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Abstract

Firms (businesses, service providers, entertainment organizations, political parties,
etc.) advertise on social networks to draw people’s attention and improve their awareness
of the brands of the firms. In all such cases, the competitive nature of their engagements
gives rise to a game where the firms need to decide how to distribute their budget over
the consumers on a network to maximize their brand’s awareness. The firms (players)
therefore need to optimize how much budget they should put on the vertices (consumers)
of the network so that the spread improves via direct (e.g., advertisements or free promo-
tional offers) and indirect marketing (e.g., words-of-mouth). We propose a two-timescale
model of decisions where the communication between the vertices happens in a faster
timescale and the strategy update of the firms happens in a slower timescale. We show
that under fairly standard conditions, the best response dynamics of the firms converge
to a pure strategy Nash equilibrium. However, such equilibria can be away from a socially
optimal one. We provide a characterization of the contest success functions and provide
examples for the designers of such contests (e.g., regulators, social network providers,
etc.) such that the Nash equilibrium becomes unique and social welfare maximizing. Our
experiments show that for realistic scenarios, such contest success functions perform fairly
well.

1 Introduction
In today’s digitally connected world, the landscape of marketing has undergone a profound
transformation. Traditional advertising channels, such as newspapers and television, still
have relevance, but the burgeoning influence of social media platforms cannot be overstated.
This shift is not merely a matter of preference; it’s driven by the fundamental human inclina-
tion to trust recommendations from within our social circles. Using this inherent trust, firms
seek to maximize the reach of their products and services through strategic dissemination
within social networks.

In a competitive market setting, potential customers (vertex in the social graph) have vary-
ing level of information available on different firms. In this paper, we measure this informa-
tion disparity a vertex has about firms through its awareness level. It captures how prominently
a firm occupies an agent’s attention or belief relative to its competitors. The awareness of the
customers therefore consists of two components: (a) a direct marketing impact coming from
the firms through advertisements, promotional offers, etc., and (b) an indirect impact coming
from recommendations from their neighbors in the social graph. The consolidated impact on
the awareness therefore depends on the network centralities of the vertex w.r.t. its neighbors
and from the competing budget allocated to every node by all the firms. The competing bud-
get component is modeled through the widely used contest success function (CSF) (Skaperdas,
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1996). Our analysis considers that the firms play best response to each other’s committed
budgets to reach equilibrium, and analyzes the welfare at such equilibria. The CSF is viewed
as a design choice made by a planner who sets the rules governing how firms’ marketing
efforts translate into customer awareness, with the goal of shaping firms’ incentives so that
their strategic behavior leads to socially desirable outcomes. This perspective is consistent
with real-world advertising markets, where platform owners such as Google or Meta deter-
mine how impressions are allocated among competing advertisers through platform-specific
rules, based on bids or budgets.

1.1 Our Contributions

The contributions of this paper are summarized as follows.

• We introduce a fast and slow timescale model of awareness spread in a social network
where the firms update their budget strategies on the slow timescale and the individuals
update their awareness on the faster timescale (Section 2.1).

• We generalize the awareness level convergence on the faster timescale for the individu-
als in a network from two firms in Bimpikis et al. (2016) to m firms (Section 2.1.2).

• On the slower timescale, we show that the budget strategy of the firms converges to a
Nash equilibrium (NE) (Theorem 1). However, the social welfare at the Nash equilibrium
may not be optimal (Example 1).

• Our results show how a network policymaker or a regulatory authority can set the rules
of the contest, by choosing an appropriate contest success function, such that the NE is
unique and the social welfare is maximized (Theorem 2).

• Though the theoretical guarantees depend on certain assumptions, experiments show
that the convergence to NE and its desirable social welfare properties are achievable on
realistic synthetic data (Section 5).

For better readability, some details of the proofs and experiments have been deferred to the
supplementary material.

1.2 Related Work

The related literature of this paper can be broadly classified into three strands.

Modeling and structural guarantees of competitive influence.
A significant line of research has focused on formalizing competitive diffusion processes

and analyzing the properties of equilibria. Foundational work by Bharathi et al. (2007)
study the diffusion of competing innovations in social networks, proposing a tractable game-
theoretic model, deriving a (1− 1/e)-approximation algorithm for best responses, and bound-
ing the price of competition. Early works (Alon et al., 2010; Goyal and Kearns, 2012) formalize
the game theoretic competitive influence maximizing model and emphasize the role of topol-
ogy in the existence of Nash equilibrium and influence amplification. Zuo et al. (2022) intro-
duce the Online Competitive Influence Maximization (OCIM) problem, and design bandit-
based algorithms with sublinear regret. Tzoumas et al. (2012) models the diffusion process of
CIM in a simultaneous two-player non-cooperative game as a linear threshold model. Fazeli
and Jadbabaie (2012a) and Fazeli and Jadbabaie (2012b); Fazeli et al. (2016) develop a series
of game-theoretic models for competitive product diffusion in social networks, where firms
simultaneously allocate fixed budgets between seeding strategies and product quality, aiming
to maximize the lower bound of their product adoptions.
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Marketing resource allocation. A parallel stream of work was investigating the budget allocation
perspective, where firms allocate varying resources over nodes to compete for attention. In
this scenario, nodes tend to adopt the product of the company that invests the most in them.
Notable studies in this area include (Masucci and Silva, 2014, 2017; Varma et al., 2018, 2019;
Ansari et al., 2019). The work by Bimpikis et al. (2016) is particularly relevant, as it models
targeted advertising in networks, characterizes Nash equilibria, and highlights the impact of
network centrality on strategic allocation. Maehara et al. (2015) extend the problem with a
bipartite influence model and establish it as a potential game with a pure Nash equilibrium
and a price of anarchy of 2.

Fairness, welfare considerations Several other studies have examined fairness and welfare opti-
mization in competitive influence or marketing games on social networks. Wang et al. (2022);
Lu et al. (2013) focus on fair seed or budget allocation by a central host to ensure equitable
influence spread among advertisers. Rahmattalabi et al. (2021); Becker et al. (2022) design
fairness-driven and randomized mechanisms to ensure balanced ad reach and representation
across communities. Banerjee et al. (2019, 2020) emphasize maximizing social welfare at the
node level under diffusion-based utility models. These works primarily focus on fairness or
social welfare optimization rather than equilibrium outcomes.

Our work complements and extends these strands by providing theoretical guarantees for
the convergence of best-response dynamics to Nash equilibria in a two-timescale competitive
advertising model. We generalize the awareness model of Bimpikis et al. (2016) to accom-
modate competition among m firms rather than just two, thereby significantly broadening
the scope. Additionally, we study the design of contest-success functions that ensure unique
and socially optimal equilibria, bridging the gap between strategic resource allocation and
mechanism design in competitive influence networks. We validate these results empirically
on synthetic networks.

2 Preliminaries
We consider a market with m competing firms denoted by M = {1, 2, . . . , m}, each having
an equal and fixed marketing budget that they strategically allocate across users in a social
network. Firms compete to attract the attention of these users by distributing their budgets
to maximize brand visibility and influence. We consider awareness as a cardinal metric of a
user’s attention towards a particular firm, which lies within [0, 1]. This marketing competition
is modeled as a finite non-cooperative game on a social network G = (N , E ), where N =

{1, 2, . . . , n} denotes the set of nodes/users in the network and E = (eij)i,j∈N represents
their influence structure through an adjacency matrix, with eii = 0 for all i ∈ N . Each firm
aims to maximize the overall awareness of its brand across the network, subject to its budget
constraints.

2.1 A Two-Timescale Communication Model

We model the interaction between firms’ strategic decisions and the evolution of customer
awareness using a two-timescale framework.

Slow timescale (strategy updates): The slower timescale, indexed by k = {0, 1, . . . , ∞}, gov-
erns firms’ strategic decisions in the form of budget allocations. At the beginning of each
period k, firms allocate their budgets across users through direct communication with a prob-
ability (1− α) where α ∈ (0, 1). These allocations determine the contest outcome via the CSF
and remain fixed throughout the entire period.

Fast timescale (awareness dynamics): Within each period k, the faster timescale variable
t = {0, 1, . . . , T} captures how awareness propagates and stabilizes among users, where at
each timestep t, peer-to-peer communication among nodes occurs with probability α. This

3



process occurs at a much finer temporal resolution than firms’ strategy updates, reflecting
the fact that user interactions, information sharing, and content consumption on social plat-
forms take place frequently and continuously. We assume that T is sufficiently large so that
the fast-timescale awareness dynamics converge to a steady state before the next strategy up-
date at period k + 1. This separation of timescales is consistent with real-world advertising
settings, where communication and information diffusion among users typically occur far
more frequently than firms revise their advertising budgets and strategies. From a technical
perspective, this assumption also enables a tractable analysis by allowing the convergence of
awareness on the fast timescale and the budget updates on the slow timescale to be studied
independently. While scenarios in which the fast-timescale dynamics do not fully converge
within a single period can be explored through simulations, their analytical treatment would
be considerably more involved and is beyond the scope of this work. Accordingly, through-
out the paper we overload t to denote the fast-timescale discrete variable running from 0 to T
within each period k.

2.1.1 Awareness levels of each firm

Each firm s ∈ M chooses a strategy vector bs = (bs,1, . . . , bs,n) representing the allocation of
its marketing budget across the n nodes in the network. The set of feasible budget vectors
is denoted by B = {b ∈ Rm×n : bs,i ⩾ 0, ∀s ∈ M, ∀i ∈ N , 1⊤bs ⩽ C} where matrix b,
represented as (bs, b−s) denotes the joint strategy profile of all firms. Here b−s denotes the
allocation vectors of all competing firms other than s. Each firm is assumed to have an equal
total marketing budget, C, which is normalized to 1. We will call this game an awareness
competition game (ACG) among the firms in the rest of the paper where each player (firm) s
chooses their budget vector bs(k) at every slow timescale period k.

Let xs(t) = (xs,1(t), . . . , xs,n(t)) denote the awareness level vector for firm s at time t, where
xs,i(t) ∈ [0, 1] represents the awareness of node i toward firm s. The overall awareness level of
a node evolves as a linear combination of awareness gained directly through firms’ marketing
efforts and indirectly through influence from neighboring nodes in the social network. To
capture the temporal dynamics, awareness is modeled as a running average of updates across
all preceding periods, ensuring both recent and past interactions contribute to the current
state.

The basic update rule follows the framework of Bimpikis et al. (2016), which we extend to
m firms in a two-timescale setting to separate the faster awareness dynamics from the slower
strategic budget updates. Formally, the awareness of node i toward firm s at time t of the
faster timescale during the period k to k + 1 of the slower timescale is given by:

xs,i(t) = 1
t

[
α ∑j∈Ni

ejixs,j(t− 1) + (1− α)h(bs,i(k), b−s,i(k))
]

+
(
1− 1

t

)
xs,i(t− 1) (1)

Here, eji ∈ [0, 1] is the (j, i)-th entry of the the adjacency matrix E , that represents the
influence of node j on i. The adjacency matrix E is assumed to be sub-stochastic, i.e.,
∑j∈Ni

eji ⩽ 1, ∀i ∈ N , where Ni is the neighbors of i. The function h(bs,i(k), b−s,i(k)), called
the Contest Success Function (CSF), defines the probability that firm s successfully influences
node i given the competing budget allocations. Here, bs,i denotes the scalar budget allocated
by firm s to node i, while b−s,i denotes the vector of budgets allocated to node i by all firms
other than s. Note that the function is identical for all (firm, node) pairs and depends only on
the budget invested on node i by all the firms. We will use the shorthand hs,i(b) to refer to
h(bs,i(k), b−s,i(k)) when the dependency is clear.
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2.1.2 Limiting Value of Awareness Vector

The awareness for each node updates according to Equation (1). The steady-state awareness
vector for a given firm across the network is given by the following expression that follows an
analysis similar to Bimpikis et al. (2016). The convergence happens between two consecutive
periods of the slow timescale k as we discussed earlier. The steady-state awareness vector of
firm s at the end of each period k is given by

xs(k) ≈ (1− α)(I − αE )−1hs (bs(k), b−s(k)) , (2)

where hs (bs(k), b−s(k)) is the vector (h(bs,i(k), b−s,i(k)), i ∈ N ). The approximation arises
due to potential convergence issues over a finite time horizon. However, for analytical
tractability, we treat this relationship as an equality in the remainder of the paper. Refer to
the supplementary material (Appendix A.1) for the detailed proof of this derivation, where
we extend the two-firm case presented by Bimpikis et al. (2016) to the general m-firm setting.

2.1.3 Payoff of a firm

We define the utility (payoff) of a firm as the difference between its consolidated awareness
over the network and the cost incurred through advertising. This formulation captures the
trade-off between maximizing awareness and minimizing expenditure. The utility of firm s
is given by

us(bs(k), b−s(k)) = ∑i∈N xs,i(k)−∑i∈N bs,i(k)

= ∑i∈N (1− α)[(I − αE )−1]ihs,i(b(k))−∑i∈N bs,i(k). (3)

We will denote Mi = (1− α)
[
1T (I − αE )−1

]
i
= (1− α) ci as the weighted centrality of each

node i where ci is the non-negative absorption centrality (Bimpikis et al., 2016). In the matrix
form, this can be expressed as

us(b(k)) = 1T
[
(1− α)(I − αE )−1hs(b(k))

]
− 1Tbs(k), (4)

where firm s strategically allocates its budget across nodes to maximize this utility by balanc-
ing awareness gains against advertising costs in a competitive environment.

2.2 Design Desiderata

In this setting, we expect the contest to reach an equilibrium where we want to satisfy certain
desirable properties. In the following, we define the equilibrium concept, the goals of design,
and a performance metric.

Nash Equilibrium

In this setting, the firms are the players and they choose their budgets as actions over the
slower timescale. A natural property that we would look for is that of pure strategy Nash
equilibrium.

Definition 1 (Nash equilibrium). A budget profile b⋆ = (b⋆
s , b⋆
−s) ∈ B is a pure strategy Nash

equilibrium (PSNE) if
us(b⋆

s , b⋆
−s) ⩾ us(bs, b⋆

−s), ∀ bs, ∀s ∈ N .

Social Welfare

While the competing firms reach an NE, the goal of a planner (network policymaker or reg-
ulator) is to ensure some social welfare. We consider the generalized p-mean welfare function,
which provides a unifying framework for different welfare criteria (Barman et al., 2020).
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Definition 2 (p-mean social welfare). For an aggregated budget allocation profile b ∈ B among
m firms, the p-mean social welfare is defined as

Wp(b) =

(
1
m ∑

s∈M
us(b)p

) 1
p

, (5)

where the parameter p ∈ (−∞, 1] controls the trade-off between equity and efficiency in
welfare aggregation.

Special cases of this measure include the following: (a) Utilitarian (average) welfare (p =

1): Wavg(b) = 1
m ∑s∈M us(b), (b) Egalitarian welfare (p = −∞): Wegal(b) = mins∈M us(b),

and (c) Nash social welfare (p→ 0): WNSW(b) = (∏s∈M us(b))
1/m.

Definition 3 (Price of Anarchy). Given the p-mean social welfare measure Wp(b) defined over
all feasible budget allocation profiles b ∈ B, let B⋆ denote the set of Nash equilibria of the
ACG. The Price of Anarchy (PoA) is defined as

PoA =
maxb∈BWp(b)
minb∈B⋆ Wp(b)

, (6)

where the numerator corresponds to the welfare under the socially optimal allocation, and the
denominator represents the welfare at the worst Nash equilibrium. A higher PoA indicates
greater inefficiency arising from competitive behavior.

3 Best Response Dynamics
Even though the existence of an NE is guaranteed in a game, it is not always easy for the
players to discover it and play at the equilibrium. However, there are types of games where
the best response dynamics (BRD) of the players lead to an NE. BRD is an iterative method where
each player sequentially updates their strategy to maximize their utility, given the current
strategies of the other players. We show in this section that under certain assumptions, our
awareness competition game (ACG) converges to an NE when players (firms) play BRD.

At the beginning of each slow-timescale period k, each firm s ∈ M choose their bud-
get bs(k) while awareness levels xs(t) evolve until time t = T on that strategy profile, that
is assumed to converge to a steady-state value before the next slow-timescale period k + 1.
At k + 1, each firm updates its budget as a best response (to maximize the utility function
in Equation (4)) to competitors’ previous budgets b−s(k). Algorithm 1 illustrates the imple-
mentation of BRD for the ACG where every firm updates their budget in the direction of
the gradient of their utility as given in line 4. The gradient of the utility function of firm
s with respect to its own budget vector bs is defined as gs(b(k), µ(k)) ∈ Rn×1 where its ith

component is given by

gs,i(b(k), µs(k)) =
∂us(b(k))

∂bs,i
+ µs,i(k),

where µs,i(k) =


− ∂us

∂bs,i
(b(k)), if bs,i(k) = 0 and ∂us

∂bs,i
(b(k)) < 0,

− ∂us
∂bs,i

(b(k)), if ∑i bs,i(k) = C and ∂us
∂bs,i

(b(k)) > 0,

0, otherwise.

Hence, the gradient vector can be expressed as:

gs(b(k), µ(k)) = ∇bs us(b(k)) + µs(k) (7)
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Intuition. The role of the correction term µs(k) is to remove only those components of the
gradient that would drive the update outside the feasible set. Recall that the feasible set for
each firm s is Bs = {bs ∈ Rn

+ : ∑i bs,i ≤ C}. A strategy bs lies on the boundary of Bs if either
bs,i = 0 for some i or ∑i bs,i = C. At such boundary points, only those components of the
gradient are canceled that point outside Bs, while any feasible budget redistribution direction
at the boundary that increases utility is preserved in the update direction gs(b(k), µ(k)).

We vectorize the joint budget matrix b for all m firms across n agents into a flat-
tened column vector b ∈ Rmn×1. Consequently, the corresponding joint gradient for all
firms can be written concisely by stacking the individual firm gradients as g(b(k), µ(k)) =[
gs(b(k), µ(k))

]
s∈M ∈ Rmn×1.

Algorithm 1 Best Response Dynamics

1: Initialize budget vectors bs(0) ∈ B, ∀s ∈ M, number of iterations K
2: Choose step size γ > 0
3: for each iteration k = 0, 1, 2, . . . , K− 1 do
4: Compute gs(b(k), µ(k)) for all s ∈ M (Equation (7))
5: For each firm s ∈ M, update: bs(k + 1) = bs(k) + γgs(b(k), µ(k))
6: end for
7: Set b⋆ ← b(K) ▷ Nash equilibrium
8: return b⋆

The following lemma characterizes the stationary points of the proposed best-response
dynamics and establishes their relationship to pure-strategy Nash equilibria.

Lemma 1. A strategy profile b⋆ satisfies

gs(b⋆, µ⋆
s ) = 0 for all s ∈ M

if and only if b⋆ is a pure-strategy Nash equilibrium according to Definition 1.

Proof. Suppose first that
gs(b⋆, µ⋆

s ) = 0 for all s ∈ M.

Assume, for the sake of contradiction, that b⋆ is not a Nash equilibrium. Then there exists a
firm s and a feasible unilateral deviation b̃s ∈ Bs such that

us(b̃s, b⋆
−s) > us(b⋆

s , b⋆
−s).

By construction of the update rule, this implies that the gradient of us at b⋆ admits a
feasible improving component. Consequently, the correction term µ⋆

s does not cancel this
component of the gradient, and the feasibility-corrected update direction gs(b⋆, µ⋆

s ) must be
nonzero, i.e. gs(b⋆, µ⋆

s ) ̸= 0, which contradicts the assumption. Therefore, no firm admits a
profitable feasible deviation at b⋆, and b⋆ is a pure-strategy Nash equilibrium according to
Definition 1.

The above lemma clarifies that the proposed best-response dynamics cannot become sta-
tionary at a non-equilibrium profile as the dynamics do not converge to a trivial zero-gradient
state.

We define a few matrices as follows. The gradient of us1(b) w.r.t. bs1 is denoted as
∇bs1

us1(b) for an arbitrary s1 ∈ M. The second derivative of this expression w.r.t. bs2 for

any s2 ∈ M is defined as the n× n matrix Gs1,s2 where [Gs1,s2 ]i,j =
∂2

∂bs2,j∂bs1,i
us1(b). The matrix

G = [Gs1,s2 ]s1∈M,s2∈M is a block matrix of dimension mn×mn where every block consists of
a Gs1,s2 matrix.
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3.1 Convergence of Best Response Dynamics

In this section, we present the conditions on the utility functions and analyze the convergence
of the BRD in the ACG to a Nash equilibrium.

Assumption 1 (Utility Properties). The agents’ utility functions us(b), s ∈ M satisfy the
following properties:

1. Strong concavity: The matrix G(b) is λ-negative semidefinite, i.e.,

G(b) + λImn×mn ⪯ 0,

2. Bounded operator norm: The operator norm of G, defined as ∥G∥op :=
inf {c > 0 : ∥Gv∥ ⩽ c∥v∥, ∀v} is bounded, i.e., ∥G(b)∥op ⩽ B.

for some constants λ, B > 0.

These assumptions are the canonical strong-concavity and smoothness conditions used
in the analysis of best-response dynamics and gradient-based algorithms (Murhekar et al.,
2024). Strong concavity ensures each firm’s utility function is strongly concave in its own
strategy, yielding a unique and stable equilibrium, while a bounded norm guarantees that
utility gradients do not change abruptly, allowing fixed-step gradient updates to converge.

With Assumption 1, we now prove that the BRD converges to a Nash equilibrium, formal-
ized in the following theorem. In view of Lemma 1, convergence of BRD to a point where
∥g(b, µ)∥2 is arbitrarily small implies convergence to a Nash equilibrium in the limit.

Theorem 1 (Convergence to a Nash Equilibrium). Under Assumption 1, the best response dy-
namics (Algorithm 1) converges to a Nash Equilibrium b⋆. More precisely, for any given ϵ > 0 and
any initial point (b(0), µ(0)) in Algorithm 1, the gradients for K > 2B2

λ2 log
(
∥g(b(0),µ(0)∥2

ϵ

)
iterations

satisfy ∥(g(b(K)), µ(K))∥2 < ϵ, provided that the step size is selected as γ = λ
B2 .

Proof. The convergence of the budget update rule in line 5 of Algorithm 1 is analyzed through
the L2 norm of the update direction. Applying a first-order Taylor expansion to the gradient
term yields

g(b(k + 1), µ(k)) = g(b(k), µ(k)) + G(b′)(b(k + 1)− b(k)) (8)

where G(b′) is the Hessian-like matrix (as previously defined) evaluated at some intermediate
point b′ between b(k) and b(k + 1). Substituting b(k + 1)− b(k), we get:

g(b(k + 1), µ(k)) = g(b(k), µ(k)) + γG(b′)g(b(k), µ(k))

Taking the squared norm of both sides and expanding, we have

∥g(b(k + 1), µ(k))∥2
2 = ∥g(b(k), µ(k)) + γG(b′)g(b(k), µ(k))∥2

2

= ∥g(b(k), µ(k))∥2
2 + 2γg(b(k), µ(k))TG(b′)g(b(k), µ(k))

+ γ2∥G(b′)g(b(k), µ(k))∥2
2 (9)

Under the assumption of strong concavity of utility, we obtain the following inequality

g(b(k), µ(k))TG(b′)g(b(k), µ(k)) ⩽ −λ∥g(b(k), µ(k))∥2
2 (10)

Additionally, assuming that the operator norm of the Hessian-like matrix is bounded,
∥G(b′)∥op ⩽ B and using the standard property of operator norms ∥Av∥2 ⩽ ∥A∥op∥v∥2,
we obtain the following inequalities

∥G(b′)g(b(k), µ(k))∥2 ⩽ B∥g(b(k), µ(k))∥2
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∥G(b′)g(b(k), µ(k))∥2
2 ⩽ B2∥g(b(k), µ(k))∥2

2 (11)

Substituting the bounds from (10) and (11) in (9):

∥g(b(k + 1), µ(k))∥2
2 ⩽ ∥g(b(k), µ(k))∥2

2(1− 2γλ + γ2B2) (12)

For convergence, the coefficient of the right-hand side must be less than one, leading to the
step-size condition

1− 2γλ + γ2B2 < 1 ⇒ γ <
2λ

B2

Choosing the step size as γ = λ
B2 and assuming the dual variables µ(k) are updated such that

∥g(b(k + 1), µ(k + 1))∥2 ⩽ ∥g(b(k), µ(k))∥2

Eq. (12) simplifies to

∥g(b(k + 1), µ(k + 1))∥2
2 ⩽ ∥g(b(k), µ(k))∥2

2

(
1− λ2

B2

)
Applying this recursively over k iterations yields

∥g(b(k), µ(k))∥2
2 ⩽

(
1− λ2

B2

)k

∥g(b(0), µ(0)∥2
2

Under the inequality (1− x)k ⩽ e−xk and taking the square roots, we obtain an exponential
rate of convergence

∥g(b(k), µ(k))∥2 ⩽ e−
λ2

2B2 k∥g(b(0))∥2 (13)

The number of iterations k = K required to achieve a desired error tolerance ϵ > 0 is

e−
λ2

2B2 K∥g(b(0))∥2 = ϵ

⇒ K =
2B2

λ2 log
(
∥g(b(0), µ(0)∥2

ϵ

)
(14)

Thus, the best response dynamics converges to a Nash Equilibrium in K = O
(
log 1

ϵ

)
.

The result above ensures that the BRD will lead to a NE. However, there is a natural
tension between the equilibrium and the welfare properties. In the following section, we
show how this tension can be mitigated using an appropriate contest success function (CSF).

4 Welfare and Nash Equilibrium
In this section, we first present an example that shows the need of designing appropriate CSFs.
We construct the following counterexample for three widely-used social welfare functions,
namely, Nash, utilitarian, and egalitarian social welfare functions (see the paragraph below
Definition 2). However, this example can be adapted for any p ∈ (−∞, 1].

Example 1 (A Counterexample). Consider two firms A and B competing over a fully con-
nected network of five agents, with the asymmetric influence matrix E as shown in Table 1.
The optimal budgets that maximize the p-mean social welfare (Definition 2) is denoted as(

bopt
A , bopt

B

)
= argmaxb Wp(b).
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Nodes 1 2 3 4 5
1 0 0.3901 0.3003 0.2456 0.0640
2 0.0669 0 0.3715 0.2578 0.3037
3 0.0149 0.7005 0 0.1534 0.1313
4 0.1407 0.2334 0.4025 0 0.2234
5 0.4340 0.0989 0.2072 0.2599 0

Table 1: Influence Matrix E

We choose the following CSF as given in (Skaperdas, 1996) with the parameters k > 0, δ ∈
(0, 1]:

hs,i(b) =
ekbs,i

∑r∈M ekbr,i + δ

The total budget for both the firms and the peer-to-peer communication factor (see Section 2.1)
are C = 1 and α = 0.5 respectively. The CSF parameters are chosen as k = 1 and δ = 0.5. The
welfares corresponding to utilitarian, egalitarian, and Nash social welfare functions are given
by Wavg, Wegal, and WNSW respectively.

The NE is given by b⋆
A = (0.1496, 0.0, 0.5263, 0.1907, 0.1334), b⋆

B =

(0.0337, 0.0, 0.9663, 0.0, 0.0). The utilities are given by uA(b⋆) = 1.0431, uB(b⋆) = 1.1021, and
therefore Wavg (b⋆) = 1.0431, Wegal (b⋆) = 1.0726, WNSW (b⋆) = 1.0722.

On the other hand, the welfare maximizing solutions for these three social welfare func-
tions are given by the trivial budget vector bopt

A = bopt
B = (0.0, 0.0, 0.0, 0.0, 0.0). The optimal

social welfares are uA(bopt) = uB(bopt) = 2.0 and Wavg (bopt) = Wegal (bopt) = WNSW (bopt) =

2.0.

We can observe that the optimal strategy of each firm is to invest nothing on the nodes
and this gives a higher social welfare than their equilibrium strategies. It can be deduced
that competition induces wasteful spending, while collective welfare is maximized when all
firms refrain from investing. This inefficiency stems from the structure of the existing contest
success function, which encourages firms to spend resources that do not contribute to higher
total welfare. To overcome this, we next explore how an appropriately designed CSF can align
equilibrium behavior with collective social welfare.

4.1 The Optimal Contest Success Function

We consider a planner who can design the CSF in our awareness competition game. The
planner’s goal is to choose a CSF that shapes firms’ incentives so that their strategic behavior
leads to a welfare-maximizing outcome. Here, we identify the properties a CSF must sat-
isfy for the resulting Nash equilibrium to also maximize social welfare, and we provide an
example of a functional form that meets these conditions.

Assumption 2. The CSF hs,i(b) = h(bs,i, b−s,i) for each player s ∈ M on node i ∈ N , satisfies
the following properties:

1. (Strict concavity)
∂2hs,i

∂b2
s,i

< 0 ∀ s ∈ M. (15)

2. (Strategic substitutability)

∂2hs,i

∂bs,i∂br,i
< 0 ∀ s, r ∈ M, r ̸= s. (16)
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3. (Dominance of diminishing returns) For any pair of distinct players s, r ∈ M and for all
0 ⩽ t ⩽ 1− α, α > 0:

∂2hs,i

∂b2
s,i

∣∣∣∣∣ bs,i=t+α
br,i=t, ∀r ̸=s

<
∂2hs,i

∂bs,i∂br,i

∣∣∣∣ bs,i=t
br,i=t+α

bki=t, ∀k ̸=r,s

< 0. (17)

The above conditions in the assumption constitute the m-player extensions of the con-
ditions introduced by Bimpikis et al. (2016) in Proposition 5 to establish the existence and
uniqueness of a symmetric Nash equilibrium in their two-player game. Intuitively, the strict
concavity condition in Equation (15) ensures that each player’s CSF exhibits diminishing re-
turns with respect to its own investment, implying that the marginal benefit of additional
spending decreases as the player allocates more budget to a node. The strategic substitutabil-
ity condition in Equation (16) captures the negative externalities among competing players,
meaning that an increase in one player’s spending reduces the marginal effectiveness of an-
other player’s investment on the same node.

The dominance of diminishing returns condition in Equation (17) contrasts these two oppos-
ing effects on firm s’s marginal success. The left-hand side captures the diminishing returns
effect on a firm s when it increases its own spending from t to t + α, while all other m− 1
firms maintain their spending at t. The right-hand side represents the strategic substitutability
effect on firm s when a competitor r raises its spending to t + α, while firm s and the remain-
ing m − 2 firms keep their spending fixed at t. The inequality thus states that the adverse
effect of a firm’s own diminishing returns outweighs the negative strategic impact exerted by
any single competitor.

The next proposition illustrates a class of contest success functions that meet the require-
ments of Assumption 2, demonstrating that such CSFs are feasible design choices.

Proposition 1. The contest success function h of the following form

hs,i(b) =
f (bs,i)

∑s f (bs,i) + δ
(18)

with f (·) concave and increasing, f (0) = 0, and δ > 0 satisfies the properties stated in As-
sumption 2, and thus ensures that the resulting unique and symmetric Nash equilibrium
maximizes the p-mean social welfare.

Proof. We will prove that this general form of CSF satisfies the 3 conditions of the Assumption
2. Consider the case of 2 players with strategies x and y. The CSF can be written as:

h(x, y) =
f (x)

f (x) + f (y) + δ

Let D(x, y) = f (x) + f (y) + δ. Assume that the f (·) > 0 is increasing, i.e., f ′(·) > 0.
Calculating the partial derivative:

∂h(x, y)
∂x

=
f ′(x)( f (y) + δ)

( f (x) + f (y) + δ)2

Calculating the second derivative:

hxx(x, y) =
∂2h(x, y)

∂x2 =
( f (y) + δ)[ f ′′(x)D(x, y)− 2 f ′(x)2]

D(x, y)3

11



Since f is concave and increasing, f ′′ < 0 and f ′ > 0. Thus, f ′′(x)D(x, y)− 2 f ′(x)2 < 0
and hence hxx(x, y) < 0 which satisfies the strict concavity condition (15).

Calculating the mixed partial derivative:

hxy(x, y) =
∂2h(x, y)

∂x∂y
= − f ′(x) f ′(y)

δ + f (y)− f (x)
D(x, y)3

The dominance of diminishing returns condition (17) for 2 players can be written as:

∂2h(t + α, t)
∂x2 <

∂2h(t, t + α)

∂x∂y
< 0, ∀ 0 ⩽ x ⩽ 1− α and α > 0 (19)

The right-hand inequality is the strategic substitutability condition. In the mixed partial
derivative expression, substitute x = t, y = t + α:

hxy(t, t + α) = − f ′(t) f ′(t + α)
δ + f (t + α)− f (t)

D(t, t + α)3

Since δ > 0 and f (t + α) > f (t) (as f is increasing), δ + f (t + α) − f (t) ⩾ 0. Hence,
hxy(x, y) < 0 which satisfies the strategic substitutability condition (16).

The left-hand inequality in (19) also implies:

∂h(t1, t2)

∂x
<

∂h(t2, t1)

∂x
for 0 ⩽ t2 < t1 ⩽ 1

Now we’ll check if h(x, y) satisfies this simpler implied inequality.

∂h(t1, t2)

∂x
=

f ′(t1)( f (t2) + δ)

( f (t1) + f (t2) + δ)2

∂h(t2, t1)

∂x
=

f ′(t2)( f (t1) + δ)

( f (t1) + f (t2) + δ)2

Since the denominators are identical and positive, this simplifies to checking if:

f ′(t1)

f (t1) + δ
<

f ′(t2)

f (t2) + δ
(20)

Let’s define a new function G(t) = f ′(t)
f (t)+δ

. The inequality holds if G(t) is a strictly de-
creasing function, i.e., G′(t) < 0.

G′(t) =
f ′′(t)( f (t) + δ)− f ′(t)2

( f (t) + δ)2

Since f is concave and increasing, f ′′ < 0 and f ′ > 0. Thus, G′(t) < 0. Therefore for t2 < t1,
G(t2) > G(t1) which is the inequality to be proved in (20). Thus we can conclude that the
general concave Tullock function satisfies (19).

We have shown that for the two-player case, all three conditions of Assumption 2 are sat-
isfied. The proof naturally extends to the m-player case as well where f (x) = f (bs,i) and f (y)
is replaced by ∑r ̸=s f (br,i). The strict concavity (15) and the negative mixed partial derivative
of the m-player CSF (16) follow directly due to similar derivative expressions. For the domi-
nance of diminishing returns condition (17), the key idea is to verify that the inequality holds
when comparing any two firms while keeping all others’ expenditures fixed, which can be
established analogously to the two-player case.
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We now state our main welfare result, establishing that under the proposed CSF design
the resulting Nash equilibrium is both well-behaved and socially optimal.

Theorem 2. Under Assumption 2, the best response dynamics (Algorithm 1) converges to a unique
and symmetric NE that maximizes the p-mean social welfare for all p ∈ (−∞, 1].

Proof. Bimpikis et al. (2016) (Proposition 5) shows that under Assumption 2, the Nash equilib-
rium is unique and symmetric for the two-player case. This result extends straightforwardly
to m ≥ 2 players, as detailed in Appendix B. Let b⋆ denote this unique Nash equilibrium
profile.

By symmetry of the equilibrium, each firm allocates its budget identically across nodes,
i.e.,

b⋆s,i = b⋆i , ∀s ∈ M.

As a result, the contest outcome is identical across firms,

hs,i(b⋆) = hi(b⋆), ∀s ∈ M,

and hence all firms attain the same utility value:

us(b⋆) =
n

∑
i=1

Mihi(b⋆)−
n

∑
i=1

b⋆i =: u(b⋆).

The goal is to characterize Nash equilibria that are also welfare-maximizing. While a
welfare-maximizing allocation need not be symmetric in general, only symmetric profiles
can coincide with a Nash equilibrium in our setting, since the Nash equilibrium is unique
and symmetric. Therefore, we restrict attention to symmetric profiles when comparing Nash
equilibrium outcomes with welfare-maximizing allocations.

Under symmetric profiles, the p-mean social welfare (Definition 2) reduces to the common
utility value:

Wp(b) =

(
1
m

m

∑
s=1

us(b)p

) 1
p

=

(
1
m
·m u(b)p

) 1
p

= u(b).

The strict concavity of the CSF in Assumption 2 implies that each firm’s utility function
us(b) is concave in its own decision vector bs, as it consists of a concave awareness term and
a linear cost term. Since the p-mean welfare is a concave aggregation of concave utilities,
Wp(b) is concave in the joint profile b, and remains concave when restricted to the symmetric
manifold.

Consider the planner’s welfare-maximization problem restricted to symmetric profiles:

max
b∈Rn

+, ∑i bi≤C
Wp(b),

and let bopt denote an optimal solution. Let (bopt, λ̂, µ̂) be a KKT triple for this problem. The
KKT conditions are, for each i ∈ N ,

∂Wp

∂bi
(bopt)− λ̂ + µ̂i = 0, µ̂i ≥ 0, λ̂ ≥ 0,

µ̂ib
opt
i = 0, λ̂

(
C−∑

i
bopt

i

)
= 0.

Now consider any firm s solving its own utility-maximization problem. Its KKT condi-
tions are:

∂us

∂bs,i
(b)− λs + µs,i = 0, µs,i ≥ 0, λs ≥ 0,
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µs,ibs,i = 0, λs

(
C−∑

i
bs,i

)
= 0.

Evaluating these conditions at the symmetric profile bopt, we have

∂Wp

∂bi
(bopt) =

∂us

∂bs,i
(bopt), ∀s ∈ M, i ∈ N .

Thus, setting λs = λ̂ and µs,i = µ̂i shows that bopt satisfies each firm’s KKT conditions. Hence,
bopt is a best response for every firm and therefore constitutes a symmetric Nash equilibrium.

Since the Nash equilibrium is unique, we conclude that

b⋆ = bopt,

and the equilibrium maximizes the p-mean social welfare for all p ∈ (−∞, 1].

Since the Nash equilibrium obtained in Theorem 2 is unique and coincides with the
welfare-maximizing allocation, the equilibrium outcome achieves the same social welfare as
the optimal solution. Therefore, the ratio defining the Price of Anarchy equals one.

Corollary 1. Under the conditions of Theorem 2, the Price of Anarchy (PoA) equals one, i.e., PoA = 1.

Discussions. We conclude by discussing the implications when Assumption 2 on the CSF
is violated. These properties of strict concavity, strategic substitutability, and dominance of
diminishing returns, are critical in ensuring that firms’ best responses are well-behaved and
that the resulting Nash equilibrium is unique, symmetric, and welfare-maximizing. If the
CSF does not satisfy these conditions, the best-response dynamics may fail to converge, or
may converge to equilibria that are neither unique nor socially optimal. In particular, the
absence of these properties can lead to multiple or asymmetric equilibria (Bimpikis et al.,
2016), distorting welfare incentives. We illustrate these failure modes empirically in Section 5
by simulating alternative CSFs on networks, where deviations from Assumption 2 lead to
degraded convergence and welfare performance.

A key modeling assumption in our framework is that firms have identical total budgets.
If firms instead have heterogeneous budgets, the best-response dynamics in Algorithm 1
remain well-defined and convergence to a Nash equilibrium can still be expected under As-
sumption 1, since the update rule and convergence analysis do not depend on the specific
value of the budget constraint. However, in this asymmetric setting, the equilibrium need
not be unique or symmetric (citation ()), and there is no general guarantee that it maximizes
social welfare. A complete characterization of equilibrium structure and welfare under het-
erogeneous budgets would require a separate analysis and is left for future work.

5 Experiments
The theoretical results established in the previous sections depend on certain assumptions. In
this section, we conduct numerical experiments on a simulated social network to see how the
algorithms perform even when such assumptions cannot be enforced. In particular, we aim
to verify the convergence of the Best-Response Dynamics (BRD) to a unique and symmetric
Nash Equilibrium (NE) that maximizes the p-mean social welfare, as stated in Theorem 2. We
test this via the Price of Anarchy (PoA) which converges to one for large number of iterations,
confirming that the welfare-maximizing Nash equilibrium is indeed attainable in practice.
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5.1 Data and Network Generation

To implement our theoretical model, we first require a realistic social network that captures
how individuals interact and influence one another. Since no such network or customer data
is publicly available, both the network and underlying data must be generated synthetically
to resemble real-world marketing environments.

5.1.1 Data Generation

We synthesize a population of customers with basic demographic attributes such as age,
gender, and geographic location (represented as spatial grids). Using these demographics, we
simulate an auxiliary social network that serves solely to generate realistic product adoption
data in a principled way following the literature that generates the social network and their
influence probabilities from users’ demographic data. Connections between users are formed
probabilistically via Bernoulli trials based on demographic similarity and spatial proximity,
with the connection probability computed following the formulation in Guarino et al. (2021).
To capture directional influence, each edge is assigned a random influence weight drawn
from a Beta distribution.

Using this auxiliary network and the Independent Cascade (IC) diffusion model (Kempe
et al., 2003), we simulate product adoption process for multiple firms’ products. For each
customer, we record whether and when a product was adopted, resulting in a dataset that
contains both demographic details and synthetic product holding histories (adoption dates).
This dataset is then treated as our synthetic observed market data.

5.1.2 Social Network Construction

From the synthetic dataset, using the same Bernoulli trials procedure as in the auxiliary net-
work to determine edge existence, we reconstruct the main social influence network to be used
in our equilibrium experiments. Here, the influence probabilities are not assigned randomly
but are estimated using a Bernoulli model with maximum likelihood estimation as proposed
in Goyal et al. (2010), where each interaction is treated as a Bernoulli trial. Specifically, the
probability of node j influencing node i is estimated as eji =

Aj→i
Aj

, which constitutes entries of
the network adjacency matrix E . Here Aj→i denotes the number of products propagated from
j to i and Aj to be the total products adopted by j, capturing the actual influence dynamics in
the network. The resulting directed network forms the adjacency matrix E used in the contest
simulations.

Finally, we validate the reconstructed network by testing whether it can accurately predict
future product adoptions from past diffusion data. The model demonstrates strong predictive
performance, suggesting that the generated network meaningfully captures underlying influ-
ence dynamics and is suitable for evaluating Nash equilibrium convergence. The detailed
procedures for data and network generation are provided in the supplementary material
(Appendix C).

5.2 BRD Simulations

We begin by generating a synthetic dataset comprising 100 customers and 10 product hold-
ings. From this dataset, we construct a social network with 100 nodes and estimate its ad-
jacency matrix E , which satisfies our initial assumption of being substochastic. We consider
a market with three firms competing over this connected network. The probability of peer-
to-peer communication α is set to 0.5. The CSF follows the general functional form given
in Proposition 1 (Eq. 18). Specifically, we consider the Tullock (Tullock et al., 1980) CSF
f (bs,i) = bq

s,i , which is concave for q ⩽ 1 and becomes non-concave for q > 1. In addi-
tion, we analyze two other commonly used functional forms: the concave logarithmic form
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Figure 1: Convergence behavior of the welfare ratio R(k) across all three types of p-mean welfare for
(a) concave Tullock CSF (q = 1), (b) non-concave Tullock CSF (q = 2), (c) log CSF and (d) exp CSF.

f (bs,i) = log(1 + bs,i) and the non-concave exponential form f (bs,i) = exp(bs,i).
The BRD (Algorithm 1) is implemented on this network to analyze convergence to a NE

under both concave and non-concave CSF conditions. We experiment with three types of
budget initializations: (i) uniform, where all nodes start with equal budgets (1/n for every
firm), (ii) random, where initial budgets are assigned randomly, and (iii) biased, where a large
share of the budget is allocated to a single random node and the remainder distributed uni-
formly across others. Since uniform is deterministic, we initialize that once, and the other
two in equal proportions in our total number of simulations. For the BRD implementation,
we use a step size of 0.0001 and a maximum of 5000 iterations. In the concave CSF setting
(including the Tullock CSF with q = 1 and the logarithmic form), and in the non-concave
setting (including the Tullock CSF with q = 2 and the exponential form), each simulation is
repeated 50 times with different budget initializations. To assess the efficiency of the equilib-
ria found by the BRD algorithm, we compute the welfare-maximizing budget matrix bopt and
track the evolution of the ratio of welfare at each iteration to the optimal welfare. Specifically,
for iteration k, we define the welfare ratio as

R(k) =
Wp(b(k))
Wp(bopt)

,

where b(k) is the budget vector at iteration k of BRD, and bopt is the budget vector that
maximizes the p-mean social welfare.

5.3 Results

Figure 1 presents the evolution of the mean welfare ratio R(k) over BRD iterations for three
types of p-mean welfare objectives: (i) Nash social welfare (WNSW) , (ii) Average welfare
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(Wavg), and (iii) Egalitarian welfare (Wegal). In the concave CSF setting (Figures 1a and 1c),
as the algorithm converges, R(k) approaches 1 for all three welfare measures, indicating that
the equilibrium achieves welfare close to the optimal and hence the PoA = 1. The shaded
regions indicate variability, which is large initially and shrinks as BRD converges, reflecting
reduced fluctuations in welfare outcomes over iterations.

In the non-concave CSF setting (Figures 1b and 1d), mean welfare ratio R(k) for all three
types of social welfare is substantially below the optimum value of 1. Moreover, the variance
across iterations remains high, with fluctuations persisting even in later stages, indicating
instability in the best-response dynamics. This inefficiency arises from the lack of concavity
in the underlying utility functions, which prevents the BRD algorithm from converging to a
stable equilibrium. Consequently, the equilibria obtained are suboptimal, reflecting both poor
welfare performance and inconsistent convergence behavior.

6 Conclusion
In this paper, we developed a two-timescale framework to study how competing firms allo-
cate advertising budgets across social networks to maximize brand awareness. We generalized
existing two-firm results to an arbitrary number of firms and showed that, under standard
conditions, the firms’ best-response dynamics converge to a pure strategy Nash equilibrium,
which may not coincide with the social optimum. To address this, we characterized a class of
contest success functions that network regulators can design to ensure that the Nash equilib-
rium is unique and welfare-maximizing. Our experiments confirm these theoretical insights,
demonstrating stable convergence to optimal welfare across different contest success func-
tions on realistic synthetic networks, achieving the theoretical guarantee of PoA = 1.

This study thus offers both theoretical and practical guidance for designing fair and effi-
cient competitive environments for brand promotion and information dissemination in social
networks. Future directions include extending the current symmetric framework to asymmet-
ric settings reflecting firms’ heterogeneous budgets and influence, and incorporating node-
level incentives to better model user engagement and design socially beneficial diffusion poli-
cies.
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A Appendix to Section 2.1.2
A.1 Limiting Value of Awareness

Consider the awareness update equation (1):

xs,i(t) = 1
t

[
α ∑j∈Ni

ejixs,j(t− 1) + (1− α)h(bs,i(k), b−s,i(k))
]

+
(
1− 1

t

)
xs,i(t− 1)

Let us define the vector ys(t) of size n + m, where the first n entries correspond to the vector
xs(t) and for [ys(t)]n+i = 0 if s ̸= i and [ys(t)]n+s = 1 if s = i. Now consider the (n + m)×
(n + m) interaction matrix W, whose elements Wij follow directly from the awareness update
in (1): the top-left n× n block captures awareness propagation between nodes (the first term
in (1)), while the last m columns represent direct communication from firms to nodes (the
second term in (1)), with all remaining entries set to 0.

W =



−1 αe12 . . . αe1n (1− α)h1,1 . . . (1− α)hm,1

αe21 −1 . . . αe2n (1− α)h1,2 . . . (1− α)hm,2

αe31 αe32 . . . αe2n (1− α)h1,3 . . . (1− α)hm,3
...

...
. . .

...
...

. . .
...

αen1 αen2 . . . −1 (1− α)h1,n . . . (1− α)hm,n

0 0 . . . 0 0 . . . 0
...

...
. . .

...
...

. . .
...

0 0 . . . 0 0 . . . 0


We also define the following diagonal matrix D:

[D(t− 1)]ii =


1
t , if i ∈ N ,

1, if i ∈ {n + 1, . . . , n + m}.

The expected value of the awareness vector ys, representing the awareness levels of firm
s at time t given the history of information exchange up to time t, denoted by {m(l)}l<t, can
be expressed as

E[ys(t) | {m(l)}l<t] = (In+m + D(t− 1)W) ys(t− 1), (21)

where I is the identity matrix, and W and D are the corresponding interaction and diagonal
weighting matrices, respectively. Equation (21) follows directly from rewriting the awareness
update equation (1) in matrix form. Since the expected awareness levels can be expressed
analogously to the formulation in Bimpikis et al. (2016) for the proof of Proposition 1, we can
employ a similar analytical approach to derive the limiting awareness levels for each firm.
Thus, the evolution of the awareness vector ys for firm s can be expressed from Eq. (21) as
follows:

ys(t) = (I + D(t− 1)W)ys(t− 1) + (random noise)

Define the noise term as

η(t) = D−1(t− 1)
[
ys(t)− (I + D(t− 1)W)ys(t− 1)

]
=⇒ ys(t) = ys(t− 1) + D(t− 1)

(
Wys(t− 1) + η(t)

)
(22)
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Given that the random noise has zero mean and bounded variance, it can be derived ∀ t ⩾ 1:

E[η(t) | F (t− 1)] = 0 a.s., (23)

E
[
∥η(t)∥2 | F (t− 1)

]
⩽ supl<t K

(
1 + ∥y(l)∥2) a.s. (24)

where {F (l)}l⩾0 is the family of σ -fields with F (l) = σ({m(l)}l<t) and

K = max
(
3∥W∥2 + 2∥I∥2, ∥I∥2)

The above equations and Borkar (2008) imply that Eq. (22) tracks a time-independent
ordinary differential equation (ODE) represented as

dzs(t̂)
dt̂

= Wzs(t̂) ∀ t̂ > 0 (25)

where the initial state is zs(0) = ys(0) and the awareness levels converge to the limit of the
above ODE, zs,lim almost surely. Hence,

ys,lim = lim
t→∞

ys(t) = zs,lim = lim
t̂→∞

eWt̂zs(0)

We define the transition probability matrix V corresponding to a Markov chain with m ab-
sorbing states based on the matrix W, following the formulation in (Norris, 1998, Chapter 2).
Each entry Vij denotes the probability that, given a transition from state i, the next state will
be j.

V =



0 αe12
W1

. . . αe1n
W1

(1−α)h1,1
W1

. . . (1−α)hm,1
W1

αe21
W2

0 . . . αe2n
W2

(1−α)h1,2
W2

. . . (1−α)hm,2
W2

...
...

. . .
...

...
. . .

...
αen1
Wn

αen2
Wn

. . . 0 (1−α)h1,n
Wn

. . . (1−α)hm,n
Wn

0 0 . . . 0 1 . . . 0
...

...
. . .

...
...

. . .
...

0 0 . . . 0 0 . . . 1


where Wi = ∑j ̸=i Wij is the total rate of leaving state i which sums up to 1. It is a normal-

ization factor that turns the rates of interaction from W matrix into probabilities.
Since Eq. (25) also defines a continuous time Markov chain, using results from Norris

(1998), Chapter 3:
lim
t̂→∞

eWt̂ = lim
t→∞

Vt

Therefore, we arrive at the following unique limiting value of the awareness level vector for
each firm s

ys,lim = lim
t→∞

ys(t) = lim
t̂→∞

eWt̂ys(0) = lim
t→∞

Vtys(0) (26)

Representing the matrix V into four block matrices as follows:[
αE E
0 Im

]
where αE denotes the n× n fractional adjacency matrix, 0 represents an m× n zero matrix, Im

is the m×m identity matrix, and E is the n×m matrix containing the (1− α)-weighted contest
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success function values for each node–firm pair (as it can be visualized from the elements of
V matrix).

Vt =

[
αtE t ∑t

l=0(αE )lE
0 Im

]

lim
t→∞

Vt =

[
0 (I − αE )−1E
0 Im

]
Here, limt→∞(αE )t → 0 as ρ(αE ) < 1 which ensures matrix powers decay to zero and

limt→∞ ∑t
l=0(αE )lE is an infinite Neumann series, hence equals (I − αE )−1E. For firm s,

[ys]n+s = 1 and [ys]n+i = 0 for i ̸= s. Hence, in (26),

[ys,lim]1:n = (I − αE )−1[E]s

where [E]s is the sth column of the E matrix or the (1− α)-weighted contest success function
values for firm s. Thus, at the end of each time period T, the awareness levels of a firm s
converge to a limiting value xs(k) = [ys

lim]1:n as defined in (2):

xs(k) = (I − αE )−1(1− α)hs(b)

B Appendix to Section 4.1
We restate and extend Proposition 5 of Bimpikis et al. (2016), which establishes that under
Assumption 2, the Nash equilibrium in the two-player setting is unique and symmetric. We
provide a formal argument demonstrating that the uniqueness and symmetry of the equilib-
rium continue to hold for any number of players m ≥ 2.

Following Cheng et al. (2004), the game admits a pure strategy symmetric equilibrium
because it is a symmetric game with compact and convex strategy spaces and continuous and
quasi-concave utility functions. Consequently, each player’s best-response correspondence is
single-valued, and the first-order optimality conditions cannot be simultaneously satisfied by
two distinct symmetric profiles, ensuring uniqueness of the equilibrium.

Let us suppose that an asymmetric equilibrium exists. Then there exist 2 distinct firms
p ∈ M and q ∈ M such that bp ̸= bq. Because each firm has the same budget, there exist
nodes i and j such that bp,i > bq,i and bq,j > bp,j. For each firm, the KKT conditions require
equality of marginal utilities across all active agents:

ci
∂h(bp,i, b−p,i)

∂x
= cj

∂h(bp,j, b−p,j)

∂x

But because h is strictly concave and ∂2h(x,y)
∂x∂y < 0, condition (17) of Assumption 2 cannot hold

simultaneously for both p and q when allocations are unequal across agents. This leads to a
contradiction, ruling out asymmetric allocations.

C Appendix to Section 5.1
C.1 Data Generation

The data generation pipeline in Figure 2 describes the data generation procedure as summa-
rized in Section 5.1. Here we shall provide all the details regarding the procedure.
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Figure 2: Phase 1: Synthetic data generation pipeline.

C.1.1 Customer Demographics Data

Customer demographics are generated to reflect realistic diversity in age, gender, and loca-
tion. Ages (18–65+) and genders follow real population statistics for India, while customer
locations are created using a grid-based system, where the entire region is divided into small
square tiles. Each tile represents a geographic area and, on average, contains four customers.
The tiles near the center have higher population density, meaning more customers are placed
there, while those toward the edges have fewer customers. The distance between tiles is com-
puted using standard distance formulas, giving a realistic sense of how far customers are
from one another geographically.

C.1.2 Social Network Generation

The social network is generated by combining demographic and geographic data to create
realistic interactions. Age group interactions are modeled using an interaction matrix, and
social contact values between age groups are incorporated from the SOCRATES tool (Willem
et al., 2020), which provides empirical estimates of contact frequencies between distinct age
demographics. Spatial proximity is incorporated based on tile locations. Interaction prob-
abilities are then computed, adding Gaussian noise for variability, and edges are formed
probabilistically through Bernoulli trials. Specifically, the probability that an edge (u, v) exists
in the graph G is determined by the following equation (Guarino et al., 2021):

Pr[u, v] =
µ · N

2
·

mgu,gv · sgu,gv

∑i⩽j
(
mi,j · si,j

) · D(u, v)
∑u′∈Vgu ,v′∈Vgv

(D (u′, v′))
(27)

where:

• µ: Average degree of graph G,

• N: Number of users,

• gu: The age label of node u,

• D(u, v): Euclidean distance between u and v,

• Vi: The set of nodes having age label i,
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• mi,j: Count of individuals between age groups i and j,

• si,j: Frequency of social ties between age groups i and j, derived from a social contact
matrix.

Figure 3 depicts a social network generated for 100 users with 25 tiles. The colours of the
nodes depict the various age groups. As it can be seen, the average number of users in each
tile is more or less 4.

Figure 3: Social network generated for 100 users (25 tiles).

C.1.3 Influence Probabilities Initialization

In initializing influence probabilities within the social network, we use the Beta distribution,
which flexibly models probabilities in the finite range [0, 1]. It is defined as

f (x; α, β) =
xα−1(1− x)β−1

B(α, β)
, (28)

where α and β are the shape parameters and B(α, β) is the beta function. Random initializa-
tion of these probabilities introduces variability that reflects the heterogeneity of real-world
influence dynamics and serves as the basis for generating product holdings in subsequent
stages.

C.1.4 Product Holdings Generation

We consider a market with m competing firms, each introducing a total of 10 products simul-
taneously on a specific date: January 1st, 2020. The adoption status of each user for these
products is recorded, along with the date of adoption where applicable. Initially, a random
subset of users is selected to adopt certain products through Bernoulli trials, thereby initial-
izing the adoption states on the start date. Subsequently, product (or awareness) propagation
occurs via the Independent Cascade (IC) diffusion model (Kempe et al., 2003), a probabilistic dif-
fusion model in which, at each time step, an active node has a single chance to activate each of
its inactive neighbors with a given probability. It is implemented as follows: for a user u who
has adopted product Pi, i = 1, . . . , 10, and each of its neighbors v in the network, a random
number r ∈ [0, 1] is drawn to determine whether v becomes aware of or adopts the product. If
r ⩽ puv, where puv denotes the influence probability from user u to v, then v adopts product
Pi. The adoption (or activation) time of v is then sampled to occur after the activation time
of u. This procedure is repeated iteratively for all products P1, . . . , P10. Through this process,
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the diffusion of product awareness unfolds dynamically across the network, capturing real-
istic influence and adoption patterns that emerge from both initial random adoptions and
subsequent cascade effects.

C.2 Network Generation

The network generation process illustrated in Figure 4 outlines the social network construc-
tion described in Section 5.1. In the following, we provide a detailed explanation of this
procedure.

Figure 4: Phase 2: Social network generation pipeline.

C.2.1 Influence Probabilities Estimation

In this section, we describe the methodology used to estimate the influence probabilities
within the social network generated in Appendix C.1.2, which collectively form the influence
matrix E . Our approach builds on Goyal et al. (2010), who estimate influence probabilities
from action logs, or the past history of product adoptions. The method relies on some as-
sumptions for simplifying the estimation process and ensuring practical applicability. The
assumptions are:

1. Independence of Influence: Probability of various friends influencing a node i are indepen-
dent of each other.

2. Static Influence Probabilities: The influence probabilities are static and do not change with
time.

3. Bernoulli Distribution: The influence propagation between users is modeled using a bi-
nary outcome, following a static model.

The Bernoulli distribution is utilized to model the binary outcome of influence prop-
agation between users. Under this framework, each interaction between a user and their
neighbor is treated as a Bernoulli trial, where success denotes influence and failure denotes
no influence. The element eji of the network adjacency matrix E which denotes the influence
probability of node j on node i, is estimated using the Maximum Likelihood Estimator (MLE),
calculated as the ratio of successful attempts to total attempts.

eji =
Aj→i

Aj
(29)

where Aj→i denotes the number of products propagated from node j to i and Aj is the to-
tal products adopted by j. This estimation method ensures that the influence probabilities
reflect the actual propagation dynamics observed within the network, allowing for accurate
modeling of influence dynamics and subsequent analysis.
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C.2.2 Product Holdings Estimation

In this section, we employ the General Threshold model (Goyal et al., 2010) to estimate product
holdings within the network. The model uses threshold activation, where a node becomes
activated if the cumulative influence from its activated neighbors exceeds a node-specific
threshold. For each node i, a threshold θi represents the cumulative influence required for
activation.

The joint influence probability, denoted as pi(Ai), captures the likelihood of node i becoming
activated given a set Ai ⊆ Ni of activated neighbors. Assuming independence of influences
from different neighbors, this probability is

pi(Ai) = 1− ∏
j∈Ai

(1− eji), (30)

where eji is the influence probability from node j to node i. Node i activates if pi(Ai) ⩾ θi.
Using these principles, we estimate product holdings by considering node-specific thresholds
and joint influence probabilities derived from the network structure.

C.3 Network Validation Experiments

Table 2: Network Accuracy Results on Synthetic Data

Beta Distribution
Parameters

Accuracy (%)

Network α β n=2000 n=3000 n=5000
Sparse 0.5 2 95.05 ± 0.11 95.91 ± 0.08 95.80 ± 0.07

Medium 1 1 95.38 ± 0.11 95.67 ± 0.09 95.85 ± 0.07
Medium 3 3 96.03 ± 0.08 96.04 ± 0.09 95.87 ± 0.07

Dense 2 0.5 95.73 ± 0.11 95.78 ± 0.09 95.61 ± 0.07

C.3.1 Experimental Setup

The experimental setup aims to validate the effectiveness of the network generation technique.
Initially, customer demographic data is generated for varying population sizes, ranging from
100 to 10,000 individuals. The number of tiles in the grid-based region is determined as
the square root of the number of agents, keeping the average number of users per tile as
4. This demographic data serves as the basis for generating the social network, utilizing
a probabilistic approach, similar to the one described in Appendix C.1.2. To account for
stochasticity, the network generation process is repeated 100 times. The influence probabilities
are initialized as described in Appendix C.1.3 using the Beta distribution. Different datasets
are created by varying the density of the networks during the data generation pipeline. This
is done by tweaking the beta distribution parameters α and β, producing networks of varying
densities, such as sparse, medium, and dense.

Following network generation, the final dataset from the data generation module is trun-
cated at January 1st, 2022. The training set is then constructed using data only up to this
date. Influence probabilities are estimated for the training set utilizing the Bernoulli model as
described in Appendix C.2.1. Subsequently, product holdings are estimated for the years from
2022 to 2024 from the directed social graphs obtained earlier using the General threshold Model
as described in Appendix C.2.2. The test data comprises the complete product holdings from
2020 to the present, allowing for comparisons between predicted and actual product hold-
ings after 2022. Through these experiments, we aim to validate the robustness and efficacy
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of the proposed network generation approach in accurately capturing real-world influence
dynamics within the social network.

C.3.2 Results

Table 2 presents the mean accuracy and standard deviation of predicted product holdings
across different network densities (sparse to dense) and population sizes (n = 2000, n =

3000, and n = 5000). The results show that predicted values closely align with observed
ones, with accuracies consistently between 95%–96%. Although smaller networks (n = 2000)
exhibit slightly higher variability, larger populations yield more stable and consistent results,
demonstrating the robustness and reliability of the proposed network generation method.
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