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Supervised Learning
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Given labeled training data {(x1, y1), (x2, y2), . . . , (xn , yn)},
Learn a model M such that

for an unseen test point x ,

M(x) will be a good prediction of x ’s (unknown) label y .

We have seen that if the classes are linearly separable,
a perceptron can learn a separating hyperplane.
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Perceptron Revisited
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sgn(α) def
=

{
0 α < 0,
1 α ≥ 0.

y = sgn(w1x1 + w2x2 + · · ·+ wd xd + b).

w = (w1,w2, . . . ,wd) and b are parameters learned from data.
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The XOR Problem
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Minsky and Papert, 1972.

Can we learn accurate predictors from data that is not linearly separable?
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Idea: Combine Multiple Perceptrons!
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a1 = sign(x1).

a2 = sign(x2).

b1 = a1 ∧ a2.

b2 = ¬a1 ∧ ¬a2.

y = b1 ∨ b2.

We solved the XOR problem! What’s the catch?
We don’t know how to learn these weights for this network of perceptrons.
But we’ll make an effort . . . .
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Artificial Neuron
Perceptron Artificial neuron
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Activation Function

σ() is called an activation function (input any real number; output in [0, 1]).

There is a subtle but important difference between sgn() and σ()? What is it?

σ() is differentiable, while sgn() is not.

Since σ(x) = 1
1+e−x , we get

σ′(x) =
d
dx

(σ(x)) =
−e−x

(1 + e−x)2 = σ(x)(1− σ(x)).

There are many other choices of activation function.
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Artificial Neural Networks
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Artificial neural networks are Universal Approximators.

For any function on a finite data set, there exists a single-hidden-layer neural
network that fits it exactly (Hornik et al., 1989).
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Backpropagation Algorithm (Rumelhart et al., 1986)

We are given a training data set {(x1, y1), (x2, y2), . . . , (xn, yn)}.
Let us start with some initial weights w.

For each data point r,

the true label is y r ,

aaaa

the prediction is pr (w); and

thus, the error is (y r − pr (w))2.

The aggregate error E(w) is
∑n

r=1(y
r − pr (w))2.

We move a step in the direction minimising error:

w← w− α∇wE(w),

and iterate until convergence.

For a given neural network, ∇wE(w) can be easily computed (coming up).
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Convergence of Backprop

Backprop will converge to a local minimum: it need not find wopt = argminw E(w).

w

E(w)

woptw0
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