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Abstract. This paper presents a novel statistical fuzzy-segmentation
method for diffusion tensor (DT) images and magnetic resonance (MR)
images. Typical fuzzy-segmentation schemes, e.g. those based on fuzzy-
C-means (FCM), incorporate Gaussian class models which are inherently
biased towards ellipsoidal clusters. Fiber bundles in DT images, however,
comprise tensors that can inherently lie on more-complex manifolds. Un-
like FCM-based schemes, the proposed method relies on modeling the
manifolds underlying the classes by incorporating nonparametric data-
driven statistical models. It produces an optimal fuzzy segmentation by
maximizing a novel information-theoretic energy in a Markov-random-
field framework. For DT images, the paper describes a consistent statisti-
cal technique for nonparametric modeling in Riemannian DT spaces that
incorporates two very recent works. In this way, the proposed method
provides uncertainties in the segmentation decisions, which stem from
imaging artifacts including noise, partial voluming, and inhomogeneity.
The paper shows results on synthetic and real, DT as well as MR images.

1 Introduction

Diffusion tensor (DT) magnetic resonance (MR) imaging has become exceedingly
popular because of its ability to measure the anisotropic diffusion of water in
structured biological tissue. It allows us to differentiate between the anatomical
structures of cerebral white/gray matter, that was previously impossible with
MR imaging (MRI), in vivo and noninvasively. The segmentation of fiber tracts
in the brain, such as the corpus callosum or the lateral corticospinal tract, is of
key interest in several clinical applications [1,2]. DT imaging also helps to nonin-
vasively differentiate between thalamic nuclei based on the DT characteristic in
each nucleus [3]. The study of thalamic changes holds importance in the study
of schizophrenia and Parkinson’s disease. Hippocampus analysis is important in
the diagnosis of several diseases such as Alzheimer’s disease and schizophrenia.
The hippocampal substructures, which can not be easily differentiated in MR
data, might be separable using DT images [4].

DT imaging is a relatively new modality and is persistently plagued by the
presence of artifacts such as noise, partial voluming, and inhomogeneity in im-
ages. Typically, these artifacts reduce the efficacy and utility of post-processing
methods on DT images. Such methods include classic segmentation methods
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and tractography methods that exclusively label each voxel to one or the other
classes/structures. For instance, tractography methods that typically incorporate
thresholds on the fractional anisotropy and fiber curvature to terminate tracing,
can consistently underestimate the size of the fiber bundles [5]. The problem,
with tractography, is exacerbated for thin tracts undergoing sharp changes in
orientation. One way of accounting for the noise/partial-voluming artifacts is by
not assigning voxels exclusively to one class or the other, but rather to estimate
the membership of each voxel in the classes. The membership values effectively
provide information about the uncertainties in delineating tracts/structures.
This necessitates the formulation of a statistical fuzzy-segmentation framework
for DT images. Advantages of fuzzy segmentation of MR tissue intensities are
well known [6]. For DT images, we can use such fuzzy-membership information
to: (a) increase the reliability and accuracy of tract extraction associated with
clinical studies, (b) improve the accuracy of DT processing methods such as
tractography, (c) aid experts in reliably labeling fiber bundles for constructing
tract-based atlases, etc.

Many previous works in DT-image segmentation [2,1] employ Gaussian mod-
els, in Riemannian spaces, to model the DT statistics in specific structures of
interest. These Gaussian models, however, may not effectively model the DT
statistics because they are inherently biased towards ellipsoidal clusters [7]. The
fundamental anatomical characteristics of fiber bundles are such that the fibers
can change their orientation significantly—they bend—as they connect different
brain structures. Thus, tensors in fiber bundles inherently lie on manifolds that
do not conform to Gaussian models that are characterized by the mean. For
instance, tensors in U-shaped bundles, where the tensors start and end at the
similar orientations, must lie on a closed manifold in the tensor space.

This paper makes several contributions. It proposes a novel fuzzy-segmentation
approach in the nonparametric-statistical framework that does not impose strong
parametric models on the data. Rather, it provides the power to model and
adapt to arbitrary (but smooth) probability density functions (PDFs) via data-
driven strategies. Such nonparametric PDFs capture the manifold(s) underlying
the classes as well as the variability of the data around the manifold(s). Re-
cent work have clearly demonstrated the advantages of nonparametric-statistical
modeling for general image segmentation [8] as well as MR-image tissue classi-
fication [9]. We employ a kernel-based approach for the nonparametric model-
ing [10]. We combine results from two very recent works—one describing a generic
(tensor-metric independent) Riemannian kernel PDF estimation scheme [11] and
the other describing the Log-Euclidean Riemannian metric [12]—to propose a
statistically consistent nonparametric PDF estimation scheme for DT data.
Subsequently, we propose a novel information-theoretic generalization of the
fuzzy-C-means (FCM) framework [13] that replaces the classic ellipsoidal mod-
els/clusters for classes by generic manifold-based models. In this way, the pro-
posed method provides the uncertainties in the segmentation decisions, which
are caused by artifacts including noise, partial voluming, and inhomogeneity. We
show results on synthetic and real data, including DT and MR images.
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2 Related Work

Early work on DT segmentation [14] relied on a simplified feature space of an
invariant anisotropy measure. It employed a level-set framework to differenti-
ate between the anisotropic and isotropic regions in the brain. Such anisotropy
measures, however, make it impossible to distinguish between fiber bundles with
different orientations. Wiegell et al. [3] and Rousson et al. [15] use the Euclid-
ean Frobenius norm between tensors during the segmentation. Lenglet et al. [1]
present a Riemannian distance measure between tensors and model each class
by a single Gaussian in the Riemannian space. The proposed method extends
their modeling approach by incorporating a generic nonparametric model for
each class that is able to accurately model tensor statistics in fiber bundles.
Wang and Vemuri [2] propose an affine-invariant distance measure based on
the J-divergence of two Gaussians corresponding to two diffusion tensors. They
employ a piecewise-smooth Mumford-Shah segmentation framework to capture
the tensor statistics. The proposed method, however, relies on a nonparamet-
ric statistical approach in the Markov-random-field framework. Furthermore, it
provides fuzzy segmentations by optimizing an information-theoretic energy.

The utility of Riemannian tensor metrics for processing DT images is well
established in the literature [16,12,1,17]—Euclidean metrics lead to averages
that cause artificial tensor swelling, where the determinant, and thus dispersion,
of the average tensor can be larger than the individual tensors. The proposed
kernel-based PDF estimation scheme also relies on a weighted-averaging scheme
that incorporates contributions from several tensors to measure the probability
at a particular point in tensor space. Riemannian metrics avoid such swelling
effects and, therefore, we employ such a metric in this paper.

FCM relies on representing each class by only a single point in the feature
space, namely, the class mean [13]. In this way, FCM measures class membership
based on the Euclidean or Mahalanobis distance to the class mean. Modeling
each class by a single Gaussian extends the FCM scheme into a probabilistic
scheme popularly known as the Gaussian-mixture PDF modeling [18] that has
been widely used for MR image segmentation [19]. Such a scheme, however,
continues to measure class membership based on the Mahalanobis distance to
the Gaussian mean. We propose a method that generalizes the representation of
a class—instead of a single point (mean) in the feature space—to the manifold
underlying the class in order to measure class membership based on the distance
from the manifold that accurately represents the class.

Pham and Prince [6] employ the FCM method for fuzzy tissue classification of
MR images by iteratively adapting to the intensity homogeneity. The proposed
method, on the other hand, extends FCM by generalizing the underlying rep-
resentation of the classes to an arbitrary manifold. This generic approach also
retains the efficacy of the method for inhomogeneity-corrupted images. Kim et
al. [8] and Awate et al. [9] employ nonparametric models for texture segmenta-
tion and MR-image segmentation, respectively. This paper proposes a different
objective function that produces fuzzy segmentations and extends the result-
ing scheme for DT images. O’Donnell et al. [20] present a scheme for interface
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detection in DT data, based on a generalized local structure tensor, as a step to-
wards segmentation, registration, and automatic detection of the visually-elusive
fiber-bundle interfaces in DT images. The proposed fuzzy-segmentation method
also fits in this context; voxels having significant memberships to more than
one class indicate the presence of an interface. On the other hand, the pro-
posed method is more general—giving a membership value at each voxel—and
performs this in a mathematically-sound statistical framework.

3 Nonparametric Tensor Statistics

This section describes the statistical formulation underlying the proposed non-
parametric modeling technique. It starts by describing a generic kernel-based
modeling scheme, that is independent of the particular metric associated with
the Riemannian space. It then presents an appropriate tensor metric that con-
siderably simplifies the scheme, from a practical point of view, while maintaining
the mathematical soundness of the framework.

The statistics literature presents several methods for nonparametric model-
ing of the data based on Fourier expansions, splines, kernels, etc. We propose
to use the kernel-based PDF approach known as Parzen-window PDF estima-
tion [10] that essentially performs scattered-data interpolation by superposing
kernel functions placed at each datum. For DT data, the kernel functions are
smooth functions of the Riemannian geodesic distance on the tensor manifold.
The mathematical expression for the Parzen-window tensor-PDF estimate is con-
sistent with the expression of the usual kernel-PDF estimate in Euclidean spaces.
For instance, it also relies on the intuitive notion of a kernel function that has the
highest value at the datum and monotonically-decreasing values with increasing
distance from the datum. In the Riemannian case, each datum is the intrinsic
mean of the associated kernel provided for sufficiently small bandwidths.

3.1 Kernels in Riemannian Spaces

This section first describes the mathematical expression for the Parzen-window
estimate on generic Riemannian manifolds from the very recent work by Pel-
letier [11]. We start by providing the associated notation.

Let M be a compact Riemannian manifold without boundary, of dimension D,
with an associated metric-tensor g. The metric tensor induces an inner product
on the manifold, that in turn leads to the notion of the geodesic distance function
dg(·, ·) between two entities on M. Let Z be a random variable on the probability
space (Ω, A, P ) that takes values in (M, B) where B denotes the Borel sigma-field
of M. Assume that the image of the probability measure P , under the map Z, is
continuous with respect to the volume measure on M. Let {z1, z2, . . . , zn}, where
each zi ∈ M, be an independently-drawn and identically-distributed random
sample derived from the PDF P (Z). Let K(·) be a nonnegative and sufficiently-
smooth kernel function.

In order to make sure that the PDF P (Z) on M integrates to one, we need
to set up a framework that allows us to perform the integration. This entails
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computing the ratio of the volume measures on the Riemannian manifold M
and its tangent space Ta(M) at each point a. If a and b be two points on M,
then the volume density function on M is

θa(b) =
μexp∗

ag

μga

(
exp−1

a (b)
)
, (1)

which is the quotient of the canonical measure of the Riemannian metric exp∗
ag

on Ta(M) (pullback of the metric-tensor g by the exponential-map expa) by the
Lebesgue measure of the Euclidean structure ga on Ta(M). This is the same
as the square root of the determinant of the metric-tensor g expressed in the
geodesic normal coordinates at a and evaluated at exp−1

a (b). This also gives an
indication of the curvature of the Riemannian space. For the special case where
M is the Euclidean space �D, θa(b) = 1. Thus, the PDF estimate is

P̂ (z) =
1
N

N∑
i=1

1
θzi(z)

1
σD

K

(
dg(z, zi)

σ

)
, (2)

where σ is the bandwidth of the associated kernel. Pelletier [11] recently proved
the asymptotic (as N → ∞) consistency of the estimator with respect to the
true PDF P (Z) with an L2 rate of convergence. In this paper, we define K(·) to
be the standard-Normal PDF: K(β) = (1/(2π)D/2) exp(−β2/2).

To evaluate the probability at any one point z we need to, in general, compute
θzi(z) separately for all the points zi in the Parzen-window sample. Evaluating
Parzen-window probabilities in this framework can become cumbersome, de-
pending on the particular Riemannian tensor metric employed. For Gaussians
using the affine-invariant Riemannian metric [17], Lenglet et al. [1] give the
first-order Taylor-series approximation of the square root of the metric tensor
in the case of small bandwidth σ. The next section employs the Log-Euclidean
Riemannian metric to eliminate this issue altogether.

3.2 Riemannian Kernels with Log-Euclidean Metrics

Recently, Arsigny et al. [12] proposed a Riemannian tensor metric, namely the
Log-Euclidean metric. In contrast to the affine-invariant Riemannian metric
in [16,1,17], the Log-Euclidean metric induces a Riemannian space having zero
curvature. The Log-Euclidean framework defines a mapping where the DT space
of 3 × 3 symmetric positive definite matrices is isomorphic, diffeomorphic, and
isometric to the associated Euclidean vector space of 3 × 3 symmetric matrices.
This mapping is precisely the matrix logarithm, namely Log .

The isometry property equates geodesic distances in the Riemannian space to
Euclidean distances in the vector space, i.e.

dg(z, zi) =‖ Log (z) − Log (zi) ‖Frobenius . (3)

Isometry also implies that the determinant of the metric tensor is unity every-
where [21]. Indeed, the Log-Euclidean metric defines a Euclidean structure on



A Fuzzy, Nonparametric Segmentation Framework 301

the tensor space. This simplifies θzi(z) to evaluate to unity. The Parzen-window
PDF estimate simplifies to

P̂ (z) =
1
N

N∑
i=1

G(z; zi, σ), where (4)

G(z; zi, σ) =
1

(2π)D/2

1
σD

exp
(

− ‖ Log (z) − Log (zi) ‖2
Frobenius

2σ2

)
(5)

is the Riemannian analogue (with the Log-Euclidean metric) for the Euclidean
Gaussian kernel. In practice, this allows us to map the diffusion tensors, through
the matrix logarithm, to a Euclidean space and, in turn, compute probabilities
from standard Parzen-window PDF estimation in the Euclidean space.

4 Fuzzy Segmentation with Manifold-Based Models

This section proposes a novel extension to the FCM fuzzy segmentation frame-
work. Specifically, we generalize FCM’s representation of classes in feature-space
by the manifolds underlying the classes and, subsequently, measure class mem-
berships based on the distances from these manifolds. For DT images, we achieve
this by employing the accurate and practical Parzen-window PDF estimation
scheme proposed in the previous section. This section first describes a fuzzy seg-
mentation framework by formulating an information-theoretic objective function
relying on the nonparametric class models. It then proposes an iterative opti-
mization strategy and presents the segmentation algorithm.

To have a generic framework, we consider a Markov random field (MRF)
image model. Assume that the tensor image is derived from an underlying MRF
X = {Xt}t∈T , where T is the set of voxels on the Cartesian grid and the random
variable Xt, at each voxel t, is defined on the sample-space Ω. Denote the tensor
values in the image by xt that lie in the Riemannian space M. Let N = {Nt}t∈T
be the neighborhood system associated with the MRF for the voxel set T . Define
random vectors Yt = {Xt}t∈Nt—note that t /∈ Nt—and Zt = (Xt,Yt). The
PDF P (Zt) is the joint PDF of the tensors in DT-image neighborhoods.

4.1 Information-Theoretic Objective Function

Our goal is to segment the image into C different classes (c = 1, 2, . . . , C) which
are distinguished by their respective PDFs {Pc(·)}c=1,2,...,C . The segmentation
problem is, in a way, equivalent to that of deducing these PDFs. Voxels in a
fuzzy-segmentation framework can be members of more than one class. This is a
standard notion in fuzzy set theory that does not constrain entities to belong to
one set alone. We incorporate this notion using the fuzzy-membership functions
that we define next. Consider C random variables {Fc}c∈C where, for each c, the
random variable Fc : M → � gives a class-membership value for each element
z ∈ M belonging to class c. The constrains on the membership values are:

∀t ∈ T , ∀c = 1, . . . , C : 0 ≤ Fc(zt) ≤ 1, and (6)
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∀t ∈ T :
C∑

c=1

Fc(zt) = 1. (7)

Typical hard (non-fuzzy) segmentation approaches capture the homogeneity of
classes using the Shannon’s entropy of the classes. To achieve fuzzy segmentation,
we replace the Shannon’s entropy for the class c by the following function:

hc(Z) = −
∫

M
Fc(z)Pc(z) Log Pc(z)dz. (8)

In this way, each observation z ∈ M contributes an amount to the newly-
defined “entropy” of class c that is proportional to its membership in class c.
This modification alone, however, is insufficient and the optimization defaults
to zero/one values for Fc(z), thereby implying a hard segmentation. To over-
come this problem, we must also, simultaneously, maximize the entropy of the
fuzzy-membership function. Thus, we define the optimal fuzzy segmentation as:

argmax
{Fc(·)}C

c=1

C∑
c=1

(∫

M
Fc(z)Pc(z) Log Pc(z)dz − α

∫

M
Fc(z) Log Fc(z)dz

)
, (9)

under the constraints on the membership function given in (6) and (7). Here, α is
a user-controlled parameter that controls the degree of fuzziness imposed on the
segmentation. Setting α ← 0 gives a hard segmentation, while α → ∞ gives a
completely-fuzzy segmentation, i.e. where Fc(z) = 1/C, ∀t ∈ T , ∀c = 1, 2, . . . , C.

We now simplify the formulation in (9) by rewriting it as:

argmax
{Fc(·)}C

c=1

C∑
c=1

(
EP (Z)

[
Fc(Z) Log Pc(Z)

]
− α

∫

M
Fc(z) Log Fc(z)dz

)
(10)

≈ argmax
{Fc(·)}C

c=1

C∑
c=1

∑
t∈T

[
Fc(zt) Log Pc(zt) − αFc(zt) Log Fc(zt)

]
, (11)

where EP (Z)[·] denotes an expectation over the PDF P (Z). The approximation
for the first term comes from an ergodicity assumption on the MRF X—this
(asymptotically) equates ensemble averages to spatial averages.

4.2 Constrained Optimization Using Lagrange Multipliers

This section describes the optimization strategy to maximize the proposed ob-
jective function in (10) and presents the associated algorithm. We employ the
method of Lagrange multipliers to solve the constrained optimization problem—
the constraints are given in (6 and (7). Using the short-hand terms Fct and Pct

for the terms Fc(zt) and Pc(zt) respectively—the objective function becomes

J =
C∑

c=1

∑
t∈T

[
Fct Log Pct − αFct Log Fct

]
+

∑
t∈T

λt

[
C∑

c=1

Fct − 1

]
, (12)

where {λt}t∈T is the set of Lagrange multipliers and the probabilities Pct are
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Pct =
1

|Sc|
∑
s∈Sc

G(zt; μcs, σc), (13)

where the tensors {μcs}s∈Sc and the bandwidth σc together model class c. This
PDF captures both: the manifold(s) underlying the data in class c as well as the
variability of the data around the manifold(s).

We need to maximize J with respect to Fct, μcs, and λt. Solving the Karush-
Kuhn-Tucker (KKT) necessary conditions for optimality gives the update for
the fuzzy memberships as:

∀t ∈ T , ∀c = 1, 2, . . . , C : Fct =

(
Pct

) 1
α

∑C
c=1

(
Pct

) 1
α

. (14)

Observe that, as expected, a large probability Pct for voxel t to be in class c
produces a correspondingly larger membership value Fct of that voxel in class c.
As α → ∞, we see that Fct → 1/|C| and we get a completely fuzzy segmentation.
As α → 0, we see that Fct → 1 if class c with the largest Pct; otherwise Fct → 0.

Solving the KKT conditions gives the update for the class parameter μcs as:

∀s ∈ Sc, ∀c = 1, 2, . . . , C : μcs =

∑
t∈T Fct

G(zt;μcs,σc)
Pct

zt∑
t∈T Fct

G(zt;μcs,σc)
Pct

, (15)

where the updated parameter μcs is a weighted average of the data zt. Observe
that the weights take values between 0 and 1. Moreover, one need not worry
about numerical-stability issues during implementation because, by construction,
0 ≤ Fct ≤ 1 and 0 ≤ G(zt−μcs;σc)

Pct
≤ 1. Furthermore, the limiting case of |Sc| → 1

implies that G(zt; μcs, σc) = Pct that causes the updates to default to the FCM
updates using Mahalanobis distances.

Given an initial segmentation, the proposed algorithm iterates as follows:

1. For each class, assign the bandwidth σc ← σML, where σML is a penalized
maximum-likelihood estimate for the entire image zt∈T [22].

2. Select a fraction of voxels γ from the initialized classes to produce feature
vectors {μcs}s∈Sc . Selecting too many voxels entails estimating too many
parameters from the given (finite) data. Too few parameters reduce the
capability of the model to accurately represent the PDF, or the manifold
underlying, the class. Results in this paper use γ = 0.5.

3. Use (14) to update Fct for c = 1, . . . , C,∀t ∈ T .
4. Use (15) to update the class models μcs for all c = 1, . . . , C,∀s ∈ Sc.
5. Repeat steps 3 and 4 until convergence.

5 Results, Discussion, and Conclusion

This section gives the results on real and synthetic DT images as well as MR
images. For synthetic DT images, we simulate noise using the method described
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Fig. 1. (a) Synthetic DT image with 2 classes (C = 2) (tensor orientations encoded
in glyph colors, finite anisotropy encoded in the grayscale background) showing noise
and partial voluming near the interface. (b) Fuzzy-membership values for one of the
classes (without any Markov model): blue (red) implies low (high) membership values.
(c) Comparing membership functions for a specific horizontal scanline: estimated and
the true (obtained from the image without noise and partial voluming).
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Fig. 2. (a) Real DT image (coronal slice) showing the lateral corticospinal tract. Fuzzy
segmentations (α = 1, C = 2): (b) without a Markov model and (c) with a 3×3 Markov
neighborhood.

in [2]. We simulate partial voluming by spatially averaging (Gaussian smoothing)
the tensors in the Riemannian space using a Log-Euclidean metric. We initial-
ize the segmentation based on thresholding the fractional-anisotropy values and
tensor orientations to approximately obtain the tract of interest. Figure 1(a)
shows a DT image with 2 classes with partial voluming and noise. The one on
the right (left) has anisotropic (isotropic) tensors. Figure 1(b) gives the fuzzy
membership values (no Markov model used) for the anisotropic-tensor class that
indicates uncertainties in the segmentation near the interface and in excessively
noisy regions. Figure 1(c) plots the estimated membership function for one scan-
line of the noisy image and compares it with the actual membership function
obtained from the noiseless image—the latter shows the amount of averaging.

Figure 2 gives fuzzy segmentations (2 class) on one slice of real DT image that
shows the lateral corticospinal tract. It shows the effects of partial voluming,
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Fig. 3. (a) Real DT image (sagittal slice) showing the corpus callosum. Fuzzy-
segmentations (C = 2, no Markov model) with a degree of fuzziness of: (b) α = 1,
and (c) α = 2 (more fuzzy).
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Fig. 4. (a) Uncorrupted simulated BrainWeb [23] T1-weighted MR image, (b) its
zoomed inset, and (c) its corrupted version with 5% noise and a 40% inhomogeneity
field. Note: intensities in each image have been scaled to use the entire grayscale range
in order to provide maximum contrast. Fuzzy-segmentations (C = 3) with a 3 × 3
Markov neighborhood and α = 1 for: (d) cerebrospinal fluid (CSF), (e) gray matter
(GM), and (f) white matter (WM). Fuzzy-segmentations (C = 3) with a 3 × 3 Markov
neighborhood and α = 3 for: (g) CSF, (h) GM, and (i) WM.
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especially as the tracts reach closer to the cortex. This is where the fibers from
this tract come close to those emerging from the corpus callosum. Figure 2(c)
demonstrates the regularizing effect of Markov statistical modeling on the tensor
image relative to the result in Figure 2(b). Figure 3 gives the results for a sagittal
view of the corpus callosum. It demonstrates the effect of varying the parameter
α that controls the degree of fuzziness in the segmentation (Section 4.2).

Figure 4 gives results on T1-weighted simulated BrainWeb [23] MR image (5%
noise and 40% inhomogeneity field) that employ 3 × 3 Markov neighborhoods
with two different degrees of fuzziness: α = 1 and α = 3. The figures clearly
indicate the partial voluming at the interfaces of tissue classes, especially those
of the cerebrospinal fluid. The nonparametric scheme does well in spite of the
significant inhomogeneity field present in the image.

To summarize, the paper presents a statistical framework for fuzzy segmenta-
tion using nonparametric PDF models. Such models capture the manifold(s) un-
derlying the classes as well as the variability of the data around the manifold(s).
The paper generalizes the FCM framework by replacing the classic ellipsoidal
models/clusters for classes by generic manifold-based models and computing
an optimal segmentation by maximizing a information-theoretic energy in a
Markov-random-field framework. Furthermore, the proposed fuzzy-classification
framework extends in a straightforward manner to multimodal MR images and
data from Q-ball imaging. Future work includes application of the proposed
method for tract extraction in DT images and validation for MR images.
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