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UCB Algorithm

� UCB

- Pull each arm once.

- At time t ∈ {n, n + 1, . . . }, for every arm a, ucbt
a
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� Recall that RT = Tp⋆ −
∑T−1

t=0
E[rt].

� We shall show that UCB achieves RT = O

(

∑

a:pa 6=p⋆

1
p⋆−pa

log(T)
)

.
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Notation

� ∆a
def
= p⋆ − pa (instance-specific constant).
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� As in the algorithm, ut
a is a random variable that denotes the number of pulls arm a has

received up to (and excluding) time t:

u
t
a =

t−1
∑

i=0

z
i
a.

� We define an instance-specific constant

ū
T
a

def
=

⌈

8

(∆a)2
ln(T)

⌉

that will serve in our proof as a “sufficient” number of pulls of arm a for horizon T .
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Step 1: Show that RT =
∑

a:pa 6=p⋆
E[uT

a ]∆a.
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Step 2: Split sub-optimal pulls into two regimes.

Shivaram Kalyanakrishnan (2018) UCB Regret 5 / 9



5/9

Step 2: Split sub-optimal pulls into two regimes.

To prove E[uT
a ] = O

(

1

∆2
a

log(T)
)

, we show E[uT
a ] ≤ ūT
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T
a )}

Shivaram Kalyanakrishnan (2018) UCB Regret 5 / 9



5/9

Step 2: Split sub-optimal pulls into two regimes.

To prove E[uT
a ] = O

(

1

∆2
a

log(T)
)

, we show E[uT
a ] ≤ ūT
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We show A is upper-bounded by ūT
a and B is upper-bounded by a constant.
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Step 3: Bounding A.
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T
a )}

=

T−1
∑

t=0

ūT
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ūT
a −1
∑

m=0

T−1
∑

t=0

P{Z
t
a and (ut

a = m)}

=

ūT
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We have used the fact that for 0 ≤ i < j ≤ t − 1, (Z i
a and (ui

a = m)) and

(Z j
a and (uj

a = m)) are mutually exclusive.
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Step 4.1: Bounding B.
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where

p̂a(x) is the empirical mean of the first x pulls of arm a, and

p̂⋆(y) is the empirical mean of the first y pulls of arm ⋆.
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Step 4.2: Bounding B.

� Fix x ∈ {ūT
a , ūT

a + 1, . . . , t} and y ∈ {1, 2, . . . , t}.
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Step 4.3: Bounding B.

Continuing from Step 4.1, and now invoking Hoeffding’s Inequality:

B ≤

T−1
∑

t=0

t
∑

x=ūT
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We are done.
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