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In these lecture notes, we will discuss the constructive aspects of modern invariant
theory. A detailed discussion on the computational aspect of invariant theory can be
found in the books [38, 9]. The invariant theory of the nineteenth century was very
constructive in nature. Many invariant rings for classical groups (and SL2 in particular)
were explicitly computed. However, we will not discuss this classical approach here,
but we will refer to [32, 25] instead. Our starting point will be a general theory of
invariant rings. The foundations of this theory were built by Hilbert. For more on
invariant theory, see for example [23, 35, 24].

1. Hilbert’s first approach

Among the most important papers in invariant theory are Hilbert’s papers of 1890
and 1893 (see [15, 16]). Both papers had an enormous influence, not only on invariant
theory but also on commutative algebra and algebraic geometry. Much of the lectures
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will be centered around these two papers, and their place within modern invariant
theory.

1.1. Hilbert’s Basissatz.

Theorem 1.1 (cf. [15]). If K is a field, then the polynomial ring K[x1, x2, . . . , xn] is
Noetherian, i.e., every ideal of K[x1, . . . , xn] is finitely generated.

The statement in this theorem is not constructive, because it does not tell us how
to find the generators of an ideal. Today exploiting new and important methods
using Gröbner Bases we see that many problems concerning ideals have constructive
solutions. There are many books on Gröbner bases methods (for example [1, 3, 6, 27,
39]), so we will keep the discussion here to a minimum.

Definition 1.2. An admissible monomial ordering is an ordering “<” on the mono-
mials with the properties:

(1) < is a total ordering.
(2) 1 < m for every monomial m not equal to 1,
(3) If m1 < m2 then mm1 < mm2 for all monomials m1,m2,m.

Proposition 1.3. If “<” is an admissible ordering, then it is a well-ordering: Every
nonempty set of monomials has a smallest element.

Exercise 1.4. Use Hilbert Basissatz (Theorem 1.1) to prove Proposition 1.3.

An important ordering is the lexicographic ordering defined by:

xa11 x
a2
2 · · ·xann < xb11 x

b2
2 · · ·xbnn ⇔ there is a k such that ai = bi for i < k and ak = bk.

Other monomial orderings such as the reverse lexicographic total degree ordering may
be more efficient in practice, but we will not discuss them here.

Fix an admissible ordering <. If f is a polynomial in K[x1, . . . , xn], then the leading
monomial lm(f) is the largest monomial appearing in f . If c is the coefficient of lm(f)
in f , then lc(f) := c is called the leading coefficient and lt(f) := c lm(f) is called the
leading term of f . If I is an ideal, then let lm(I) be the (monomial) ideal generated
by all lm(f), f ∈ I.

Definition 1.5. A subset G = {f1, f2, . . . , fr} of I is called a Gröbner basis (with
respect to the ordering <) if lm(I) is generated by {lm(f1), . . . , lm(fr)}.

It is clear that every ideal has a finite Gröbner basis, since lm(I) is a finitely generated
ideal by Theorem 1.1.

Proposition 1.6. If G is a Gröbner basis of I, then G generates I as an ideal.

Proof. Supppose that h ∈ I is nonzero. Since lm(h) ∈ I and G is a Gröbner basis, we
get that lm(h) is divisible by lm(fi0) for some i0. Define

h1 = h− a0fi0
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where a0 = lt(h0)/ lt(fi0). Note that lm(h1) < lm(h). By repeating this process we
have

hj+1 = hj − aifij
with lm(hj+1) < lm(hj) for all j. We must have hk = 0 for some k. Otherwise

{lm(h0), lm(h1), . . . }

is strictly decreasing and this set would not have a smallest element, contradicting
Proposition 1.3. From this it follows that h ∈ (f1, f2, . . . , fr). The proof gives an
algorithm for writing h as a combination of f1, . . . , fr. �

If an ideal is given by a finite set of generators, then the so-called Buchberger algo-
rithm can find a Gröbner basis for it. Although the general complexity of the Buch-
berger algorithm is very bad, one is still able to compute a Gröbner basis in many
interesting examples.

The following Exercise shows that the lexicographic ordering is useful for the elimi-
nation of variables x1, . . . , xk in an ideal I of K[x1, . . . , xn].

Exercise 1.7. If G is a Gröbner basis with respect to the lexicographic ordering, then
G ∩K[xk+1, xk+2, . . . , xn] is a Gröbner basis of I ∩K[xk+1, xk+2, . . . , xn].

1.2. Algebraic groups. For convenience, we will work over an algebraically closed
field. Radical ideals of the polynomial ring correspond to Zariski closed subsets of the
affine space. Note that such a correspondance is based on Hilbert’s Nullstellensatz
which was proven in the 1893 paper (see [16]).

Definition 1.8. A linear algebraic group is an affine variety G with a fixed element
e ∈ G, and morphisms m : G×G→ G (multiplication) and i : G→ G (inverse) such
that G satisfies the usual group axioms.

A homomorphism of algebraic groups φ : H → G is a morphism of affine algebraic
varieties which is also a homomorphism of groups. Such a homomorphism is called an
isomorphism if φ is an isomorphism of affine algebraic varieties.

Often a linear algebraic group is defined as a Zariski closed subgroup of GLn for
some n. One can show that our definition is equivalent to this. Exercise 1.9 below
shows that a Zariski closed subgroup of GLn is a linear algebraic group according to
our definition. Remark 1.23 shows that any group that is a linear algebraic group
according to our definition is indeed isomorphic to a Zariski closed subgroup of GLn
for some n.

Finite groups, the orthogonal group On, the special linear group SLn are examples
of algebraic groups.

Exercise 1.9. We can identify GLn with the Zariski closed subset of Mn(K) × K
defined by

{(A, b) | det(A)b = 1}
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(here Mn(K) is the set of n× n matrices with entries in K). Using this identification,
show that GLn is a linear algebraic group. (What are e, m and i?) Also prove that
every Zariski closed subgroup of GLn is a linear algebraic group.

In particular the multiplicative group K? = GL1 is an algebraic group. The r-
dimensional torus is defined as (K?)r and this group is of course an algebraic group as
well.

Definition 1.10. A rational action of G on an affine variety X is a morphism

µ : G×X → X

which satisfies the usual axioms of an action of a group on a set. Instead of µ(g, x) we
will write g · x. If X is a vector space and G acts by linear transformations, then X is
called a representation space. An affine variety with a rational action of G is called an
affine G-variety.

If G acts rationally on an affine variety X, then G also acts on the coordinate ring
K[X] as follows. If f ∈ K[X] and g ∈ G, then g · f is defined by

(g · f)(x) := f(g−1 · x), x ∈ X.

(Note that we have to put in the inverse to make it an action.) Now the invariant ring
is defined by

K[X]G = {f ∈ K[X] | g · f = f for every g ∈ G}.

Example 1.11. Suppose that G = Sn, the symmetric group, and V is a K-vector
space with a basis v1, v2, . . . , vn. We can let G act on V by:

σ · vi = vσ(i).

Let x1, x2, . . . , xn be the coordinate functions which are dual to v1, . . . , vn. The coor-
dinate ring of V is K[x1, x2, . . . , xn]. It is well-known that the invariant ring is equal
to

K[V ]G = K[e1, e2, . . . , en]

where ek is the k-th elementary symmetric function defined by

ek =
∑

1≤i1<i2<···<ik≤n

xi1xi2 · · ·xik .

Example 1.12. Let us assume that charK = 0. Suppose G = SL2. Define Vd, the
binary forms of degree d by

Vd = {a0X
d + a1X

d−1Y + · · ·+ adY
d | a0, a1, . . . , ad ∈ K}

Now Vd is a representation of SL2 where SL2 acts by(
a b
c d

)
· f(X, Y ) = f(aX + cY, bX + dY ).
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Let ti be the linear function on Vd that maps a polynomial a0X
d+a1X

d−1Y +· · ·+adY d

to the coefficient ai. We can identify K[Vd] with K[t0, t1, . . . , td]. Gordan proved
(before Hilbert’s general Finiteness Theorem) that K[Vd]

SL2 is always finitely generated
(see [14]). For d = 2 we have

K[V2]SL2 = K[t21 − 4t0t2].

The term t21 − 4t0t2 may be recognized as the discriminant of a quadratic equation.

Example 1.13. Let K? be the multiplicative group. We let K? act on V = K3 by

λ · (x1, x2, x3) = (λ−2x1, λx2, λ
3x3)

One can check that the invariant ring is equal to

K[x1, x2, x3]K
?

= K[x1x
2
2, x

2
1x2x3, x

3
1x

2
3].

1.3. Hilbert’s Finiteness Theorem. Nagata showed in [30] that invariant rings are
not always finitely generated (answering Hilbert’s fourteenth problem, [17]). Neverthe-
less, invariant rings are finitely generated for a large class of groups, so-called linearly
reductive groups.

Besides the notion of linear reductivity, there are also other notions like group-
theoretical reductivity and geometric reductivity (these two notions actually coincide).
Many results such as finite generation of invariant rings and geometric properties of
invariant rings also hold for these more general notions of reductivity, but usually the
proofs are more complicated. In characteristic 0, all notions of reductivity coincide. We
will stick to linear reductivity and not further discuss the other notions of reductivity.

Definition 1.14. A Reynolds operator for a linear algebraic group G is a K-linear
map R : K[G] → K such that R(1) = 1 and R(g · f) = R(f) for all g ∈ G and
f ∈ K[X] (G acts on itself rationally by left multiplication, so G also acts on K[G]).
An algebraic group with a Reynolds operator is called linearly reductive.

Often an algebraic group is called linearly reductive if every representation is a di-
rect sum of irreducible representations (i.e., representations without non-trivial proper
subspaces which are stable under the action). It can be shown that this definition is
equivalent to our definition.

Example 1.15. A finite group G is linearly reductive as long as the characteristic of
the base field K does not divide the group order G. Let us define R as the averaging
over the group

R(f) =
1

|G|
∑
g∈G

g · f.

It is straightforward to check that R satisfies the conditions for a Reynolds operator
(see Definition 1.14).
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Example 1.16. The group K? is linearly reductive. Indeed, the coordinate ring of K?

can be identified with the ring of Laurent polynomials

K[x, x−1]

For any f ∈ K[x, x−1], we define R(f) as the constant coefficient.

Exercise 1.17. Check that R in the previous example is indeed a Reynolds operator.

Example 1.18. For classical groups over C, the Reynolds operator is averaging over
a maximal compact subgroup. For example, GLn(C) has the subgroup Un(C). It is
known that the unitary group is Zariski-dense in GLn(C). Then we can define

R(f) =

∫
Un(C)

f dµ

where dµ is a so-called Haar-measure (a measure that is invariant under the group
action which we will normalize such that

∫
dµ = 1). It is clear that R(1) = 1 and that

R(g ·f) = R(f) for g ∈ Un(C). Using the fact that Un(C) lies Zariski dense in GLn(C)
one gets that R(g · f) = R(f) for all g ∈ GLn(C).

A more algebraic definition of the Reynolds operator for GLn and SLn is in terms of
the so-called omega process. This method was already known in the 19th century, but
we will not discuss it here (see [38, 4.3]).

If G is a linearly reductive group acting rationally on an affine variety X, then
the Reynolds operator also “acts” on the coordinate ring of X. Indeed, the action
µ : G×X → X corresponds to a ring homomorphism

µ? : K[X]→ K[G]⊗K[X].

If we compose this with

R⊗ id : K[G]⊗K[X]→ K ⊗K[X] ∼= K[X]

where id is the identity, we get a linear map (R⊗ id) ◦ µ? which we will denote by RX

(or simply again by R if there is no confusion).

Exercise 1.19. Suppose that G is a linearly reductive group acting rationally on an
affine variety X. Prove that:

(a) RX is a K[X]G-module homomorphism, i.e.,

RX(
∑
i

aifi) =
∑
i

RX(ai)fi

if ai ∈ K[X] and fi ∈ K[X]G for all i,
(b) RX(f) = f for all f ∈ K[X]G,
(c) if V ⊆ K[X] is a G-stable subspace, then RX(V ) = V G.
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Exercise 1.20. Suppose that X and Y are affine G-varieties and suppose that

ψ : X → Y

is a G-equivariant morphism. This means that ψ(g · x) = g · ψ(x) for all x ∈ X and
all g ∈ G. The morphism ψ corresponds to a ring homomorphism ψ? : K[Y ]→ K[X].

(a) Let RX : K[X]→ K[X]G and RY : K[Y ]→ K[Y ]G be the Reynolds operators.
Show that the diagram

K[Y ]

RY

��

ψ?

// K[X]

RX

��
K[Y ]G

ψ?
// K[X]G

commutes, i.e., ψ? ◦ RY = RX ◦ ψ?.
(b) Suppose that ψ : X → Y is a closed immersion (i.e., ψ? is surjective). Use (a)

to prove that the restriction of ψ? to K[Y ]G gives a surjective ring homomor-
phism K[Y ]G → K[X]G. In particular, if K[Y ]G is finitely generated, then so
is K[X]G.

We will now prove Hilbert’s Finiteness Theorem (stated in a slightly more general
way).

Theorem 1.21. Suppose that V is a representation of a linearly reductive group G.
Then K[V ]G is finitely generated.

Proof. Define I as the ideal in K[V ] generated by all homogeneous invariants of positive
degree. By Hilbert’s Basissatz, I has finitely many generators. Each of these genera-
tors is lies in an ideal generated by finitely many homogeneous invariants of positive
degree. It follows that I can be generated by finitely many homogeneous invariants,
say f1, . . . , fr. We claim that K[V ]G = K[f1, . . . , fr]. Suppose that h ∈ K[V ]G is
homogeneous of degree d. We will prove by induction on d that h ∈ K[f1, . . . , fr]. The
case d = 0 is trivial. If d > 0 then we can write

(1) h =
r∑
i=1

aifi

with a1, a2, . . . , ar ∈ K[V ]. We may assume that ai is homogeneous of degree d−deg(fi)
for all i. We apply the Reynolds operator to (1) to obtain

h = R(h) =
r∑
i=1

R(ai)fi.

Now R(ai) is a homogeneous invariant of degree d − deg(fi) < d for all i (since R
preserves degree by Exercise 1.19). By induction we have R(a1), . . . ,R(ar) ∈ K[V ]G,
hence h ∈ K[V ]G. �
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Lemma 1.22. If X is an affine G variety, then there exists a representation Y of G
and a G-equivariant closed embedding ψ : X → Y .

Proof. Let W ⊂ K[X] be a finite dimensional subspace such that W generates K[X].
Let Z be the span of all g · w with g ∈ G and w ∈ W . It is clear that Z is G-
stable and that Z generates K[X]. We claim that Z is still finite dimensional. Let
µ? : K[X]→ K[G]⊗K[X] be the homomorphism corresponding to the regular action
µ : G ×X → X. We can find finite dimensional subspaces A ⊆ K[G] and B ⊆ K[X]
such that ψ?(W ) ⊆ A ⊗ B. In particular, we have for fixed g ∈ G and w ∈ W that
(g · f)(x) = µ?(f)(g, x) (seen as a function on x only) lies in B. Since B is finite
dimensional we get that Z is finite dimensional. The action of G on Z is again rational
and linear, so Z is a representation.

We can view Z as the linear functions in the coordinate ring K[Z?] of Z?. The
inclusion Z → K[X] extends to a ring homomorphism K[Z?]→ K[X] which respects
the action of G. This homomorphism is surjective since Z generates K[X]. The
homomorphism corresponds to a G-equivariant closed embedding of affine G-varieties
X → Z?. We can take Y = Z?. �

Remark 1.23. We can view G as a G-variety by letting G act on itself by left multi-
plication. By Lemma 1.22 there exists a G-equivariant embedding ψ : G → Y where
Y is a representation of G. Now ψ induces a morphism φ : G → End(Y ). It is not
hard to show that φ(G) is Zariski closed and that φ induces an isomorphism between
G and ψ(G). In particular G can be identified with a closed subgroup of GLn where
n = dimY .

Corollary 1.24. If X is an affine G-variety, and G is a linearly reductive group, then
K[X]G is finitely generated.

Proof. Let ψ : X → Y be a closed G-equivariant embedding where Y is a representation
as in Lemma 1.22. We know that K[Y ]G is finitely generated by Theorem 1.21. Hence
K[X]G is finitely generated by Exercise 1.20. �

1.4. An algorithm for computing generating invariants. The 1890 proof of
Hilbert’s Finiteness Theorem is not constructive, and it was criticized for this. Never-
theless it was shown in [7] that it is possible to make an algorithm for computing
generating invariants based on this proof.

Proposition 1.25. Suppose that V is a representation of a linearly reductive group.
Let again I be the ideal of K[V ] which is generated by all homogeneous invariants of
positive degree. If I = (f1, f2, . . . , fr), then K[V ]G = K[R(f1), . . . ,R(fr)].

Proof. Let m be the maximal homogeneous ideal of K[V ]. Since I and mI are ideals
which are stable under the action of G, we have R(I) ⊆ I and R(mI) ⊆ mI. Now R
induces a map

I/mI → I/mI
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which is just the identity, because I is generated by invariants. In particular this
means that I/mI is generated by the images of R(f1), . . . ,R(fr). By the homogeneous
Nakayama lemma (see Exercise 1.26 below) it follows that I = (R(f1), . . . ,R(fr)) and
by the proof of Hilbert’s Finiteness Theorem it follows now thatK[V ]G = K[R(f1), . . . ,R(fr)].

�

Exercise 1.26. Prove the homogeneous Nakayama lemma: Suppose that R =
⊕∞

d=0 Rd

is a finitely generated graded algebra over R0 = K and suppose that M is a finitely gen-
erated graded R-module. (For example, R = K[V ] and M = I ⊂ R is a homogeneous
ideal.) Let m =

⊕∞
d=1Rd be the maximal homogeneous ideal. Suppose that the images

of some homogeneous elements f1, . . . , fr ∈ M span the vector space M/mM . Then
M is generated by f1, f2, . . . , fr. (Hint: Let N be the submodule generated by f1, . . . , fr
and suppose that M 6= N . Let g be an element of M \N of minimal degree and deduce
a contradiction.)

Let B ⊆ V ×V be the Zariski closure of the subset {(v, g ·v) | v ∈ V, g ∈ G} and let b
be the vanishing ideal of B. The set B is sometimes called the graph of the action. The
graph of an action is useful for studying invariant rings (see [35, 2.3],[24, pp. 20–24]
and [29]). Once we have generators for the ideal, one can easily compute the Hilbert
ideal I from Proposition 1.25 as we will explain below. We can identify the coordinate
ring K[V × V ] with the polynomial ring in two variables, K[x1, . . . , xn, y1, . . . , yn]. We
will sometimes use the abbreviations x = (x1, x2, . . . , xn) and y = (y1, y2, . . . , yn).

Theorem 1.27. We have

(b + (y1, . . . , yn)) ∩K[x1, . . . , xn] = I

In particular, if b = (f1(x, y), f2(x, y), . . . , fr(x, y)), then

I = (f1(x, 0), f2(x, 0), . . . , fr(x, 0)).

Proof. If f is a homogeneous invariant of positive degree, then f(x) − f(y) ∈ b since
it vanishes on B. This proves “⊇”.

We will now prove the other inclusion, “⊆”. Suppose that h(x, y) ∈ b+(y1, y2, . . . , yn).
We can write

(2) h(x) = b+
∑
i

ai(x)fi(y)

with b ∈ b and fi homogeneous of positive degree for all i. We view V × V as a
representation of G where G acts trivially on the first factor and nontrivially on the
second. To this action we associate a Reynolds operator

R : K[V × V ]→ K[V × V ]G = K[y1, . . . , yn]G[x1, . . . , xn].

We apply R to (2) to obtain

h(x) = R(b) +
∑
i

ai(x)R(fi(y))
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Now we will substitute y = x. Note thatR(b) ∈ b since b isG-stable (see Exercise 1.19).
Now R(b) will vanish on the diagonal of V × V , which means that R(b) becomes 0
after the substitution y = x. We get

h(x) =
∑
i

ai(x)R(fi(x))

Now R(fi(x)) is a homogeneous invariant of positive degree for all i, so we have shown
that h(x) ∈ I. �

The ideal b can be obtained in a constructive way. First, since G is a linear algebraic
group, we may view G as a Zariski closed subset of Ks for some s, so the coordinate
ring of G is K[z1, z2, . . . , zs]/IG where IG = (h1(z), . . . , ht(z)) is the vanishing ideal of
G. The representation of G on V is a homomorphism G→ GL(V ) given by the n× n
matrix 

a1,1(z) a1,2(z) · · · a1,n(z)
a2,1(z) a2,2(z) a2,n(z)

...
. . .

...
an,1(z) an,2(z) · · · an,n(z)


where ai,j(z) ∈ K[z1, . . . , zs].

Let us define

Γ ⊆ G× V × V ⊆ Ks × V × V
by

Γ = {(g, v, g · v) | g ∈ G, v ∈ V }
The vanishing ideal

IΓ ⊆ K[z1, . . . , zs, x1, . . . , xn, y1, . . . , yn]

of Γ is given by

IΓ =
(
h1(z), . . . , ht(z),

{
yi −

n∑
j=1

ai,j(z)xi

∣∣∣i = 1, 2, . . . , n
})
.

Note that

K[z1, . . . , zs, x1, . . . , xn, y1, . . . , yn]/IΓ
∼=

∼= K[z1, . . . , zs, x1, . . . , xn]/(h1(z), . . . , ht(z)) ∼= K[G]⊗K[V ]

is a reduced ring an that IΓ is therefore a radical ideal. Now B is the Zariski closure
of the projection of Γ onto V × V . It follows from this that

b = IΓ ∩K[x1, . . . , xn, y1, . . . , yn].

Using Buchberger’s algorithm, one can find a Gröbner basis of the ideal IΓ with respect
to the lexicographic ordering. In this way one also obtains a Gröbner basis of b (see
Exercise1.7) so in particular one has a set of generators of b (see Proposition 1.6).
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Example 1.28. For illustration, we give an easy example. Let G be the cyclic group
of order 2 generated by σ. As an algebraic variety G is just a set of two points, so we
can identify G with {±1} ⊂ K. Now the coordinate ring of G is equal to K[z]/(z2−1).

Consider now the representation of G in K2, defined by

σ · (x1, x2) = (x2, x1).

This representation is given by the matrix(
z+1

2
1−z

2
1−z

2
z+1

2

)
.

Indeed for z = 1 we get the identity matrix and for z = −1 we get(
0 1
1 0

)
which represents the action of σ. We form the ideal

IΓ =
(
z2 − 1, y1 −

z + 1

2
x1 −

1− z
2

x2, y2 −
1− z

2
x1 −

z + 1

2
x2

)
.

We use the Buchberger algorithm with the pure lexicographic ordering such that

z > x1 > x2 > y1 > y2

in the ring K[z, x1, x2, y1, y2] and we obtain a Gröbner basis

{z2−1, x2z−y2z+x2−y2, y1z−y2z+2x2−y1−y2, x1+x2−y1−y2, x
2
2−x2y2−x2y1+y1y2}.

We only take the elements in this Gröbner basis which lie in K[x1, x2, y1, y2]. This
gives us a Gröbner basis of b:

{x1 + x2 − y1 − y2, x
2
2 − x2y2 − x2y1 + y1y2}.

Now we substitute y1 = y2 = 0 and we obtain generators of Hilbert’s ideal

I = (x1 + x2, x
2
2).

To find generators of K[x1, x2]G we have to apply the Reynolds operator to these to
elements. For finite groups, the Reynolds operator is just averaging over the group (see
Example 1.15). We obtain R(x1 +x2) = x1 +x2 because x1 +x2 was already invariant.
Also we have that R(x2

2) = (x2
2 + x2

1)/2. We obtain

K[x1, x2]G = K
[
x1 + x2,

x2
1 + x2

2

2

]
.

Clearly we run into trouble if K has characteristic 2, but then G is no longer linearly
reductive.
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2. Hilbert’s second approach

Hilbert’s first proof of 1890 was being criticized for not being constructive (although
as we have just seen, it can be made constructive). In 1893 Hilbert gave a second,
more constructive, proof (see [16]). This new proof is more geometric in nature. The
correspondence between (radical) ideals and algebraic sets is of fundamental impor-
tance to algebraic geometry. This correspondance is based on Hilbert’s Nullstellensatz
which was proven in his invariant theory paper of 1893. (We actually already used al-
gebraic geometry and therefore implicitly the Nullstellensatz throughout the previous
section.) We again will assume that K is algebraically closed. The reader is assumed to
be familiar with Hilbert’s Nullstellensatz, the correspondance between affine algebraic
varieties and finitely generated rings over the field K, and with the correspondance
between radical ideals and Zariski closed subsets of affine varieties. We will stick to
the following notation. If J ⊆ K[X] is an ideal, then we call

Z(J) = {α ∈ X | f(α) = 0 for all f ∈ J}
the zero set of J . If S ⊆ X is a subset, then the vanishing ideal of S is

I(S) = {f ∈ K[X] | f(s) = 0 for all s ∈ S}.
This section will be in the spirit of Hilbert’s paper of 1893.

2.1. Geometry of Invariant Rings. Suppose that G is a linearly reductive group,
and that X is an affine G-variety. The invariant ring K[X]G is finitely generated,
and corresponds to an affine variety which will be denoted by X//G. The inclusion
K[X]G ⊆ K[X] induces a dominant morphism π : X → X//G. This map π we will call
categorical quotient (since it has certain universal properties in the category of affine
varieties). Sometimes the affine variety X//G itself is called the categorical quotient.
We will study some of the nice geometric properties of this quotient map.

If J = I(Y ) ⊆ K[X]G is the vanishing ideal of a Zariski closed subset Y ⊆ X//G,

then
√
K[X]J is the vanishing ideal of π−1(Y ) ⊆ X. If J = I(Y ) ⊆ K[X] is the

vanishing ideal of Y ⊆ X, then JG = J ∩ K[X]G is the vanishing ideal of π(Y ), the
Zariski closure of π(Y ) ⊆ X//G.

Exercise 2.1. Prove that for a linearly reductive group and an affine G-variety X the
categorical quotient π : X → X//G has the following universal property. If ψ : X → Y
is a morphism of affine varieties which is constant on orbits, then there exists a unique
morphism of affine varieties ϕ : X//G→ Y such that ϕ ◦ π = ψ.

Proposition 2.2. The categorical quotient π : X → X//G has the following properties:

(a) π : X → X//G is surjective.
(b) If Y1, Y2 ⊆ X are G-stable and Zariski closed, then

π(Y1) ∩ π(Y2) = π(Y1 ∩ Y2).

(c) If Y ⊆ X is G-stable and Zariski closed, then π(Y ) is Zariski closed.
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(d) The topology of X//G is the quotient topology.
(e) For every x ∈ X//G, π−1(x) contains exactly one closed orbit. Every orbit

closure in π−1(x) contains the closed orbit.

Proof. (a) Let x ∈ X//G and let mx = I({x}) ⊂ K[X]G be the corresponding maximal

ideal. The vanishing ideal of π−1(x) is
√
K[X]mx. If π−1(x) = ∅, then 1 ∈ K[X]mx,

say

(3) 1 =
r∑
i=1

aifi

with a1, . . . , ar ∈ K[X] and f1, . . . , fr ∈ mx ⊂ K[X]G by Hilbert’s Nullstellensatz. We
apply the Reynolds operator RX : K[X]→ K[X]G to (3):

1 = RX(1) =
r∑
i=1

RX(ai)fi

The righthandside clearly lies in mx since RX(ai) ∈ K[X]G for all i. We see that
1 ∈ mx which gives a contradiction to our assumption that mx is a maximal ideal.

(b) Suppose that I1 = I(Y1), I2 = I(Y2) ⊂ K[X] are the vanishing ideals of Y1 and
Y2 respectively. We have

(I1 + I2)G = RX(I1 + I2) = RX(I1) +RX(I2) = IG1 + IG2 .

Now the zero set of (I1 + I2)G is π(Y1 ∩ Y2) and the zero set of IG1 + IG2 is π(Y1)∩π(Y2).

(c) Suppose that x ∈ π(Y ) \ π(Y ). Now π−1(x) and Y are G-stable and Zariski
closed. By (b) we have

x ∈ π(π−1(x)) ∩ π(Y ) = π(π−1(x) ∩ Y ) = ∅

and we get a contradiction.
(d) This is clear, since Y ⊂ X//G is Zariski closed if and only if π−1(Y ) is Zariski

closed by (c).
(e) If π−1(x) contains at least 2 distinct closed orbits say G · y1 and G · y2, then

x ∈ π(G · y1) ∩ π(G · y2) = π((G · y1) ∩ (G · y2)) = ∅

by (b) and (c) which is a contradiction. Therefore π−1(x) has at most 1 closed orbit.
Now we will show that π−1(x) has at least one closed orbit. First we note that orbits

are always locally closed, i.e., if x ∈ X, then the orbit G · x is a Zariski open subset
of its closure G · x. To see this, we remark that as the image of a morphism, G · x is
constructible. Therefore, G ·x contains an nonempty open subset U of G · x. It is clear
that G · x = G · U . But G · U ⊆ G · x is open since it is a union of open subsets.

Choose y1 ∈ π−1(x). We define y2, y3, . . . ,∈ π−1(x) by induction as follows. For
every i, choose yi+1 ∈ G · yi \G · yi. If for some i, G · yi is closed, then we have proven
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that π−1(x) has a closed orbit (and G · y1 contains that closed orbit G · yi). Otherwise,
we get an infinite sequence

(4) G · y1 ⊇ G · y2 ⊇ · · · .

Also observe that G · yi+1 is contained in G · yi\G ·yi because G ·yi is open in G · yi. In
particular, (4) is a strictly descreasing sequence of Zariski closed sets, which contradicts
the Noetherian property. �

Example 2.3. Let G = C? be the multiplicative group acting on V := C3 as follows:

λ, (x1, x2, x3) = (λ−2x1, λx2, λ
3x3).

The invariant ring K[V ]C
?

is generated by x1x
2
2 x

2
1x2x3 and x3

1x
2
3. We have

K[V ]C
?

= K[x1x
2
2, x

2
1x2x3, x

3
1x

2
3] ∼= K[y1, y2, y3]/(y2

2 − y1y3).

We consider the quotient map

π : C3 → C3//C? ∼= {(y1, y2, y3) ∈ C3 | y2
2 − y1y3 = 0}.

We get

π−1(0) = {(x1, x2, x3) ∈ C3 | x1x
2
2 = x2

1x2x3 = x3
1x

2
3 = 0} =

= {(x1, x2, x3) ∈ C3 | x1 = 0 or x2 = x3 = 0}.

If x1 6= 0 then the orbit of (x1, 0, 0) is not closed (take the limit λ → ∞ and one sees
that (0, 0, 0) lies in the orbit closure). If x2 6= 0 or x3 6= 0, then the orbit of (0, x2, x3)
is not closed (take the limit λ → 0 and one sees again that (0, 0, 0) lies in the orbit
closure). The only closed orbit in π−1(0) is {0}. For any nonzero y ∈ C3//C?, one can
check that the fiber π−1(y) is connected and one dimensional. Since π−1(y) does not
contain any zero dimensional orbits, π−1(y) consists of a single orbit.

Exercise 2.4. A quotient π : X → X//G is called geometric, if the fibers of π are
exactly the orbits in X. Suppose that G is a linearly reductive group and X is an affine
G-variety. Show that the categorical quotient π : X → X//G is geometric if and only
if all orbits in X are Zariski closed.

Exercise 2.5. Consider the group GLn(C) acting on the n × n matrices Mn(C) by
conjugation. The categorial quotient π : Mn(C)→ Cn is equal to

A 7→ (s1(A), s2(A), . . . , sn(A))

where si(A) is defined by

det(λI + A) = λn + s1(A)λn−1 + · · ·+ sn(A).

Using the Jordan normal form, describe the orbits in the fibers of this quotient map.
Identify the closed orbit in each fiber.
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2.2. Hilbert’s Nullcone. Suppose now that V is a representation of a linearly re-
ductive group G. Let I ⊆ K[V ] ∼= K[x1, . . . , xn] be again the ideal generated by all
homogeneous invariants of positive degree. We define

N = Z(I).

Geometrically, N is equal to π−1(π(0)) where π : V → V//G is the categorical quotient.
The only closed orbit in π−1(π(0)) must be the orbit {0}. By Proposition 2.2 it follows
that

N = π−1(π(0)) = {v ∈ V | 0 ∈ G · v}.
This set N is often called Hilbert’s nullcone.

Definition 2.6. A 1-Parameter SubGroup (1-PSG) λ : K? → G is a morphism which
is also a homomorphism of groups.

One parameter subgroups give an easy way to describe Hilbert’s Nullcone because
of the following result.

Theorem 2.7 (Hilbert-Mumford criterion). Suppose that v ∈ V , then

v ∈ N ⇔ there exists a 1-PSG such that limt→0 λ(t) · v = 0.

The limit limt→0 λ(t) · v may not make any immediate sense because we are working
over an arbitrary algebraically closed field K, not necessarily C. However, note that
λ(t) · v can be seen as a vector of Laurent polynomials. For a Laurent polynomial
p(t) ∈ K[t, t−1] we say that limt→0 p(t) exists if p(t) is actually a polynomial. In that
case we define limt→0 p(t) = p(0).

Example 2.8. Suppose that G = SL2 and

Vd = {a0X
d + a1X

d−1Y + · · ·+ adY
d | a0, . . . , ad ∈ K}

is again the binary forms of degree d. We can define a 1-PSG λ : K? → G by

λ(t) =

(
t 0
0 t−1

)
If

f(X, Y ) = a0X
d + a1X

d−1Y + · · ·+ adY
d

then
λ(t) · f(X, Y ) = a0X

dtd + a1X
d−1Y td−2 + · · ·+ adY

dt−d.

Therefore,
lim
t→∞

λ(t) · f(X, Y ) = 0

if and only if ai = 0 for i ≥ d
2
. This condition is equivalent with Y d(d+1)/2e divides

f(X, Y ). Every 1-PSG for SL2 is actually conjugate to

t 7→
(
tk 0
0 t−k

)
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for some k. It follows that

f(X, Y ) ∈ N ⇔ f(X, Y ) has a zero of multiplicity > d
2
.

Proposition 2.9. Suppose that f1, f2, . . . , fr ∈ K[V ]G are homogeneous invariants of
positive degree such that Z(f1, f2, . . . , fr) = N . Then K[V ]G is a finite K[f1, . . . , fr]-
module, i.e., there exist finitely many u1, . . . , ut such that K[V ]G = Fu1 + · · · + Fut
where F = K[f1, . . . , fr].

Proof. Let h1, . . . , hs such that K[V ]G = K[h1, . . . , hs]. We can choose an l such that
for all i we have

hli ∈ K[V ]f1 + · · ·+K[V ]fr

and therefore
hli = RV (hli) ∈ K[V ]Gf1 + · · ·+K[V ]Gfr.

The K[f1, . . . , fr]-module
K[V ]G/(f1, . . . , fr)K[V ]G

is spanned by the images of all ha11 h
a2
2 · · ·hass with a1, . . . , as ∈ {0, 1, 2, . . . , l−1}. From

the homogeneous Nakayama Lemma (Exercise 1.26) it follows that these elements
generate K[V ]G as a K[f1, . . . , fr]-module. �

2.3. Homogeneous Systems of Parameters.

Definition 2.10. A set of homogeneous polynomials p1, . . . , ps ∈ K[V ]G is called a
homogeneous system of parameters (HSOP) if

(1) K[V ]G is a finite module over P := K[p1, . . . , ps].
(2) p1, . . . , ps are algebraically independent.

Lemma 2.11. A set of homogeneous polynomials p1, . . . , ps ∈ K[V ]G is a HSOP if
and only of Z(p1, . . . , ps) = N and s = dimK[V ]G.

Exercise 2.12. Prove the previous lemma.

The following result is a corollary of the Noether Normalization Lemma (although
it was already used by Hilbert):

Theorem 2.13. The invariant ring K[V ]G has a homogeneous system of parameters.

Proof. We will sketch the proof. Choose f1, . . . , fr ∈ K[V ]G homogeneous such that
Z(f1, . . . , fr) = N (for example take homogeneous nonconstant generators of the
invariant ring). Define di := deg(fi) for all i and d = lcm(d1, . . . , dr). Also de-

fine f̂i = f
d/di
i for all i. Note that f̂1, . . . , f̂r ∈ K[V ]G are all of degree d, and

Z(f̂1, . . . , f̂r) = N . Instead of looking at Zariski closed subsets in V , we will look
at Zariski closed subsets in V//G. For polynomials g1, . . . , gs ∈ K[V ]G we will denote
their common zero set in V//G by ZV//G(g1, . . . , gs). Since

Z(f̂1, . . . , f̂r) = N = π−1(0)
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and π is surjective, we have that

ZV//G(f̂1, . . . , f̂r) = {0}.
Here 0 ∈ V//G is defined as π(0), the image of 0 ∈ V under π. We will define pi
(0 ≤ 1 ≤ s = dimK[V ]G) by

pi =
r∑
j=1

αi,j f̂j.

for some suitable αi,j. Now for suitable choices of α1,1, . . . , α1,r we have that ZV//G(p1)
has dimension s−1. Then for suitable choices of α2,1, . . . , α2,r we get dimZV//G(p1, p2) =
s − 2. So eventually we will get dimZV//G(p1, . . . , ps) = 0. Scalar multiplication
on V also induces an action of K? on V//G. If x ∈ ZV//G(p1, . . . , ps) then also λ ·
x ∈ ZV//G(p1, . . . , ps) for all λ ∈ K?, because p1, . . . , ps are homogeneous. Since the
dimension of ZV//G(p1, . . . , ps) is 0, x must be a fixed point of K?. The only fixed point
in V//G is 0, so it follows that

ZV//G(p1, . . . , ps) = {0}
and

Z(p1, . . . , ps) = π−1(0) = N .
From Lemma 2.11 it follows that p1, p2, . . . , ps is a HSOP. �

3. The Cohen-Macaulay property

Suppose that R =
⊕∞

d=0Rd is a graded ring of dimension s with R0 = K. The
maximal homogeneous ideal of R is m =

⊕∞
d=1 Rd. Let M be a finitely generated

graded R-module. The dimension dim(M) of the module M is defined as the dimension
of R/Ann(M) where

Ann(M) = {f ∈ R | f · a = 0 for all a ∈M}
is the annihilator of M .

A regular sequence of length r for the module M is a sequence of nonzero homo-
geneous f1, f2, . . . , fr ∈ m such that multiplication by fi is injective on the module
M/(f1, f2, . . . , fi−1)M for i = 1, 2, . . . , r. We define depth(M) as the largest integer r
for which there exists a regular sequence of length r for the module M . It can be shown
that depth(M) ≤ dim(M) (see [11, Proposition 18.2]). The module M is called Cohen-
Macaulay if depth(M) = dim(M). For more details on Cohen-Macaulay modules, the
reader is referred to [5]. The ring R is called Cohen-Macaulay if it is Cohen-Macaulay
as a module over itself. The following result will not be proven here.

Lemma 3.1. If R =
⊕∞

d=0 Rd is a finitely generated graded Cohen-Macaulay ring over
R0 = K of dimension s and p1, . . . , ps ∈ R is a HSOP, then p1, p2, . . . , ps is a regular
sequence.

Proof. See for example [2, Theorem 4.3.5], [22] or [36]. �
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The following theorem is the main result in this section.

Theorem 3.2 (Hochster-Roberts, [18]). If G is linearly reductive, then K[V ]G is
Cohen-Macaulay.

We will sketch a proof in this section. More detailed proofs can be found in [18], [5]
and [9, 2.5.2]. Note that if p1, . . . , ps ∈ K[V ]G is a HSOP, then by Lemma 3.1 we have
that p1, . . . , ps is a regular sequence. The following result we will prove later:

Lemma 3.3. If p1, . . . , ps ∈ K[V ]G is a HSOP, then K[V ]G is a free P -module, with
P = K[p1, . . . , ps], i.e.,

K[V ]G = Ph1 ⊕ · · · ⊕ Phl
for certain homogeneous h1, . . . , hl ∈ K[V ]G.

Proof of Theorem 3.2. We will now start the sketch of the proof of the Hochster-
Roberts Theorem. Recall that we have the Reynolds operator R : K[V ] → K[V ]G.
Therefore it will be enough to prove the following theorem:

Theorem 3.4. Let R := K[x1, . . . , xn] and let S ⊆ R be a graded subring. Also suppose
that ϕ : R→ S is an S-module homomorphism with ϕ(s) = s for all s ∈ S. Then S is
Cohen-Macaulay.

Proof. We will prove the theorem only in positive characteristic! The theorem is true
also in characteristic 0, but in order to prove it in characteristic 0 one has to pass to
positive characteristic and this step we will not present here.

Assume that K is an algebraically closed field of characteristic p > 0.

Definition 3.5. If q is a power of p, and I = (f1, . . . , fr) ⊆ R is an ideal, then I [q] is
defined as

I [q] = (f q1 , . . . , f
q
r ).

Exercise 3.6. Prove that I [q] is well-defined, i.e., the definition does not depend on
the choice of the generators f1, . . . , fr.

If I ⊆ R is an ideal and f ∈ R then the colon ideal (I : f) is defined by

(I : f) = {a ∈ R | af ∈ I}.

Proposition 3.7. We have

(I [q] : f q) = (I : f)[q].

Proof. The inclusion ⊇ is easy: If af ∈ I, then (af)q ∈ I [q], so aq ∈ (I [q], f q).
We will prove the inclusion ⊆. Suppose that I = (f1, . . . , fr). Let us assume that

a ∈ (I [q] : f q). We have

af q =
∑
j=1r

ajf
q
j .
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We can write

a =
∑
i

bimi

where bi ∈ K[xq1, . . . , x
q
n] for all i, and the mi run over all monomials xe11 · · ·xenn with 0 ≤

e1, . . . , en ≤ q − 1. Since K[x1, . . . , xn] is a free module over K[xq1, . . . , x
q
n], generated

by the mi’s, it follows that the bi’s are unique. In a similar fashion we can write

aj =
∑
i

bi,jmi.

for all j. We obtain ∑
i

(bif
q)mi =

∑
i

(
r∑
j=1

bi,jf
q
j )mi

Comparing coefficients gives us

bif
q =

r∑
j=1

bi,jf
q
j .

for all i. We have assumed that K is algebraically closed. In particular we can choose
ci, ci,j ∈ K such that cqi = bi and cqi,j = bi,j for all i and j. So we have

(cif)q = cqi b
q
i =

r∑
j=1

cqi,jf
q
j = (

r∑
j=1

ci,jfj)
q.

Hence we get

cif =
r∑
j=1

ci,jfj.

It follows that ci ∈ (I : f) and bi ∈ (I : f)[q] for all i. We conclude that a ∈ (I : f)[q]. �

Definition 3.8. Suppose that I ⊆ R is an ideal. The tight closure I? of I is the ideal
of all f ∈ R for which there exist a nonzero c ∈ R and a constant N such that cf q ∈ I [q]

for every p-power q with q ≥ N .

Theorem 3.9. For any ideal I of R we have I? = I.

Proof. Suppose that f ∈ I?. There exists c ∈ R \ {0} such that cf q ∈ I [q] for q � 0
and q a p-power. Then we have

c ∈
⋂
q�0

(I [q] : f q) =
⋂
q�0

(I : f)[q] ⊆
⋂
q�0

(I : f)q

If (I : f) 6= R then
⋂
q�0(I : f)q = (0) and we have a contradiction because c is

nonzero. Therefore (I : f) = R, and f ∈ I. �
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We continue with the proof of Theorem 3.4. Suppose that f1, . . . , fs is a homogeneous
system of parameters of S. We write (f1, . . . , fs)S for the ideal in S generated by
f1, . . . , fs and (f1, . . . , fs)R for the ideal in R generated by f1, . . . , fs. We will show
that f1, f2, . . . , fr is a regular sequence in S. Suppose that arfr =

∑r−1
i=1 aifi with

a1, . . . , ar ∈ S. We will prove that ar ∈ (f1, . . . , fr−1)S. It suffices to prove that
ar ∈ (f1, . . . , fr−1)R because by applying φ it would follow that ar ∈ (f1, . . . , fr−1)S.
Define A := K[f1, . . . , fs]. Choose g1, . . . , gl ∈ S linearly independent over the field
K(f1, . . . , fs). Define

F = Ag1 ⊕ · · · ⊕ Agl.
There exists an element c ∈ A such that cR ⊆ F . Now

c(arfr)
q = c

r−1∑
i=1

aqif
q
i ∈ (f q1 , . . . , f

q
r−1)F.

Because F is a free module and f q1 , f
q
2 , . . . , f

q
r is a regular sequence for this module, we

obtain

caqr ∈ (f q1 , . . . , f
q
r−1)F

for all p-powers q. It follows that

caqr ∈ (f q1 , . . . , f
q
r−1)R = (f1, . . . , fr−1)[q].

Therefore,

ar ∈ (f1, . . . , fr−1)? = (f1, . . . , fr−1).

�

4. Hilbert series

4.1. Basic properties of Hilbert series. Suppose that V =
⊕∞

d=a Vd is a graded
vector space such that dimVd < ∞ for all d. Then we can define the formal power
series H(V, t) by

H(V, t) =
∞∑
d=a

(dimVd)t
d.

The series H(V, t) is called the Hilbert series of V (also called Poincaré series or Molien
series). We will be particularly interested in the Hilbert series of invariant rings.

Example 4.1. Let R = K[x1, . . . , xn]. We can define a grading on R by deg(xi) = di.
Now R is spanned by the monomials xa11 · · ·xann with a1, . . . , an ≥ 0. Therefore, the
Hilbert series of R are equal to

H(R, t) =
∑

a1,...,an≥0

(td1)a1 · · · (tdn)an =
1

(1− td1) · · · (1− tdn)
.
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If V, V ′, V ′′ are graded vector spaces

0→ V ′ → V → V ′′ → 0

is an exact sequence of graded vector spaces (with the appropiate finiteness conditions)
then H(V, t) = H(V ′, t) +H(V ′′, t). This is useful to for computing Hilbert series.

If J ⊆ R := K[x1, . . . , xn] is a graded ideal, and < is a monomial ordering compatible
with the grading on R, then

H(J, t) = H(lm(J), t)

where lm(J) is the ideal of leading monomials as before. Indeed, the reader may check
that dim Jd = dim lm(J)d for all d.

In his 1890 paper, Hilbert showed that every ideal J ⊆ R has a finite free resolution.
In particular this implies that H(J, t) is a rational function for any graded ideal J of
R (also H(M, t) is a rational function for any finitely generated graded R-module M).

Exercise 4.2. Prove by induction on the number of generators, then H(I, t) is a ra-
tional function for any monomial ideal I of R, thus proving that H(J, t) is rational for
any graded ideal J of R.

Suppose that f1, . . . , fr ∈ K[x1, . . . , xn] are homogeneous. Put di = deg(fi). Con-
sider the polynomial ring K[y1, . . . , yr] with deg(yi) = di for all i. We can define a
surjective ring homomorphism

K[y1, . . . , yr]→ K[f1, . . . , fr]

by yi 7→ fi for all i. Let J be the kernel of this homomorphism. We have an exact
sequence

0→ J → K[y1, . . . , yr]→ K[f1, . . . , fr]→ 0.

This implies that

H(K[f1, . . . , fr], t) = H(K[y1, . . . , yr], t)−H(J, t).

We have seen thatH(K[y1, . . . , yr], t) andH(J, t) are rational, thereforeH(K[f1, . . . , fr], t)
is rational.

To compute H(K[f1, . . . , fr], t) in practice, we have to be able to find the ideal J .
This can be done again using Gröbner basis techniques. Consider the ideal

a ⊆ K[x1, . . . , xn, y1, . . . , yr]

defined by
a = (f1 − y1, . . . , fr − yr).

Then J is the intersection of a with K[y1, . . . , yr]. To compute this intersection, we
can use Gröbner bases as in Exercise 1.7.

In particular if V is a representation and G is a linearly reductive group, then K[V ]G

is finitely generated by homogeneous invariants, so H(K[V ]G, t) is a rational function.
If we have found generators of K[V ]G, then H(K[V ]G, t) can be computed as above.
This is however not the way we go about it in practice. As we will see later, H(K[V ]G, t)
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can be computed a priori, i.e., without knowing the generators. This is quite useful.
Suppose that f1, . . . , fr ∈ K[V ]G are homogeneous, but we are not sure if they are
generators. Then f1, . . . , fr generate K[V ]G if and only if

H(K[f1, . . . , fr], t) = H(K[V ]G, t).

So comparison of Hilbert series gives us a criterion whether we have found a set of
generating invariants of the invariant ring.

We give another application of Hilbert series. We will prove Lemma 3.3.

Proof of Lemma 3.3. Suppose that V is a representation of a linearly reductive alge-
braic group G. Let p1, . . . , ps be a homogeneous system of parameters of K[V ]G and put
P = K[p1, . . . , ps]. The ring K[V ]G is Cohen-Macaulay and p1, p2, . . . , ps is a regular se-
quence. The ring K[V ]G/(p1, . . . , ps) is finite dimensional. Choose h1, . . . , hl ∈ K[V ]G

homogeneous such that their images span K[V ]G/(p1, . . . , ps). By the Homogeneous
Nakayama Lemma (see Exercise 1.26) we have

K[V ]G = Ph1 + Ph2 + · · ·+ Phl.

We claim that the sum on the right hand side is direct. It suffices to show that

H(K[V ]G, t) = H(Ph1 ⊕ Ph2 ⊕ · · · ⊕ Phl, t).
First we evaluate the right-hand side. Let di = deg(pi) for all i and ej = deg hj for all
j. We have

H(P, t) =
1

(1− td1)(1− td2) · · · (1− tds)
and

(5) H(Ph1 ⊕ · · · ⊕ Phl, t) =
te1 + te2 + · · ·+ tel

(1− td1)(1− td2) · · · (1− tds)
.

Now we will compute H(K[V ]G, t). Consider the exact sequence

0→ prK[V ]G/(p1, . . . , pr−1)→ K[V ]G/(p1, . . . , pr−1)→ K[V ]G/(p1, . . . , pr)→ 0.

Note that since p1, . . . , pr is regular, we get

H(prK[V ]G/(p1, . . . , pr−1), t) = tdrH(K[V ]G/(p1, . . . , pr−1), t).

We have

H(K[V ]G/(p1, . . . , pr), t) = H(K[V ]G/(p1, . . . , pr−1), t)−H(prK[V ]G/(p1, . . . , pr−1), t) =

= (1− tdr)H(K[V ]G/(p1, . . . , pr−1), t).

By induction we obtain

(6) H(K[V ]G/(p1, . . . , ps), t) = (1− td1)(1− td2) · · · (1− tds)H(K[V ]G, t).

Since the images of h1, . . . , hl in K[V ]G/(p1, . . . , ps) form a basis, we have

(7) H(K[V ]G/(p1, . . . , ps), t) = te1 + te2 + · · ·+ tel
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Combining (6), (7) and (5) gives us

H(K[V ]G, t) =
te1 + te2 + · · ·+ tel

(1− td1)(1− td2) · · · (1− tds)
= H(Ph1 ⊕ · · · ⊕ Phl, t).

�

4.2. Computing Hilbert series a priori. For a linearly reductive group G and a
representation V it is possible to compute the Hilbert series H(K[V ]G, t) a priori, i.e.,
without knowing explicit generators of the invariant ring K[V ]G. For finite groups,
there is Molien’s formula for the invariant ring. For connected reductive groups there
is a formula due to Weyl. There is a particularly nice formula for the SL2 by Springer
(see [37]). Littelmann and Procesi used this formula to compute the Hilbert series of
binary forms up to a large degree ([4]).

To understand the formula’s for the Hilbert series of invariant rings for connected
reductive groups in general, one needs to understand the representation theory of G
and Weyl’s character formula in particular. This is somewhat beyond the scope of this
paper. We will discuss here Molien’s formula and we also will show how to compute
the Hilbert series of the invariant ring for the multiplicative group K?.

Suppose that G is a finite group and ρV : G → GL(V ) is a representation over a
field K of characteristic 0. Now I − tρV (g) is an endomorphism of V with a parameter
t in it. The expression det(I − t · ρV (g)) is a polynomial of degree n := dimV in t.

Theorem 4.3 (Molien’s formula).

H(K[V ]G, t) =
1

|G|
∑
g∈G

1

det(I − tρV (g))
.

Proof. Suppose that ρW : G→ GL(W ) is a representation of G. Then

1

|G|
∑
g∈G

trace(ρW (g)) = trace
( 1

|G|
∑
g∈G

ρW (g)
)

= dimWG.

because
1

|G|
∑
g∈G

ρW (g)

is just the projection onto WG (the Reynolds operator).
For any g ∈ G, ρV (g) can be diagonalized (since it has finite order). We may assume

that
g · xi = λixi

for i = 1, . . . , n. Since K[V ]d is spanned by all monomials of degree d, we get the
following formula of the trace of the action of g on K[V ]d:

trace(ρK[V ]d(g)) =
∑

a1,...,an≥0
a1+···+an=d

λa11 · · ·λann .



24 HARM DERKSEN*

We multiply this with td and sum it over all d to get∑
d≥0

trace(ρK[V ]d(g))t
d =

∑
a1,a2,...,an≥0

λa11 · · ·λann ta1+···+an =

=
1

(1− λ1t) · · · (1− λnt)
=

1

det(I − tρV (g))
.

Now finally

H(K[V ]G, t) =
∑
d≥0

(dimK[V ]Gd )td =
∑
d≥0

1

|G|
∑
g∈G

trace(ρK[V ]d(g))td =

=
1

|G|
∑
g∈G

1

det(I − tρV (g))
.

�

Example 4.4. Consider the action of the alternating group A4 on V := K4 by per-
muting the coordinates. The expression det(I− tρV (g)) only depends on the conjugacy
class of g. For e ∈ A4 we get

det(I − tρV (e)) = det(I − tI) = det((1− t)I) = (1− t)4.

If g is equal to (1 2)(3 4) or conjugate to it, then

det(I − tρV (g)) = (1− t2)2.

If g is equal to (1 2 3) or conjugate to it, then

det(I − tρV (g)) = (1− t3)(1− t).

There is only one element of A4 conjugate to e, namely e itself. There are 3 elements
of A4 conjugate to (1 2)(3 4), and 8 elements of A4 conjugate to (1 2 3). By Molien’s
formula we have

H(K[V ]G, t) =
1

|G|
∑
g∈G

1

det(I − tρV (g))
=

1

(1− t)4
+

3

(1− t2)2
+

8

(1− t3)(1− t)
=

1− t2 + t4

(1− t)(1− t2)2(1− t3)
=

1 + t6

(1− t)(1− t2)(1− t3)(1− t4)
.

The elementary symmetric functions

e1 = x1 + x2 + x3 + x4

e2 = x1x2 + x1x3 + x1x4 + x2x3 + x2x4 + x3x4

e3 = x1x2x3 + x1x2x4 + x1x3x4 + x2x3x4

e4 = x1x2x3x4
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form a homogeneous system of parameters. Now

H(K[e1, e2, e3, e4], t) =
1

(1− t)(1− t2)(1− t3)(1− t4)
.

We see that

(8) H(K[V ]G, t) = (1 + t6)H(K[e1, e2, e3, e4], t).

Since e1, e2, e3, e4 is a homogeneous system of parameters, andK[V ]G is Cohen-Macaulay,
we have that K[V ]G is a free K[e1, e2, e3, e4]-module. From (8) it follows that K[V ]G

is a free module over K[e1, e2, e3, e4] with generators 1 and h where h is some invariant
of degree 6. In fact we can take

h = (x1 − x2)(x1 − x3)(x1 − x4)(x2 − x3)(x2 − x4)(x3 − x4).

Suppose now that G = K? is the multiplicative group and ρV : K? → V is a
representation. The action of G on V is diagonalizable. For a diagonal action of
K?, the Hilbert series counts the number of ivnariant monomials in each degree. The
Hilbert series of the invariant ring does not really depend on the base field we are
working over. For the field K = C we have the following formula for the Hilbert series
of the invariant ring.

Theorem 4.5.

(9) H(K[V ]G, t) =
1

2πi

∫
S1

1

det(I − tρV (z))

dz

z

where S1 ⊂ C is the unit circle {z; |z| = 1}.

Proof. The action of a torus is diagonalizable. We may assume that with respect to
some basis of V , ρV (z) has the diagonal matrix

za1

za2

. . .
zan


The coefficient of td in the power series of

(10)
1

(1− tx1) · · · (1− txn)

is equal to the sum of all monomials in x1, x2, . . . , xn of degree d. Note that z−1 · xi =
zaixi for all i. We apply the action of z ∈ K? to (10). Then the coefficient of td in the
power series of

(11)
1

(1− tza1x1)(1− tza2x2) · · · (1− tzanxn)
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is equal to the sum of all z−1 ·m where m is a monomial of degree d. The coefficient
of tdz0 in (11) is equal to the sum over all invariant monomials of degree d. If we now
put x1 = x2 = · · · = xn = 1 then we see that the coefficient of tdz0 in

(12)
1

(1− tza1) · · · (1− tzan)

is exactly the number of invariant monomials of degree d, which is dimK[V ]Gd . In
particular we see now that the coefficient of z0 in (12) is exactly the Hilbert series of
the invariant ring H(K[V ]G, t). Note that power series of (12) in t is uniform convergent
on |z| = 1, if |t| < 1.

Finally we note that if f(z) is a Laurent polynomial in z, then

1

2πi

∫
S1

f(z)
dz

z

is equal to the coefficient of z0 in f(z). If we apply this to (12) then the theorem follows
because the right-hand side of (9) is equal to

1

2πi

∫
S1

1

(1− tza1)(1− tza2) · · · (1− tzan)

dz

z
.

�

The following example illustrates how this theorem can be used to compute Hilbert
series of invariant rings for the multiplicative group using the residue theorem for
complex functions.

Example 4.6. Consider the action of K? on K2 by

λ · (x1, x2) = (λ−1x1, λ
3x2).

We compute H(K[V ]K
?
, t). By the theorem, we have

(13) H(K[V ]K
?

, t) =
1

2πi

∫
S1

1

(1− z−1t)(1− z3t)

dz

z
.

To compute the righthand side we use the Residue Theorem. We assume that |t| < 1.
We look for poles inside the unit circle. The only poly is z = t. The residue at z = t is

lim
z→t

z − t
(1− z−1t)(1− z3t)z

= lim
z→t

1

1− z3t
=

1

1− t4
.

The Residue Theorem says that (13) is equal to the sum of the residues inside the unit
circle. We conclude that

H(K[V ]K
?

, t) =
1

1− t4
.

This is indeed true, since one easily checks that K[V ]K
?

is the polynomial ring in the
degree 4 monomial x3

1x2.
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Computing the Hilbert series of the invariant ring a priori can be used to compute
generators of the invariant ring. We will discuss now how one can use homogeneous
systems of parameters and Hilbert series to obtain generators of the invariant ring for
a finite group G.

First we search for a homogeneous system of parameters. For this we observe that
p1, . . . , pr form a regular sequence if and only if K[V ]G/(p1, . . . , pr) has dimension n−r.
This is true if and only if K[V ]/(p1, . . . , pr) has dimension n− r. The latter statement
can be checked using a Gröbner basis computation. Also note that if p1, . . . , pn is a
homogeneous system of parameters for K[V ]G, then the denominator of H(K[V ]G, t)
has to divide

(1− td1) · · · (1− tds)
(where di = deg(pi)). This gives us additional conditions for the degrees of p1, . . . , pn.

After we have found the homogeneous system of parameters, we search for secondary
invariants, i.e., module generators of K[V ]G over P = K[p1, . . . , pn]. We know that
K[V ]G is a free P -module, say

K[V ]G = Ph1 ⊕ · · · ⊕ Phl.

If ej = deg(hj) then we have

H(K[V ]G, t) =

∑
j t
ej

(1− td1) · · · (1− tdn)
.

Since we know H(K[V ]G, t) and d1, . . . , dn, we can compute e1, . . . , el. So we know
exacty in which degrees to look for secondary invariants.

4.3. Degree bounds. We give here a brief discussion on degree bounds for generators
of invariant rings. For a more extensive discussions, see [10, 33, 34].

Suppose that V is a representation of a linearly reductive group G. We define the
following constant

β(K[V ]G) = min{d | K[V ]G is generated in degree ≤ d}.

We would like to have good upper bounds for β(K[V ]G). For finite groups we have the
following bound.

Theorem 4.7. If the characteristic of K does not divide |G|, then

β(K[V ]G) ≤ |G|.

In characteristic 0 this was proven by Noether ([31]). If the characteristic does not
divide the group order |G|, the so-called nonmodular case, then this inequality is still
true. This was recently proven by Fleischmann (see [12]), and by Fogarty independently
(cf. [13]).

Suppose that G = T = (K?)r is a torus. If z = (z1, . . . , zr) ∈ T , and b =
(b1, . . . , br) ∈ Zr, then zb is an abbreviation for zb11 · · · zbrr . If V is a representation
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of G then the action of G is diagonalizable. We assume that ρ(z1, . . . , zr) is given by
the matrix 

za1

za2

. . .
zan


for certain a1, a2, . . . , an ∈ Zr. We will assume that the action is faithfull, i.e., the vec-
tors a1, . . . , an span Zr. The following degree bound was proven by Wehlau (see [40]):

Theorem 4.8.
β(K[V ]T ) ≤ max{n− r − 1, 1}r! volume(CV )

where CV is the convex hull of a1, a2, . . . , an ∈ Zr ⊆ Rr.

A first general degree bound for invariants of connected reductive groups was found
by Popov (see [33, 34]). This bound was radically sharpened by the author (cf. [8]).
Let us introduce the following constant:

(14) γ(K[V ]G) = min{d | K[V ]G is finite over K[K[V ]G≤d]} =

= {d | invariants of degree ≤ d have N as zero set}.

Good bounds for γ(K[V ]G) exists, see for example Popov (see [33, 34]) and Hiss
(cf. [19]). The following bound was proven by the author:

Theorem 4.9.
β(K[V ]G) ≤ max{2, 3

8
sγ2(K[V ]G)}

where s = dimK[V ]G.

Example 4.10. For the group SL2 acting on the binary forms of degree d, one can
prove that

γ(K[Vd]
SL2) ≤ 2d3.

From Theorem 4.9, it follows that

β(K[V ]G) ≤ 3
8
(d− 2)(2d3)2 ≤ 3

2
d7.

This result is slightly worse than the bound 2d6 found by Jordan ([20, 21, 26]).
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