
T—1

=Tp. — »_ > P{Z}E["|Z]
t=0 a€A
T—1

=Tps = > > Elzlpe

t=0 a€A

_ (z E[uZ]) pe - S B,

a€A a€A

= ZE["‘Z](P* — Pa)

a€A

Z E[ul]A,.

@paFp+

To show the regret bound, we shall show for each sub-optimal arm a that

E[ul] =0 <(A—1a)2 log(T)) .
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Step 2: Split sub-optimal pulls into two regimes.
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To prove E[ul] = O (ﬁ log(T)) , we show E[u?] < @l + C for some constant C.
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= P{z}
1=0
T—1

T—1
=D P{Z;and (; < @)} + Y _P{Z; and (i, > u;)}
t=0

t=0

=A+B.

Shivaram Kalyanakrishnan (2018) UCB Regret 5/9



Step 2: Split sub-optimal pulls into two regimes.
To prove E[ul] = O (ﬁ log(T)), we show E[ul] < & + C for some constant C.

E) = S EE)
=3 Pz}

T—1
=D P{Z;and (; < @)} + Y _P{Z; and (i, > u;)}
t=0

t=0

=A+B.

We show A is upper-bounded by &’ and B is upper-bounded by a constant.

Shivaram Kalyanakrishnan (2018) UCB Regret 5/9



Step 3: Bounding A.
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Step 3: Bounding A.

T-1

A= ZP{ZZ and (i, < it3)}

=0
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Step 3: Bounding A.

71
A= "P{Z and (u, < i;)}
=0
T—11%, -1
—ZZIF’{Z and (u, = m)}
=0 m=0
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Step 3: Bounding A.

T-1

A= Z]P’{Z; and (i, < it3)}

=0

T—17—1

= Z Z P{Z} and (u, = m)}

=0 m=0

a—17_1

= Z ZP{ZQ and (u, = m)}

m=0 t=0
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Step 3: Bounding A.

T—1
A= "P{Z and (u, < i;)}
=0
To18—1
= Z Z P{Z} and (u, = m)}
t=0 m=0
al—17_1
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m=0 t=0
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Step 3

A=

IN

: Bounding A.

-1

3 P(Z and (4, < )}

=0

71 —1

Z Z P{Z} and (u, = m)}
=0 m=0

E:—l T—1

Z Z P{Z, and (u, = m)}
m=0 t=0

=T
u, —1

Z P{(Z. and (u) = m)) or (Z, and (uy, = m)) or ...
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Step 3: Bounding A.

T—1
A= ZIP{z; and (i, < @)}

=0
T—1 ﬁgfl

= Z Z P{Z} and (u, = m)}
=0 m=0
E:—l T—1

= Z Z P{Z, and (u, = m)}
m=0 t=0
al—1

= Z P{(Z and (u) = m)) or (Zy and (uy, = m)) or ... or (Z. " and (ul =" =m))}

m=0

We have used the fact that for 0 <i <j <t -1, (Zi and (u}, = m)) and
(Z, and (i, = m)) are mutually exclusive.
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Step 4.1: Bounding B.
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Step 4.1: Bounding B.

T—1

B=>"P{Z and (u, > @)}
=0
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Step 4.1: Bounding B.

T—1
B= P{Z and (u, > @)}
=0
T—1
< ]P’{( 1/ ln Pl ,/—1n )and uazuf)}
=
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Step 4.1: Bounding B.

T—1
B=>"P{Z and (u, > i)}
=0

<ZP{< \/7 —,*n )anduazua)}
<ZZZP{pa \/T \/T} where

=0 x uT}l

Da(x) is the empirical mean of the first x pulls of arm a, and

D« (y) is the empirical mean of the first y pulls of arm *.
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Step 4.2: Bounding B.
B Fixxc {al,al +1,....tyandy € {1,2,...,¢t}.
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Step 4.2: Bounding B.

B Fixxc {al,al +1,....tyandy € {1,2,...,¢t}.
B We have:
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Step 4.2: Bounding B.

W Fixxe {al,al +1,...,tyandy € {1,2,...,1}.
B We have:

| Slncex>ua,wehave\/ 1/ %,andso

2 A,
Pa(x) + ;ln(t) > pe = pa(x) >pat S5
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Step 4.2: Bounding B.

W Fixxe {al,al +1,...,tyandy € {1,2,...,1}.
B We have:

| Slncex>ua,wehave\/ 1/ %,andso

2 As
pa(x)+ ;ln(t) ZP* - ﬁa(-x) Zpa+7

B In summary:

X Aa X 2
RRVAS ln ) > ps( ln pa(x >pa+f) or (P*(Y) <ps— yln(t)>~
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Step 4.3: Bounding B.

Continuing from Step 4.1, and now invoking Hoeffding’s Inequality:
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Step 4.3: Bounding B.

Continuing from Step 4.1, and now invoking Hoeffding’s Inequality:

Z > P {Pa 2 ZIn(r) 2 p. () + %m(;)}

1=0 y= uT} 1

i Sy (Plwzns i) {n0 <o - oo}

t=0 x—uT y=1
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Step 4.3: Bounding B.

Continuing from Step 4.1, and now invoking Hoeffding’s Inequality:

B

uT}l

;—ZZ<{ )>Pa+A—}+P{fh(y)<p*— %n(;)})

=al y=1

E_ZE( 4 2 (FR0))
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Step 4.3: Bounding B.

Continuing from Step 4.1, and now invoking Hoeffding’s Inequality:

5590 9 32 CIERRIINEETAU VY

1=0 x=nl y=1

gZZZ( { >pa+A—}+]P’{f7*(y)<p*— ;m@)})

1=0 x=gl y=1

Y Y ( x(5) 4 %1"@)2)

= Ox—uT) 1

) () 2

1=0 x=gl y=1 =0

m|l\)
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Step 4.3: Bounding B.

Continuing from Step 4.1, and now invoking Hoeffding’s Inequality:

5590 9 32 CIERRIINEETAU VY

=0 x. uT) 1
Aq R 2
3222( { >Pa+—}+P{P*(y)<p*— ;m(;)})
1=0 x=ql y=1
S o AT e*Zy( %ln(t))z)
Zzz( 41n(r) 41(;)) — 2<2) iz
< T et ) < Z( = z
1=0 =il y=1 s 4 e 2
We are done.
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