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Stabilizer limits and tangent ideals

Bharat Adsul, Milind Sohoni and K Venkata Subrahmanyam

Abstract. Let G be an algebraic group defined over C and V be a finite
dimensional G-module. Let y € V' and O(y) be the G-orbit of y in V' and O(y),
its Zariski closure. Let z € O(y) — O(y) and ~(t) C G be a l-parameter family
such that v(¢) -y = z + t°ye + ..., where y. # 0 and e > 0. Let O(z) be the
orbit of z, T, its tangent space at z, and N be the quotient V/7T,. Let K, H
be the stabilizers of y,z in G and £, be their corresponding Lie algebras. The
purpose of this paper is to study the connections between K and H in the passage

to limits.

—

Using ~(t) we construct from £, a leading term Lie algebra £(¢) of the

—

same dimension, and show that €(¢) C hy-, the stabilizer within § of 7z € N, the

—

tangent of approach. When £(t) C by, the question arises if there is a G-variety W

between O(y) and O(z). Towards this, let I, C I. C C[V] be the ideals defining
O(y) and O(z) respectively, and R be the associated graded ring of the ideal I,
of C[V]. Using 7(t) and y., we construct a G-invariant ideal J of R between I,

and I, and show that there is an open set O C Spec(R), such that the dimension
of V(J)NO is either dim(g) —dim(hz=) or one more. This sheds light on the local
structure as O(y) meets O(z) along ~(¢). In the Lie algebraic setting, our results
expand on some of the work of Kempf and Luna in the vicinity of closed orbits
O(z) of stable points, to general z.

Mathematics Subject Classification 2010: 141.30,141.24,17B45.

Key Words and Phrases: Orbit closure, Stabilizers, Lie algebras, One parameter

family, Associated graded ring.

1. Introduction

Let X be a finite dimensional vector space over C and let G C GL(X) be an
algebraic group defined over C. Let V be a finite dimensional G-module via a
rational map p: G — GL(V) defined over C. For a g € G and v € V, let p(g) - v,
or simply gv denote the action of g on v via p.

Let ¢ be an indeterminate and O = C[[t]] be the ring of formal power series
with coefficients in C. Let k = C((¢)) denote its quotient field of formal Laurent
series in ¢t with coefficients in C, whose elements may have a pole of finite order at
t=0.

For any algebraic subgroup L C G defined over C, let L(k) be elements of L
with entries in k. In other words, elements h € L(k) are matrices with entries in k
and satisfy the algebraic relations (over C) which define L.
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Let y € V and O(y) denote the G-orbit of 3 and O(y), its Zariski closure in
V. Let z € O(y) but z € O(y). Moreover, let v(t) € G(k) be such that:

y(t):v(t)-yzztiyizzﬂeyﬁm (1)

where z = yo and y. # 0. We denote this as y = z and call z the leading term
or limit of y under 7(¢) and 7. as the tangent of approach. We say () is a one
parameter family (1-PF) driving y to z. It is known that z € O(y) implies the
existence of such a y(t) € G(k). When G is reductive, v(t) assumes a special form,
see [8, 13].

The motivation of this paper is to study the following question. Given ele-
ments z,y € V with stabilizers H, K C G, and the condition y = z, utilize 7(t) to
connect the stabilizers K and H.

2. Our Contributions

Let g = Lie(G) be the Lie algebra of G. Note that g is a G-module under the
adjoint action. Let h and € be the Lie algebras of H = G, and K = G,. Let
T.0(z) = g-z (or simply T, ), denote the tangent space of the orbit O(z) at z. Note
that 7. is an H-module. Let N be the H-module (as well as the h-module) V/T,
which corresponds to a “normal” slice at z to the tangent space T} .

Definition 2.1. Let V' =V ®k and ¢ =g® k. Then

L. Forany v € V" with v' # 0, let o' = Y7, t'v; with v, # 0. Weset ord(v') = a
and call it the order of v', and v as the vector v, € V. Similarly, for any
g cg, with g #0,let g =3 .., t'g; with g, # 0. We set the order of g’
as ord(g') = b and g =g € g. By convention, for 0 in V' or in g, we set
ord(0) = co.

2. We denote by () the formal derivative with respect to ¢. For v/ € V' written
as v = > t'v, we set o) = Y it ty;. For g = (gi5(t)) € G(k), we set

d

g= ( o Gij (t)) , the matrix obtained by differentiating each entry with respect
to ¢.

3. For any v € V or g € g, we set v(t):'y(t)mEV’ and g(t) = 'y()

v(t)gy~(t) € g’. By abuse of notation, we set v = v( ) and g = g( ) and call
them the respective leading terms. Moreover, we set ord,(v) = ord(v(t)) and
ord.(g) = ord(g(t)).

Definition 2.2.  Let y, 2,7 be as above. We define

1. EC g as the C-vector space generated by {E|k € t}, the collection of leading
terms of k(t), with k € ¢.

2. £(t) C ¢’ as the k-vector space generated by all vectors k(t), for k € ¢.
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—_

3. &(t) C g as the C-vector space generated by k', where k' € £(1).

We prove:

—_

Theorem 2.3.  Let y, 2, be as in Equation 1. Then € C at\) C b and dim((t)) =
dim(€). Moreover, €(t) C by, the Lie algebra stabilizer within b of ¥z € N, where
Ye 1S the tangent of approach.

~v(t)y. We say
y(t).

Definition 2.4.  For the data y, z,7 as in equation 1, and y(t)
that an element v(t) € g’ satisfies the path condition if v(t)y(t)

Note that v(t) in the above definition is a Laurent power series with coeffi-
cients in g. It is easily shown that a suitable v(t) satisfying the path condition may
be constructed from ~(t) itself.

Proposition 2.5.  Let y,z,7v be as in equation 1 and y(t) = ~(t) - y. Moreover,
suppose that y. & T,. Let v(t) € g satisfy the path condition. Then there is a

v'(t) so that (1) it satisfies the path condition, and (ii) if ¢ = v'(t), then £ € b, ¢
normalizes Yg-, t.e., [0, hgz] C by and yet £ & €(t).

The following proposition ensures that the tangent of approach is outside T,
at the cost of changing the 1-PF ~(¢).

Proposition 2.6.  Let y = z and let N be a complement to T, in V. Then there
is a 7' (t) € G(k) such that y'(t) =7'(t) -y € N®O and y > 2.

This has the following important corollary.

Corollary 2.7.  Let z € O(y) be such that dim(O(z)) = dim(O(y)) — 1. Then
there is a v with a tangent of approach ye & T, such that y - z and § = t(t) e Ce,
where £ is obtained as v(t) € g’ satisfying the path condition. Moreover, either (i)

—

t(t) = by and is normalized by ¢, or (i1) by =1.

Note that dim(h) — dim(hy;) is the dimension of the orbit of the tangent of
approach 7 in N, which may be identified by a transversal slice N at z to 7. Since
O(z) is of dimension dim(g) — dim(h), this indicates a “local dimension” of O(y) in
the vicinity of z to be (dim(g) —dim(h))+ (dim(h) — dim(hy)) = dim(g) — dim(hy;).
Thus, when at\) C by, this local dimension is less than (dim(g) — dim(€)), the
dimension of O(y). The question arises if there is an intermediate G-variety O(z) C
W C O(y) of dimension (dim(g) — dim(hy)) which is tangent to O(y). Our next
result concerns that.

Definition 2.8. Let R = ®;>0R; be the associated graded ring for the ideal
I, C C[V]. In other words, R; = I /T"™! (with I? = C[V]).
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Note that, for all i, R; is a G-module. For any ideal [ C I, set [; = I' N[
and I; = (I + I,)/I'*" and let T = @;>0l;. Then I is an ideal of R. Note that
for the G'-invariant ideal I, C I, the ideal I_y is a graded G -submodule of R.

Next, for an f € C[V] and an indeterminate €, we may evaluate f at the
point z + €y, to obtain a polynomial py = > .. pi€".

Definition 2.9. For f € C[V] we define D7 (f), or simply D"(f) as the r-th
coefficient p, above.

The first coefficient D! in the above definition, is of course, the derivation
associated with y, € T.V. For any f € I’ and f' € I'*! we have D"(f’) = 0,
and D"(f + f') = D"(f) making D" a functional on I”/I’*'. We now come to our
second result.

Theorem 2.10.  Suppose that y 2 2 with y. as the tangent of approach. Moreover
suppose that y. ¢ T.0(z) and €(t) < by. Then there is a G-invariant ideal
Jzoy. © R or simply J = @;>1J; such that:

1. For any f € J, and any representative f € I7, we have D"(f) = 0.
2. I,CJCI,.

3. Let V(J) C Spec(R) be the variety of J. Then there is an open subset
O C Spec(R) such that the dimension of V (J)NO is (dim(G) —dim(Hy.)) +k,
where k = 0 if there is an h € § such that hy, = ay, with o # 0, and k =1
otherwise.

Thus, the variety of J extends O(z) in the direction y.. We call J = J,, as the
tangent ideal for the data (z,v.).

This work contributes to the overall understanding of stabilizers in the vicinity of
general points z € V. Let us define the null cone of z as Ng(z) = {y € V|z € O(y)}.
The classical null cone N (V') is of course, Ng(0). When G is reductive, the Hilbert-
Mumford-Kempf theory shows that for all points y € Ng(0), there is an “optimal”

1-PS A(t) such that y A 0. The stabilizer K = G, is contained within the parabolic
subgroup P()\), whose Lie algebra is precisely the elements of g of non-negative order
(see Remark 3.3). The leading terms y. of such optimal limits (i.e., the tangents of
approach) have interesting properties, see [6]. They are eigenvectors with non-zero
eigenvalues of semisimple elements in G and are also shown to be L(\)-semistable
(where L(A) is a “twisted” version of the reductive subgroup of all elements in P(\)
which commute with \), see [15]. Luna [10] works with stable points z € V' whose
orbit O(z) is closed. Such points must have reductive stabilizers H = G,. Using
an H-complement N C V to T, he shows that the stabilizer K of y € Ng(z) is
then a subgroup (up to conjugation) of H. Ng(z) is then intimately connected to
Ng(0), the null cone for the H-action on N. The tangent again is an eigenvector of
a semisimple element in H.

Our results extend some of this to a general z and y € N(z). We show that
the Lie algebra stabilizer £ = g, passes to a Lie subalgebra of the stabilizer § = g.
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in the limit. However, tangents of approach may well be eigenvectors of nilpotent
elements in h. The H-module N = V/T, plays an analogous role in the analysis of
N(z).

The rest of the paper is organized as follows. Theorem 2.3, on stabilizer limits
and Proposition 2.5 are proved in Section 3. Examples of such limits are provided in
Section 4. In Section 5 we construct the ideal J, compute its dimension and prove
Theorem 2.10. Examples of the construction of J are provided in Section 6. In
Section 7, we outline the determinant vs. permanent problem, a central question
in computational complexity theory, which provided the main motivation for this
research. We also outline the connection with the Bruhat-Tits theory on bounded
subgroups of Lie groups.

3. Stabilizer Limits

We recall some well known facts on Lie group and Lie algebra actions. The reader
is referred to Humphreys [7] for details. Let G act on a vector space V via p :
G — GL(V). Let g = Lie(G) be the Lie algebra of G. Note that g is a subalgebra
of gl(X) = gl,(C), the Lie algebra of n x n matrices over C. Then g acts on
V' via the differential of p. G acts on g by the adjoint action ad : G — GL(g),
ad(g) - g = ggg~'. Given p, the induced Lie algebra action p; : g — End(V) is
compatible with the adjoint action: p;(ggg™) = p(g)p1(g)p(g™t).

For any v € V and g € g (resp. g € G), gv (resp. gv) will denote the action
of g (resp. g¢) on the element v via p; (resp. p). For any v € V| the stabilizer
of v will refer to either G, := {g € G|gv = v}, the subgroup of G fixing v, or to
g, = {g € glgv = 0}, the Lie subalgebra of g sending v to zero. In fact, g, is the
Lie algebra of the group G,. Of course, g, is determined by the identity connected
component of G,,.

Note that via p;, V' is also a g’ module. Thus, if v/ = > . t'v; and g’ =
> sp g, then gV = isa tHgiv;. Moreover, for g',h’ € g/ with g’ = >, t'g;
and h' =3, t’h;, then [g/,h'] =", .~ #"[g;, h;]. Thus, we have:

Lemma 3.1. (A) For g € ¢ and v/ € V' we have either (i) ord(g'v') =
ord(g')+ord(v') and gv' = g'-v', or (i) ord(g') > ord(g') +ord(v') and g'-v' = 0.
(B) If g',h" € ¢, then either (i) m = [g’,ﬁ’] and ord([g',h']) = ord(g') + ord(h’)
or (ii) [gA’,PT’] =0 and ord([g',h']) > ord(g’) + ord(h’).

We fix y,z,~ such that y = z. We also fix H = G,, K = G, and their Lie
algebras h = Lie(H),t = Lie(K).
We then have the basic dichotomy lemma which extends Lemma 3.1. Recall

—

that for g € g or v € V', we have g = g(t), where g(t) = v(t)-g and v = v(t), where
v(t) =~(t) - v.

Lemma 3.2. Ifge g and v €V are arbitrary elements then either (i) gu = go
and ord.,(gv) = ord,(g) + ord,(v) or (ii) gv =0 and ord,(gv) > ord,(g) + ord,(v).

~

For g,h € g, either (i) ord,([g,h]) = ord,(g) + ord,(h) and [g,h] = [g, h], or (i)
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~

ord.([g,h]) > ord,(g) + ord,(h) and [g,h] =0.

Proof. For the first assertion, note that if w =g - v, then:

w(t) =~(t) - w=~(t)gy(t) v (t)v = g(t)v(t)

The assertion then follows from Lemma 3.1. For the second assertion, we note that:

(g, h](t) = 7(t)([g, )y (1)~ = [y (H)gy (@)~ A (E)hy (1)~ = [g(t), ()]

The second assertion also follows from Lemma 3.1. ]

Remark 3.3.  Let g ={g € g|ord,(g) >i}. Then (i) (g;") is a nested sequence

of subspaces of g with [g, g] C g7, and (i) g5 C g is a subalgebra and gi C g7,
a nilpotent ideal.

Proposition 3.4. Let M be a finite-dimensional G-module over C, and let
N C M be a subspace. Let M' = M @ k and N(t) C M’ be the k-vector space

generated by the elements {y(t) -nln € N}. Let ]V(?) — {n'|n’ € N(t)}. Then
N(t) C M s a vector space over C of dimension dim(N). Next, let N be the vector

—_ o~ —

space generated by elements {n(t)|n € N}. Then N C N(t).

Proof.  Firstly, observe that ~(¢) is an invertible k-linear transformation on M’ =
M ® k. Thus, for a basis nq,...,n, of N, these elements continue to be independent
in M" and so do the elements Y(t) - ny,...,7(t) - n,. Thus dimg(N(t)) = dimc(N).

Next, let N[[t]] = N(t) N (M ®¢ O), which is an O-module. Let N;[[t]] =
{n(t) € NJ[t]] | ord(n(t)) > i}, then N;[[t]] is also an O-module. Since, for any
n(t) € N(t), thereis an a such that t*n(t) € Ny[[t]], we have N/O[[t\ﬂ = W] = m

Let C = {c1(t),..., ()} C No[[t]] be such that C is a basis for Jm.
Without loss of generality, we assume that ord(c;(t)) = 0 for all 1 < i < p. We
claim that C' is an O-basis for Ny[[t]] and therefore for N|[[t]].

For any m € NJ[[t]], if m = > 7 | a;ci(t), with o; € C, then let ¢(m) =
S agci(t) € No[t]]. Note that c(m) = m. Let @(m) = (ai,...,a,) as above.

Now let n(t) = Y .o t'm; € No[[t]], where m; € M. Let us define the
following recursive sequence: ng(t) = n(t),m) = my, the coefficient of t* in nf(t).
Next, nj,(t) = nj(t) —t'(c(m})). Thus nj,(t) is obtained by using C' to cancel the
leading term. We may inductively show that (i) n}(t) € N[[t]] and is of order at least
i, (ii) m} is the coefficient of ¢* in n}(t), and (iii) nj,,(t) = n(t) — Z;':o t/e(m]). We
also obtain the vectors a(m).

For s = 1,...,p, let us consider the element a(t) = > t/a(m]), € k and
n'(t) = > 2o the(m)) = >0 as(t)es(t). It is easy to see that n/(t) matches n(t) in
every (finite) coordinate, and thus n'(t) = n(t), and is expressible as an O-linear
combination of C'. This shows that C' spans N[[t]].

Next, we claim that C' is linearly independent over k. Indeed, if there were
such a linear dependence, there would be one, say > > | 5;(t)¢;(t), over O with some
of the (5;(0) # 0. That would imply a linear dependence over C on the elements C ,
a contradiction to the choice of C'.
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Thus C' is also a k-basis of N(¢) and thus p = dimg(N(t)) = dimc(V).
Finally, we have dim¢(N(t)) = |(7 | = p. This proves the first part.
The second part follows from the fact that n(t) € N(t) for all n € N. ]

—_—

Remark 3.5. It may well happen that N C N(t), see Example 4.4.

We record a corollary of the proof above:

Corollary 3.6. If m(t) € M' = M ®c k is such that m(t) € N(t), then there
is an integer a and n'(t) € NI[t]] such that for m/(t) = m(t) — t*n/(t), we have

—_——

m/(t) & N(t).
Proof. If @ ¢ ﬁ(t\), then n/(t) = 0 and we are done.

If not, let C' be the basis of Ny[[t]] as above. Since m(t) ¢ N(t), there
is a d > 0 such that p(t) = tm(t) € M ® O but p(t) ¢ N[[t]]. Starting with
i = 0 and p)(t) = p(t), for every i with the coefficient of ¢ of pi(¢) in ﬁ(t\),
let us construct the sequence pf () as above. Since p(t) ¢ N][[t]], there is an
r such that the coefficient of ¢" in p/.(¢) is non-zero and not an element of m
Moreover, as in the proof above, p!.(t) = p(t) — n(t), for some n(t) € NJ[[t]]. Thus,
we have (tdmgjn(t)) 4 JV(t\) Thus, n'(t) = t~9n(t) is the required element and
(m(t)/—\n’(t)) & ﬁ(?) as claimed. ]

Proposition 3.7.  Let £ be a Lie subalgebra of g and N CV an £-module. Let
£(t) be the k-vector space generated by the elements {~(t) - hlh € £}. Similarly, let
N(t) be the k-vector space generated by the elements {y(t) -nln € N}. Then

1. £(t) C ¢ is a Lie subalgebra and N(t) C V' an £(t)-module.
2. (i) E(\t) is a Lie subalgebra of g, and dim(i?(?)) = dim(£), (ii) @ CVisa
L(t)-module with dim(N(t)) = dim(N).

3. (i) £C E(?) is a Lie subalgebra of g, and (ii) N C ]V(t\) CV is a £-module.

Proof. For (1), note that typical elements h’ and g’ of £(¢) are given by h' =
> ai(t)hi(t) and g' = > m;g;(t) where «;(t),n;(t) € k and h;, g; € £. Similarly, a
typical n’ € N(t) is given by > . 3;(t)n;(t), with B;(t) € k and n; € N. Whence
h,g'] = > ci(t)n;(t)[hi, g;](t). Since [h;,g;] € £, we have [h',g'] € £(¢). The
same argument shows that g’-n’ € N(¢). This proves (1).

For (2), if h’,g’ € £(t), then by Lemma 3.1, we see that either [PT’,Q’] =0

—

or it equals [h',g’]. Since, [h,g'] € £(¢), in both cases, the element [hA’,gA’] is in
£(t). The same argument shows that N(t) is a £(f)-module. The statement

about the dimensions follows from Proposition 3.4. This proves (2). Part (3) is
straightforward. [ |
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Lemma 3.8.  Let v be an arbitrary element of V and g € g,. Then g(t)v(t) =0
=0.

and g-v=0. Thus (g,) C g5. Moreover, for any k' € g,(t), we have K'v(t)

Proof. If gv =0, then so is g(¢)v(t), and consequently, its term of order ord(g)+
ord(v), which is go. Coming to the last assertion, we have k' = > «a;(t)k;(t), for
some «; € k and k; € g,. Whence k'v(t) = >, a;(t)ki(t)v(t) = 0. ]

We now come to the proof of Theorem 2.3.

—_

Theorem 3.9.  Let y,z and v be as in equation 1 (with d =0). Then €(t) is a
Lie subalgebra of by and dim(¢(t)) = dim(t). Moreover, ¥(t) C by, the Lie algebra
stabilizer within b of y. € N, where y. is the tangent of approach.

Proof. Proposition 3.7 applied to ¢ gives us that €(¢) is a Lie algebra. By
Lemma 3.8, we have K'y(t) = 0 for any k' € £(¢). Since y/(t\) =z, we have Kz = 0
and thus k' € . Since k' was an arbitrary element of £(t), we have E/(t\) Cbh. The
assertion that dim(E/(t\)) = dim(®) is shown in Proposition 3.7. This proves the first
assertion.

Coming to the second assertion, let k' € €(¢) be arbitrary. We already have
K'y(t) = 0. If we write k' = kot® + ko1 + ... and y(t) = yot® + yet® + ..., then we
have:

(Kat® + ka1t + ) (wot® + yet +...) =0

with gy = z. Examining the terms of order a,a + 1,...,a + e — 1,a + e in this
product, we have:

korig =0 fori=0,...e—1
kaye + ka—i—eyO =0

This tells us that k,.; € h for i =0,...,e — 1. Coming to order a +e, since k, € b
and koye = —Kkaieyo € g2 = T.0(z), we have k, -7 = 0 € N and thus k, = k' € by
This proves the theorem. [ |

We now come to the proof of Proposition 2.5. This is done in several steps
from Proposition 3.10 to Corollary 3.13.

Proposition 3.10.  For ~(t) € G(k) as above, let v(t) = ¥(t)y '(t), which is a
matriz with entries in k. Then v(t) € g and satisfies the path condition.

Proof. Since 7(t) is a k-point of G, ~(t + ¢) is a kle]/(€?)-point of G, as it
satisfies the same polynomial equations over C. Now consider

YE+ ey (1) = [y(®) + ex(Oy (1) = L+ ey(t)y ™ (t) € GL(X)(k[e]/(¢"))

It follows that (t +¢)y~'(t) is also a k[e]/(€*)-point of G. Because it has the form
1+ €eb(t), the series b(t) = v(t)y~(t) lies in the Lie algebra of G over k, ie., g’. ®
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Coming to the proof of Proposition 2.5, by Lemma 3.8, we have £(t)y(t) = 0.
Next, for any v(t) satisfying the path condition, since v(¢)y(t) = y(t) # 0, we have
o(t) ¢ €(t). In fact, for any k' € €(t), v'(t) = v(t) + k' also satisfies the path
condition, viz. v'(t)y(t) = ¢(t). We now show that there is a k' € €(¢) such that the

—

leading term of v(t) + k' does not lie in €(t).

Proposition 3.11.  Let v(t
g’ € &(t) such that if v'(t) = v(
(ii) its leading term o' & ¥(t).

) € ¢ satisfy the path condition. Then there is a
t)+ g, then (i) v'(t) satisfies the path condition and

Proof. Let us apply Corollary 3.6 with M = g as the G-module and N =¢ C g.
Since v(t) & €(t), we are then assured of a k(t) € #(t) and an a such that if

v'(t) = v(t) — t°k(t), then v'(t) &€ €(t). Then —t*k(t) = g’ € €(t) is the required
element. [

Proposition 3.12.  For general G and g = Lie(G), let v(t) € ¢’ satisfy the path

condition and let ¢ = v(t) be its leading term. Suppose that y. ¢ T, - the tangent
space of the G-orbit of z. Then { € h = g, and Y is an eigenvector of {. Thus

4, by:] € by,

Proof.  Let v(t) = Y., t'M;, with M; € g and M, # 0 satisfy v(t)y(t) = y(t).
We may then write the path condition as:

(Mat® + Myt ™+ ) (2 4yt + .. = et Ty + ...
We may rewrite the first few terms of the LHS as follows:

tMyz+ ... FtTe Mz FtOTC M2
+ta+eMaye +ta+e+1 Ma—l—lye

Since ey, # 0, we have a < e — 1. Consider the case 0 < a < e — 1. In this
case, we have a < e—1<a+e—1, and we have M,_,z = ey, forcing y. € T,O(z).
This contradicts the hypothesis. Thus, we have a < —1. This gives us that M,z =0
and { = M, € h. If a =—1, we have:

Meflz + Maye = €Ye

Since M, 1z € T.O(z), we have M,y = €¥e, and thus 7, € N is an eigenvector of
M,. If a < —1 we have:

Ma+eZ + Maye =0
This implies M,y = 0 and yet again Y. is an eigenvector. Thus, in all cases,
¢ = M, = v(t) normalizes hy- completing the proof of the proposition. [

We have a simple corollary of the proof:

Corollary 3.13. Wficg Ye € T,, as in the hypothesis, we have a < —1. When
a = —1, we have ¢ = v(t) € b and ly, = ey,. Since e # 0, the pair b, satisfy
the eigenvector condition, see Definition 5.11. When y. € T, and a < e — 1, we still
have £ € §.
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We complete the proof of Proposition 2.5.

Proof. Suppose that v(t) € g’ satisfies the path condition. By Proposition 3.11,

we may arrive at an v(t) such that ¢ = v(t) & ¢(¢). By Proposition 3.12, we have
that ¢ € h and normalizes bhy-. This completes the proof. |

We now consider the case when y. € T,. This will address Proposition 2.6 and
Corollary 2.7 from the introduction. We first prove:

Proposition 3.14. Let y = z and let N be a complement to T, in V. Then
there is a ' (t) € G(k) such that y'(t) =~ (t) - yCN®@O and y > 2.

We begin with a lemma:

Lemma 3.15.  Let N be a complement to T, in V. Let s be a complement to
h Cg. Let M C G be a variety of dimension dim(s) such that eq € M is a non-
singular point with T,,M = s. Then there is an e-neighborhood B.(z) C V of z
such that

1. For all v € B(z), the set Mv N B.(z) is smooth.

2. Moreover, there are polynomial functions fi,...,f. on V. x M x V, where
r = dim(V), such that for v € B.(z), the equations fi(v,-,-),..., fr(v,-,-)
define {(g,gv) € M x V]g € M} in a neighborhood of (eq, z).

3. For all v € B.(z), there is an n, € N such that Mv N (z+ N) is a singleton
z+n, with n, = 0. Moreover, the intersection at all these points is transversal.

Proof. The set Mz is an algebraic subset of the orbit O(z) and of the same
dimension. Since O(z) is smooth and M is smooth at eq, sois Mz in a neighborhood
of z. Since the multiplication map is smooth and algebraic, Mwv is smooth in a
neighborhood of z. This proves the first assertion.

For the second assertion, note that the set (v, g, gv) is merely the graph of
the group action and hence an algebraic set of dimension dim(V') + dim(s). Thus,
locally, at the point (z,egq, z), there are r = dim(V) equations fi,..., f, which
define this set. By specializing for v € B.(z), we have the second assertion.

Coming to the third assertion, note that Mz N (z+ N) = z and n, = 0, as
asserted. Moreover, since z + N is an affine space of dimension dim(V') — dim(s),
there are gy,...,gs affine forms on V' which define it (where s = dim(s)). The
solution z + Oy is precisely the solution to the r + s equations f;(z,-,-) and g;.
Since O(z) meets N transversally and Mz = O(z) locally, we have that the r + s-
dimensional Jacobian J((f;(z,-,-)),(g;)) is non-singular at (eq, z). The same must
hold for J((fi(v,-,-)),(g;)), in a small neighborhood of z. This proves that there
is an isolated zero to the equations (fi(v,-,-),(g;)) and Mv meets N transversally.
This proves the third assertion. [ |
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Lemma 3.16.  There is a series m(t) € M(O), (i.e., elements of G(O) satisfying
the defining equations of M ) such that (i) fi(y(t),m(t),m(t)y(t)) = 0 and (ii)
m(t)y(t) € z+ N, and (i) m(0) = e .

Proof.  Consider the r+s polynomial equations ((f;(y(¢),-,-)), (g;)) over M x V.
Thus, there are r 4+ s equations in r 4+ s + 1 variables, the extra parameter being
t, over a locally smooth space, smooth at the point (eg,z). Moreover, at t = 0,
the solution is, of course, m(0) = eg and v(0) = z, and the Jacobian there is
non-singular. Note that y(t) € V ® O and Newton’s method applies, see [11], for
example. Thus, there is a family m(t) € M(O) and v(t) € V ® O which satisfies
the r + s algebraic equations. The governing equations imply that v(t) = m(t)y(t)
and v(t) € z 4+ N. This proves the lemma. [

We are now in a position to complete the proof of Proposition 3.14.

Proof. The existence of a suitable M as in the hypothesis of Lemma 3.15 is
clear. Therefore, we may construct a suitable m(t) as in Lemma 3.16. Consider
v (t) = m(t)y(t). Then we see that +'(t)y = m(t)y(t) € z+ N. Thus y/(t) C N.
Finally, since m(t) € M(O) and m(0) = eq, y'(0) = m(0)y(0) = egz = z. This
proves both assertions and the proposition. [ |

While Proposition 3.14 constructs a 1-PF ~/(¢) with a fresh tangent of ap-
proach which is not 1n T., the algebras ¢(t) and ¥(t) may be different, and hence so

may £(¢ )7 and {3( ) However, we prove the following important corollary.

Corollary 3.17.  Let z € O(y) be such that dim(O(z)) = dim(O(y)) — -1. Then
there is a v with a tangent of approach ye. & T, such that y - z and § = E( )dCl,
where { is obtained as v(t) € g satisfying the path condition. Moreover, either (i)

—

t(t) = by and is normalized by (, or (i) bz = 1.

Proof. That z € W) assures us of a v such that y = z. By Proposition 3.14,
we may assume that y. & T,. Then, by Proposition 2.5, we have E( )® Cl Cb.
Since dim(h) = dim(€) + 1, we have 1’3( ) @ C¢ = b. This proves the first assertion.
Since by 2 @, we must have either (i) by = E/(t\), or (ii) by = bh. In case
(i), we alreaiiz know that ¢ normalizes by and therefore, by the above equality, it

normalizes €(t). ]

Remark 3.18.  An important special case is when v(t) is a 1-parameter subgroup
(1-PS) of G. In this case, we have the weight space decompositions V' = &;V; and
g = ®;g;. The Lie algerbra g of Remark 3.3 is the parabohc lie algebra p( )
associated with A. All proofs become simpler and = E( ). Moreover, = > E s
a graded Lie algebra.

If A\(t) = diag(t®,...,t%) C T, a maximal torus of G, then v(t) = t~1¢,
where ¢ = diag(dy,...,dy), and thus a = —1 (cf. Corollary 3.13). The element
¢ normalizes € but ¢ & by 2 €. Moreover, if y. € T., but z ¢ O(y), there is a
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u € U(A) such that uy 2~ but with the new tangent y., ¢ T,. These results
appear in [1, Section 3]

Remark 3.19. In the case when G is reductive, by [8], the condition z € O(y)
assures us of a 1-PF () of the form ~(t) = hy(t)\(t)ho(t)™" where hy, hy € G(O)
and A(t) is a 1-PS of a maximal torus of G. An extension of the analysis in [2] may
help define ¢ in this case, and connect it with A(¢).

Next, we illustrate the results of this section with some examples.

4. Examples

Example 4.1.  Let us consider G = GL4(C) acting on V = C* as column vectors.
Consider the 1-parameter subgroup «y(t) below. This allows for a weight space
decomposition of V' and g. The action of v on a typical element M € g is given
below, where each M;; is a 2 x 2-matrix. Note that the orders which occur are —1,0
and 1, thus we have the spaces g_1,g0 and gi, of matrices with leading terms of
order —1,0 and 1 respectively. We consider £ as given below and compute €.

100 0 a b 00

o 01 00 -1 _ M11 t_lMlg . c d 0 0
M=o o ¢ o] WM _{tM21 Moy } =100 a o
000 ¢ 00 c¢d

For an element k with weight space decomposition ). k;, the leading term k is the
non-zero term of smallest weight. Thus Tisa graded Lie algebra. To compute E-,
let ¢ = (®;>:9;) Nt. The space ¢/¢; gives us El

We have dim(¢_;) = 4,dim(%) = 4 and dim(¢) = 0. Thus, we get a basis
B = By of ¥ of dimension 4. Moreover, since each element of By is homogeneous,
we have EO = By and =t

Next, let A be as shown below. We obtain ¢ = AtA~! as given below.

1 001 a b c d—a
101 00 , | cd 0 —c
A= 0010 t= 0 0 a b
0 001 00 ¢ d
As a result, ¥(t) and ¥ are as given below:
a b t7le t7Hd—a)
i e d 0 —t7 ¢
Bt = 00 a b
00 ¢ d

Again, let £ = ¢ N ®;>,9; and note that dim(¥ ;) = 4. Now &, consists of all
elements k € ¢ which have no term of order —1. This forces d = a and ¢ = 0
and so dim(¢)) = 2. Finally dim(#;) = 0. Thus, we have B_; and By, each of
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cardinality two contributing to B = B_; U By, such that B would be a basis of ¥
This results in € as given, with r,s,t,u € C as given below.

u t s T
s 0 u 0 —s
0 0 u t
0 0 0 wu

Note that while € is reductive, ¥ is a solvable Lie algebra.

Example 4.2. Consider a set of indeterminates {z1, 5,23} and let X = C -
{1, 29,23}, be the space of linear combination of these indeterminates. Let G =
GLs and g = Lie(G). Let G act on V = Sym?(X), the space of homogeneous
forms of degree 4 by substitution. In the resulting g-action, an element of g acts
as a differential operator. More precisely, g = (a;;) acts on a form v € V as:
gv =7, aijxia%. Consider f = (z3+a3+23)? € V. The stabilizer algebra g; = ¢
is 3-dimensional and is given below.

Consider next the 1-PS ~(t) € GL3 given by v(z1) = x1,7v(x2) = 23 and
y(x3) = txs. We have f = g = (22 + 22)? as the leading term of ~(t)f of order
0. The stabilizer g, = b is 4-dimensional and is shown below (with a,b,¢,d € C).
Note that, since x3 is absent in g, the operators V = (bzy + cxy + dxg)a%s certainly
stabilize g.

0 a b 1 00 0 a b
gr=|—-a 0 c| v(t)=]01 0| gg=| —a 0 c
—b —c 0 0 0 ¢t 0 0 d

The adjoint action of ~(¢) on £ and the resulting E, the 3-dimensional Lie algebra
of leading terms, are shown below.

0 a t7' 0 a b
Ny t=| —a 0 te| t=] —a 0 ¢ | Ch
—tb —tc 0 0 00

Thus the “leading term” operation applied to £ inserts ¢ into the stabilizer b of the
limit g = f :

The tangent of approach is the form h = 2(2? + z3)z3 of order 2. Let us
now compute h;. For this, we must compute 7,0(g) = gg. Note that since ¢ is
of order 0, forms in 7,0(g) must be of order 0 or 1, whence we must compare (i)
(h)_1h with (g)19 and (ii) compute (h)oh. For (i) it is easily checked that (h)_1h =
{(ay + Bx2)(2? + 23)x3|a, B € C} C T,0(g). For instance, 13388—52 = dxo(2? + 23) 13
is in T,0(g). On the other hand, for (ii) we see that (h)oh = 0. From this, it easily
follows that € = by C b.

Example 4.3. Let G = GLy(C) acting on V = C? (treated as column vectors).
Let v(t) be as below and let us compute V as well as V ® k.

=[5 s3] [75 o [4 e 2]
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For a general v € V', there are two cases: « # 8 or a = (. In either case we see

~

that v = { Ek) 1 . Thus dim(V) = 1. On the other hand, we see that

”1:[”“2={ﬂ tv2<t)—(1+t)v1(t):t2[?]

Thus V # V(1).

Example 4.4. Let G,v(t),y and z be as given below:

=[5 o |@rono=]g ' u=] 1] o= 0]

— 0 b
g, =0 andgzzh:[o 0]

We have

We have 7(t),y(t) and v(t) = §(t)y~"(t) are given below:
e[ s0=[3 ][5 ][ 5

b(t) = —t 2 {8 Hﬂl[é H cg®C((1)

We see that gy, = { (1) } , and a = —2, as in the proof of Proposition 2.5. We also

— —

see that v(t) € h and stabilizes 7, indeed v(t)y. = z € T.

Example 4.5.  This is Example 7 from [2]. Let G = SLy(C) and V = Sym?3(C*).
Let p = 2%y and ¢ = 2®. Note that G, is trivial and G, is the unipotent group of
dimension 1. Let v(¢) and (¢)~! be as given below:

O B RO Y
We have:
p(lz, y]") () = p(y(t) Mz, y)") = () (¢ 22+t y) = 2° + taPy

Thus we have p = ¢ with e = 1 and 22y is the tangent vector, which is in 1,0(q).
It is shown in [2] that while ¢ € O(p), it cannot be obtained as the limit of a 1-PS
in G.

Analysing the above limit, we see that G, = K is trivial and G, = H is the
lower unipotent group of dimension 1. The provisional construction v(t) is given

below:
o =i = 55 V[ A= e O
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We thus have:

_ 42 i, _,—2|00 1| —10
o(t) =t"g o+t g1=t [3 0| Tt 0 1

—

with £ = v(t) = g_o. Note that v(t) € ¢ = slo ® k and a = —2. We check that the
path condition indeed holds:

00 -1 0

) -1 3 2 _ 2
(t [30}+t [O 1})(1‘ + tzty) = 2%y
Since a < —1, Corollary 3.13 applies, and we have ¢ € .

Example 4.6. Let us continue with Example 4.5, with V = Sym?(C*) and
p = 2%y and ¢ = 2%, but with the group G’ = GLy(C). Note that Gy, is of
dimension 1 while G, is of dimension 2. Let /() and /(t)~" be as given below:

Y (t) = [ _tl_l t(‘)l } YO = { i H

We have:
p([z,y]") (1) = p(v/ (1) "z, y]") = 2*(z + ty) = 2° + ta?y

achieving the same limit and tangent of approach as (t) above. Moreover, we have:

0 =orrw0= % |1 Y=o 5]

00
01
While ¢ is not accessible as a limit of p via a 1-PS in SLs(C), it is indeed so in
GLy(C).

This gives us ¢ = { , the semi-simple element in g;. Note that a = —1.

Example 4.7. This example illustrates the construct of +/(t) as in Proposi-
tion 3.14. Let X = Cz + Cy and V = Sym?(X). Let p = z® + y* and ~(t)
and its action be as given below:

so={o 1] o=

We then have v(t) - p = p(t) = t?2% + 2ty + 2y*, and thus ¢ = 2y? is the limit
and 2zy is the tangent of approach. T, = T,(O(q)) is given by Cy* + Czy and thus
the tangent lies in T,. Let M (a,b) be the space of matrices given below and the
complement N = Cz? to T, in V.

M(a,b):[l 0 }

b 1+a
We may check that T.,M - ¢ = T,. Upon substituting M (a,b) in p(t)(z,y), we get:

p'(t) = p(t)(M(a,b)(x,y)) = 2 + 2tz(bx + (1 + a)y) + 2(bz + (1 + a)y)?
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The condition that p'(t) € 2y* + Ca? gives us a = 0 and b = —¢/2. This gives m(t)
and 7/(t) as shown below.

m(t>:[_tl/2 (1)] y(t)ﬂ(t)'m(t):{fﬁz H

One may check that
Y (6)p = (£/2)2* + 24

5. The normal cone and the tangent ideal

We now come to Theorem 2.10 on the construction of the G-invariant ideal J C R.
We compute its dimension and also show that the variety of J extends O(z) in the
direction .

Let us recall the ideals I.,I, C C[V] and the associated graded ring R =
®i>oR; where R; = I' /I (with I? = C[V]), as in Definition 2.8. For any ideal
ICIL,let I; ='N1T and I; = (I'*' + I,)/I'*'. Then (I;) is a I,-stable filtration
and [ = EBiZJi is an ideal of R. Also recall that I, C I, and that, when G is
reductive, the ideal I, is a graded G-module isomorphic to I,.

We construct the ideal J C R and the open set O C Spec(R) from Theo-
rem 2.10 in several steps.

Let f € C[V] and € be an indeterminate. Let w € O(z) and v € V 2 T, V.
We may evaluate f at the point w + ev to obtain a polynomial py = > .. pi€’.

Definition 5.1. For w € O(z) and v € T,V as above, let D}  (f) be the
coefficient of €’ in the expansion of f(w + ev).

For f € I, D}w is, of course, the familiar derivation associated with the tangent
vector v € T,,V. We then have:

Proposition 5.2. With the above notation, for any w € O(z),v € T,V , we have:

1. For f €I andr >0, we have D}, ,(f) =0 for i <r. Moreover, if f' € I7*,
then DI, (f + ") = D5, (f).

2. For f,f' €Il and f" € I}, we have:

Do (f+ 1) = Dy (f) + Dy (f)
D (Ff") = Do) D ()

3. For w € O(z) and v € T,V let v' € T,,0(z), the tangent space of the orbit
O(z) at w. Then for an f € I with r > 0, we have D], (f)=Dy,,(f).

w,v+v’

4. For any g € G, and f € I7, let f9 denote the function f9%(z) = f(g 'z).
Then, f9 € I7 as well. Moreover, for any ¢ € G, we have:

D;w,gvfg - ng’)‘lgw,(g’)‘lgv(f)
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Proof. The proofs of (1), (2) and (3) are straightforward. For (4), note that

19 (gw + egv) = f((¢") " (gw + egv)) = f((¢") ' g(w + €v)). This proves the proposi-
tion. [ ]

Recall y(t) = v(t)y as in Eq.(1) reproduced below:
y(t) =)y = 2+t + ...+ 1y + ..

For the translate gy, we have:
919 (9y) = 97()y = gy(t) = gz +t°gye + ... + t'gy; + ...

Lemma 5.3.  Given any polynomial f € C[V] and for any g € G, we make the
substitution as below:

floy@®) = f(g9z + tgye+) = fo+ ft + ...

Then fo= f(92), fi==fee1=0 and fo= D, (f).

Proof. It suffices to prove this for g = e, the identity. Let us create a sequence
(€;)i>e of independent indeterminates and consider the substitution:

f(z+z€iyi) :f<z)+z€z’pi+zﬁi€jpij+---

i>e i>e 1<j

where p;, p;; etc. are suitable constants. By substituting ¢, = € and €; = 0 for @ # j,
we get p; = D!, (f). By substituting ¢; = ¢ and noting that e is the minimum of
all t-degrees gives us the result. [ |

This gives us the following two corollaries:

Corollary 5.4.  Using the notation as above:
1. If felIf and g € G, then f(gy(t)) is a power series in t of the form:
fgy(t)) = at™ + higher terms in t
where a = DV, . (f).

2. If fel,NIF and g € G, then D¥,_ (f)=0.

9z,9Ye
We now come to the definition of the ideal J.

Definition 5.5. For the above data, and for i > 1, let J; C R; be defined as
follows: B _ o ‘ _
Ji:{fe.f;/IfﬂDZ (f)=0forall g€ G}

9z,9Ye
Proposition 5.6.  With the above Definition of J;, we have:

1. J,R, C 7T+s and
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2 (Ty)z C jl
3 £€t 7_2,% or simply J = @izlji. Then J is a G-invariant ideal of R and
yCJC L =1 R

Henceforth, we call J = J,,, as the tangent ideal for the data (z,y.).

Proof. For (1), we note that for any representatives f € J, and f’ € I, have

DEZEyE(ff') = D;z,gye (f)D;z,gye(f/) =0

This proves (1). Assertion (2) follows from Corollary 5.4 above. For (3) above,
(1) ensures that (J;) is I,-stable. Its G-invariance follows from the fact that if
for some f € IF, D’;&gye(f) vanishes for all g, then, by Proposition 5.2 (2), so do

k / .
Dy, 4. (f7), for any g'-translate of f. This proves (3) and completes the proof of

the proposition. [ |

Proposition 5.7.  The ideal J above is a radical ideal of R. Moreover, for every
1 > 1 we have R; # J;.

Proof. As J is a graded ideal of R, it suffices to show that if power of a
homogeneous element f, of R is in J, then f, itself is in J. Note that, by
Proposition 5.2,

D, (f) = (D5, (F,))"

Using the definition of J, we see that ?f € 7Tp implies that f, € J,. Coming to

the second assertion, by the non-singularity of the point z € O(z) C V, there is an
f € I such that D! (f) #0. Then f' € R; and Di, (f')#0. Thus f ¢ J;. m

We now compute the dimension of the tangent ideal J. We start with an easy
consequence of the ring homomorphism Ry — R:
Proposition 5.8.  There is a morphism Spec(R) — O(z). Thus, O’ = 7 1(O0(z))
is an open set of Spec(R). Moreover, for any open set U C O(z) we have the map
Spec(Ry) — U.

Let C' be the affine variety O(z) x V and C° be the open subset O(z) x V
which is also the trivial bundle over O(z). Let TO(z) = {(g9z,9v)|g € G,v € T.} C
C° be the tangent bundle and B° = {(g9z,v + ¢T.)|g € G,v € V}, the quotient
bundle. Note that B° = G x® N, the associated bundle over O(z) with fiber N.

We denote a typical element of B° by (w,v), where w = gz € O(z) and
v=v+gT,. Let m be the surjection 7 : C° — B° with fiber ¢7,. For any open set
U CO(z),let By ={(w,v) € B°|lw € U}. We prove,

Proposition 5.9.  For any w € O(z) we have an open set U C O(z), such that
(1) Spec(Ry) = By, (ii) for any f € (Ry):, its evaluation on any (w,v) is given by
Dyof -
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Proof. Part (i) is classical, see for example [5, Appendix B.7]. For part (ii),
note that the isomorphism Spec(Ry) with By arises from the evaluation map

R; x C° — C given by (f;, (w,v)) = D.,f;. This gives us the ring homomorphism
R — C[C”]. Properties of D}, as given in Proposition 5.2, imply that this factorizes

as R = C[B’] N C[C?]. Part (ii) follows. ]
For any v € V', let [v] denote the line C*v. We define:
Bj ={(gz, ag¥e)lg € G,a € C'} C B

We have the following proposition:

Proposition 5.10.  For the above data, we have:
1. BS is a fiber bundle over O(z) with fiber Oy ([7e]) € N.

2. For any U as in Proposition 5.9, (B9)y is a fiber bundle over O(z) with fiber
Ou([e]) € N and is the variety of Jy .

Proof. Part (1) is clear - The G-orbit of (z,7:) € B° with the fiber over gz given
by {(ghz, (ghg™")g¥ec)|h € H}.

For (2), let us look at C9 = 77 'BS = {gz,ay. + gv|g € G,a € C*,v € T, }.
Clearly C9 is an algebraic set - it is the image of G x C* acting on (z,y. +7%). Let
(9 be its closure. Then:

Claim: If (g9z,v) € C9, then v € g(On(y.) + T5).

Proof: It suffices to prove this for g = eg, the identity, i.e., for an element
(z,v) € C9. But the set (z,V)NCY is (2,0x([ye]) +T.), and so v € On([ye]) + Tv.).
This implies that v € Og([7e])-

This proves the first assertion in (2). For the second assertion, note that via
the local ring isomorphism i : Ry — C[B¢], Jy is the vanishing ideal of the algebraic

set (B%)y. By the first assertion, the fiber over z is precisely Oy([ye]) as stated.
This proves the proposition. [ |

In general Og([y.]) is either an orbit or a l-parameter collection of orbits.
This is captured in the definition below:

Definition 5.11. We say that b, y. satisfy the eigenvector condition if there
is an h € h such that hy, = ay. with a # 0. We then set x = 0. Otherwise, we set
k=1.

Proposition 5.12.  The dimension of V(J) in O is dim(G) — dim(Hy;) + k.

Proof. The dimension of V(J) C Spec(R) equals that of a generic localization
V(Jy) C Spec(Ry). By Proposition 5.10 (2), it is dim(O(z)) 4+ dim(O([y.])). But
this is precisely dim(G) — dim(H) + dim(O([ge])) = dim(G) — dim(Hy:) + k as
claimed. -

We now come to the proof of Theorem 2.10.
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Theorem 5.13.  Suppose that y 2 2 with y. as the tangent of approach. More-

over, suppose that € ¢ bg-. Then there is a G-invariant ideal J,,, or simply
J = ®@i>1J; of R such that:

1. For any f € J, and any representative f € I7, we have D;,.(f)=0.

2. I,CJCI,.

3. Let V(J) C Spec(R) be the variety of 7_, Then there is an open subset
O C Spec(R) such that the dimension of V(J)NO is (dim(G) —dim(Hy;))+ K.

Proof. (1) follows from the definition of J, as in Definition 5.5. The first con-
tainment in (2) follows from Proposition 5.6. That J # I, is shown in Propo-
sition 5.7. This proves (2). The assertion on the dimension is proved above in
Proposition 5.12. [ |

We know in general that & C hy-. By the above theorem, if dim(f) <
dim(bhg;) — &, then, in the normal cone Spec(R), there is indeed an intermediate
variety between Spec(R/I.) = Spec(C[V]/I.) = O(z) and Spec(R/I,). Note that,
when G is reductive C[V] 2 R and C[V]/I, & R/I, as G-modules and have the

same dimensions.

Conjecture 5.14.  Assume that G is reductive. If dim(¢) < dim(hy;) — &, then

there is a strictly intermediate variety O(z) C W C O(y) of dimension dim(G) —
dim(by.) + k.

Remark 5.15. The above conjecture can be proved easily in the following special
case. We assume that G is a reductive group with a non-trivial center which acts
uniformly and non-trivially on V. Further, we assume that y is in the null-cone and
A(t) is a 1-PS of G which drives y to z = 0. Such a 1-PS is guaranteed to exist due
to the Hilbert-Mumford theorem [13, 14].

So, we have y = y. + ... and A(t)y = y.t® + ... with e > 0. Note that, we
have H = G, = G. With ¢ € g as the Lie algebra element corresponding to (),
l-y. = ey.. As a result the eigenvector condition holds and x = 0.

Note that, the additional hypothesis ensures that both orbits O(y) and O(y.)
are cones and are of dimensions dim(G) — dim(K) and dim(G) — dim(G,,) respec-
tively. Further, the line over y. belongs to O(y). So, if dim(K) < dim(G,,), then

O(ye) S O(y)-

6. Examples

We present three illustrative examples of the construction of the ideal J.

Example 6.1. Let V = C?, and 2z = [0,0]7 and y = [1,1]7. Let G be the
parabolic group given below. V' consists of 3 orbits, viz., O(z) of the sole point z,
O(y) of C? minus the X -axis, and O([1,0]7) of the X -axis minus z. We also have
H=G,=G.
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Consider the two families 7; and 72 below and the paths v1(¢)-y and 2(t) -y
which take y to z but with tangents y, = [1,1]7 and y, = [1,0]7.

I DR M RS
We see that:
b_[g ZC):|7[)y1—E—/€Y1—|:g 16a:| a,b,cGC

On the other hand,

(0o b] =, OB
o [10] 8020 ] ecc

Let J; and J, be the tangent ideals for the data (z,%1) and (z,ys) respec-
tively. Then .J; consists of all forms f of degree k whose k-th derivatives vanish in
the directions [1,1]7 and its H-orbit. Since this is the set O(y), we have (J;); = (0)
for all i. The ideal J; = (0) C C[V], is such that (J;) = J;. The variety of .J;
is W Note that since by = @1, no such tangent-based intermediate variety is
expected.

On the other hand, since hy; # e , an intermediate variety is indeed expected.
Now, the H-orbit of 3, = [1, 0] is its own multiples, (J5); is the ideal generated by the
forms {y/2"~7|j > 0}. Again, there is the ideal J, = (y) C C[V] such that (J;) = J,.
The variety Wy = O([1,0]7) is a strictly intermediate variety - O(z) C Wy C O(y).

Example 6.2. We consider an example from R3. Let us consider the group
G = S x R* acting on R? given by the matrix g(0,r) as

rcosf rsing 0
g(0,r)= | —rsinf rcosf 0
0 0 T

Consider the point y = [1,0,1]T and its orbit O(y) = {(rcosf,rsind,r)|0 €
[0,27),7 # 0}. The point z = [0,0,0]7 is in O(y)) via v(t) = diag(t,t,t), with
ye = [1,0,1]. Here again, we have b = ¥ Let us compute the tangent ideal J for
this data and its variety.

Note that O(z) = O(z) = {z},H = G, = G and I, = (z,y,2). Let
fi =ax+by+cz € I, for some real a,b,c, fo =2* € I? and f3 = 2> +y*— 22 € I2.
We have:

D;ye (fl) = a+c
Dz,ye (f2) =1
Dg,ye (f3) =0
Applying a general group element g(f,r) and evaluating D¥  (f;) gives us that

fi & Jy for any non-zero tuple (a,b,c). Indeed J; = (0). On the other hand,
fo & Jy but f3 € Jy. In fact, for the ideal J' = (22 + 3? — 22), we see that
J' = J. This gives O(y) as W' the variety of the tangent ideal. Note that W' has
a singularity at z.
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The final example of J is from the classical representation of matrices under
the adjoint action.

Example 6.3.  Let us consider V' = C*** with the coordinate functions X = (X;)
in (C3*%)*. Consider the action of C* x GL3(C) on C**3 by (t,9)(A) =t * gAg".
It is easy to check that this is a group action. Consider the matrix C' and the family
~(t) below:

1 0 1 100
C=1]cy 1 0 Yt)=t*x |0 t 0
c31 c3p 1 00 ¢

The entries ¢;; € C are chosen such that the matrix C' has distinct eigenvalues. Let
N1 , Ny and I be the matrices below:

0 01 010 1 00
Ni=1]10100 No=10 01 I=]1010
0 00 000 0 01
We see that:

y(t) - C = Ny +t*I + terms with higher degree in t

Thus, in the notation of this section, we have y = C, 2z = N; and y, = I. Moreover,
O(C) is given by O(C)UO(N3) UO(Ny) U0, where 0 is the zero matrix. The ideal

of the orbit closure O(N;) is given by the equation X2 = 0.

Since X%(N;) = X3(N;) = 0 these are elements of I,, we may evaluate
D}, (X?) and D], (X?). and we have:

D.,.(X?) = 2N, #0
D.y(X3) = N2I[+ NyIN, +IN2=0

Thus X2 ¢ J; while X® € J;. Note that X?(N,) = 0 and this points to the variety
W = O(N3) as the intermediate variety. Note that O(z) C W C O(y).

7. Remarks

The motivation for this study comes from computational complexity theory in the-
oretical computer science. Let X,, = C™*" be the space of n X n-matrices, and let
det,(X,) € Sym™(X}) be the usual determinant. An important result of Valiant
[16] is that the form det,, is universal in the following sense. For any fixed space X,
and f € Sym™(X*), there is a large enough n > m, so that f is the determinant
of an n x n matrix with entries as affine linear forms on X.

A celebrated problem in this connection is the permanent versus determinant
problem, where X = X,,, the space of m x m-matrices and f = perm,,(X,,) €
Sym™ (X)), the usual permanent of the matrix = € X,,,. A long-standing conjecture
(of Valiant) is that there is no determinant det,, implementing the permanent perm,,,,
where n is bounded by a polynomial in m.

By using a homogenizing variable z,,, Mulmuley and Sohoni [12] show in
their geometric complexity paper that Valiant’s construction of f as a determinant
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implies that the form f' = a7 ™ f lies in the orbit closure of det, under the action
of GL(X,). Thus, there is indeed a one parameter family ~(¢) such that det,, = f’.
When f is perm,,, the permanent polynomial of an m by m matrix they also propose
the use of geometric invariant theory of the stabilizers K, , of det,, and H,,,, of the
padded permanent, perm,, , = x; "perm,,, to settle Valiant’s conjecture.

It is det,, which serves as y and the padded permanent perm,,, which
serves as z, with both z,y € V. = Sym"(X}). Theorem 2.3 applies and inserts
Lieﬁ(?) (t) into Lie(H,,,). Theorem 2.10 suggests at the existence of intermediate
forms between det,, and =z, ™perm,, and intermediate stabilizers. This, to our
knowledge, is the first result which connects the two stabilizers, and allows for a

deeper analysis of the problem.

A second remark concerns the triple K = G, H = G, and 7. Let G(t) =
Y(t)Gy(t)™t € G(k) (elements of G with entries from k). Then G(t) is “bounded”,
in that there is a uniform upper bound on the order of pole of any element g(t) €
G(t). We also have the bounded subgroup K (t) = v(t)K~'(t) associated with the
group K obtained as the «(t)-conjugate of the stabilizer of y in G.

The study of such bounded subgroups and the structure of maximal subgroups
within them, is subsumed in the Bruhat-Tits theory of buildings. This was initiated
by Iwahori and Matsumoto [8], and developed in the monumental work of Bruhat
and Tits [3, 4] and others - see the survey [9]. An important data for any bounded
group L(t) C G(k) associated with the reductive subgroup L C G, is obtained by
fixing a root system R C Lie(L) and constructing a function f : R — Z recording
the order of poles of unipotent subgroups U, attached to every a € R. The function
f is required to be concave and is used to construct a bounded group L/ which is
intimately connected to the original group L(t).

We have seen in Proposition 3.2, the function ord, : € — 7Z, which assigns

—

to k € &, the order of the leading term k(¢). This is of course, the order of zero
of the element k(¢). We have seen that for any k,k’ € ¢ we have convexity, i.e.,
ord,(k,k']) > ord,(k) + ord,(k’). Thus, if we are to fix a maximal torus Ty C K
and a root system R C &, then the function f, = —ord, : R — Z is concave. It is

likely that our Lie subalgebra ¥ is connected to the bounded group K/ .
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