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q0 q1 q2 q3

q4q5q6

⊢/ε,+1 a/ε,+1 ⊣/ε,+1 a/ε,+1

a/c,−1a/b,−1a/ε,+1

#/ε,+1 #/ε,+1

#/ε,−1 #/ε,−1

#/ε,−1#/ε,+1

#/ε,+1

a/ε,+1

f(#am1#am2 · · ·#amk−1#amk#) = cm2bm1cm3bm2 · · · cmkbmk−1
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⌘

Regular Transformations       ?  
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⌘

What is known


• The above problem is solved for SST over finite words

[Alur, Freilich, and Raghothaman 2014]


Our contribution: 

Regular Transducer Expressions (RTE) 

New proof technique 

Works directly with 2DFT 

Based on Algebra 

Extension to infinite words



• Regular Transducer Expressions (RTE)


• Transition Monoid


• Good Rational Expressions


• From 2DFT to RTE


• Extension to Infinite words


• Conclusion

Summary
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Main Theorem: 

RTE and 2DFT

2DFTs and RTEs define the same class of functions. More precisely,

1. given an RTE C, we can construct a 2DFT A such that [[A]] = [[C]],

2. given a 2DFT A, we can construct an RTE C such that [[A]] = [[C]].
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y

, q5), (q1, x, q1),
(q2,

y

, q4), (q2, x, q3), (q3, y , q4), (q3, x, q3),
(q4,

y

, q5), (q4, x, q1), (q5,!, q1), (q5, x, q6),
(q6,!, q3), (q6, x, q6)}



Transition Monoid

a a a a
q0 q1 q1 q1 q2 q3

a a a a
q3

q4q4q4q5q5q5
q6 q6 q6 q1 q1 q1 q2 q3 q3

q4q4q4q5q5q5
q6 q6 q6 q1 q1 q1 q2 q3 q3

q4q4q4q5q5q5
q6 q6 q6 q1 q1 q1 q2 q3 q3

q4q4q4q5q5q5
q6 q6 q6

a a

q1 q1 q1 q2

# # # # # #

q0 q1 q2 q3

q4q5q6

⊢/ε,+1 a/ε,+1 ⊣/ε,+1 a/ε,+1

a/c,−1a/b,−1a/ε,+1

#/ε,+1 #/ε,+1

#/ε,−1 #/ε,−1

#/ε,−1#/ε,+1

#/ε,+1

a/ε,+1Tr : ⌃⇤ ! TrM

Tr(#a+#a+) = {(q0,!, q3), (q1,

y

, q5), (q1, x, q1),
(q2,

y

, q4), (q2, x, q3), (q3, y , q4), (q3, x, q3),
(q4,

y

, q5), (q4, x, q1), (q5,!, q1), (q5, x, q6),
(q6,!, q3), (q6, x, q6)}
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a a a a
q0 q1 q1 q1 q2 q3

a a a a
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q4q4q4q5q5q5
q6 q6 q6 q1 q1 q1 q2 q3 q3

q4q4q4q5q5q5
q6 q6 q6 q1 q1 q1 q2 q3 q3

q4q4q4q5q5q5
q6 q6 q6 q1 q1 q1 q2 q3 q3

q4q4q4q5q5q5
q6 q6 q6

a a

q1 q1 q1 q2

# # # # # #

q0 q1 q2 q3

q4q5q6

⊢/ε,+1 a/ε,+1 ⊣/ε,+1 a/ε,+1

a/c,−1a/b,−1a/ε,+1

#/ε,+1 #/ε,+1

#/ε,−1 #/ε,−1

#/ε,−1#/ε,+1

#/ε,+1

a/ε,+1Tr : ⌃⇤ ! TrM

Tr(#a+#a+) = {(q0,!, q3), (q1,

y

, q5), (q1, x, q1),
(q2,

y

, q4), (q2, x, q3), (q3, y , q4), (q3, x, q3),
(q4,

y

, q5), (q4, x, q1), (q5,!, q1), (q5, x, q6),
(q6,!, q3), (q6, x, q6)}
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For each s 2 S, there is an "-free good rational expression Fs such that
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Every word can be factorized (parsed) 

with a tree of height at most 9|S|



2DFT to RTE
q0 q1 q2 q3

q4q5q6

⊢/ε,+1 a/ε,+1 ⊣/ε,+1 a/ε,+1

a/c,−1a/b,−1a/ε,+1

#/ε,+1 #/ε,+1

#/ε,−1 #/ε,−1

#/ε,−1#/ε,+1

#/ε,+1

a/ε,+1Tr : ⌃⇤ ! TrM

Tr(#a+#a+) = {(q0,!, q3), (q1,

y

, q5), (q1, x, q1),
(q2,

y

, q4), (q2, x, q3), (q3, y , q4), (q3, x, q3),
(q4,

y

, q5), (q4, x, q1), (q5,!, q1), (q5, x, q6),
(q6,!, q3), (q6, x, q6)}

Main Lemma: 
Let F be an "-free Tr-good rational expression with Tr(F ) = sF . We can
construct a map CF : sF ! RTE such that for each step x = (p, d, q) 2 sF :

1. dom(CF (x)) = L(F ),

2. for each u 2 L(F ), [[CF (x)]](u) is the output produced by A when running
step x on u (i.e., running A on u from p to q following direction d).

F ::= ; | " | a | F [ F | F · F | F+



q0 q1 q2 q3

q4q5q6

⊢/ε,+1 a/ε,+1 ⊣/ε,+1 a/ε,+1

a/c,−1a/b,−1a/ε,+1

#/ε,+1 #/ε,+1

#/ε,−1 #/ε,−1

#/ε,−1#/ε,+1

#/ε,+1

a/ε,+1Tr : ⌃⇤ ! TrM

Main Lemma: 
Let F be an "-free Tr-good rational expression with Tr(F ) = sF . We can
construct a map CF : sF ! RTE such that for each step x = (p, d, q) 2 sF :

1. dom(CF (x)) = L(F ),

2. for each u 2 L(F ), [[CF (x)]](u) is the output produced by A when running
step x on u (i.e., running A on u from p to q following direction d).

Tr(a) = {(q1,!, q1), . . . , (q4, , q4), . . . , (q5, , q5), . . .}

2DFT to RTE: atomic

F ::= ; | " | a | F [ F | F · F | F+



q0 q1 q2 q3

q4q5q6

⊢/ε,+1 a/ε,+1 ⊣/ε,+1 a/ε,+1

a/c,−1a/b,−1a/ε,+1

#/ε,+1 #/ε,+1

#/ε,−1 #/ε,−1

#/ε,−1#/ε,+1

#/ε,+1

a/ε,+1Tr : ⌃⇤ ! TrM

Main Lemma: 
Let F be an "-free Tr-good rational expression with Tr(F ) = sF . We can
construct a map CF : sF ! RTE such that for each step x = (p, d, q) 2 sF :

1. dom(CF (x)) = L(F ),

2. for each u 2 L(F ), [[CF (x)]](u) is the output produced by A when running
step x on u (i.e., running A on u from p to q following direction d).

Tr(a) = {(q1,!, q1), . . . , (q4, , q4), . . . , (q5, , q5), . . .}

Ca(q1,!, q1) = (a ? " : ?)

2DFT to RTE: atomic

F ::= ; | " | a | F [ F | F · F | F+



q0 q1 q2 q3
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⊢/ε,+1 a/ε,+1 ⊣/ε,+1 a/ε,+1

a/c,−1a/b,−1a/ε,+1

#/ε,+1 #/ε,+1

#/ε,−1 #/ε,−1

#/ε,−1#/ε,+1

#/ε,+1

a/ε,+1Tr : ⌃⇤ ! TrM

Main Lemma: 
Let F be an "-free Tr-good rational expression with Tr(F ) = sF . We can
construct a map CF : sF ! RTE such that for each step x = (p, d, q) 2 sF :

1. dom(CF (x)) = L(F ),

2. for each u 2 L(F ), [[CF (x)]](u) is the output produced by A when running
step x on u (i.e., running A on u from p to q following direction d).

Tr(a) = {(q1,!, q1), . . . , (q4, , q4), . . . , (q5, , q5), . . .}

Ca(q4, , q4) = (a ? c : ?)
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2DFT to RTE: atomic

F ::= ; | " | a | F [ F | F · F | F+



q0 q1 q2 q3

q4q5q6

⊢/ε,+1 a/ε,+1 ⊣/ε,+1 a/ε,+1

a/c,−1a/b,−1a/ε,+1

#/ε,+1 #/ε,+1

#/ε,−1 #/ε,−1

#/ε,−1#/ε,+1

#/ε,+1

a/ε,+1Tr : ⌃⇤ ! TrM

Main Lemma: 
Let F be an "-free Tr-good rational expression with Tr(F ) = sF . We can
construct a map CF : sF ! RTE such that for each step x = (p, d, q) 2 sF :

1. dom(CF (x)) = L(F ),

2. for each u 2 L(F ), [[CF (x)]](u) is the output produced by A when running
step x on u (i.e., running A on u from p to q following direction d).

Tr(a) = {(q1,!, q1), . . . , (q4, , q4), . . . , (q5, , q5), . . .}

Ca(q5, , q5) = (a ? b : ?)
Ca(q4, , q4) = (a ? c : ?)
Ca(q1,!, q1) = (a ? " : ?)

2DFT to RTE: atomic

F ::= ; | " | a | F [ F | F · F | F+



Main Lemma: 
Let F be an "-free Tr-good rational expression with Tr(F ) = sF . We can
construct a map CF : sF ! RTE such that for each step x = (p, d, q) 2 sF :

1. dom(CF (x)) = L(F ),

2. for each u 2 L(F ), [[CF (x)]](u) is the output produced by A when running
step x on u (i.e., running A on u from p to q following direction d).

2DFT to RTE: concatenation

F ::= ; | " | a | F [ F | F · F | F+



Main Lemma: 
Let F be an "-free Tr-good rational expression with Tr(F ) = sF . We can
construct a map CF : sF ! RTE such that for each step x = (p, d, q) 2 sF :

1. dom(CF (x)) = L(F ),

2. for each u 2 L(F ), [[CF (x)]](u) is the output produced by A when running
step x on u (i.e., running A on u from p to q following direction d).

E1E2E1 E2

2DFT to RTE: concatenation

F ::= ; | " | a | F [ F | F · F | F+

sE = sE1 · sE2
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Main Lemma: 
Let F be an "-free Tr-good rational expression with Tr(F ) = sF . We can
construct a map CF : sF ! RTE such that for each step x = (p, d, q) 2 sF :

1. dom(CF (x)) = L(F ),

2. for each u 2 L(F ), [[CF (x)]](u) is the output produced by A when running
step x on u (i.e., running A on u from p to q following direction d).
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Let F be an "-free Tr-good rational expression with Tr(F ) = sF . We can
construct a map CF : sF ! RTE such that for each step x = (p, d, q) 2 sF :

1. dom(CF (x)) = L(F ),

2. for each u 2 L(F ), [[CF (x)]](u) is the output produced by A when running
step x on u (i.e., running A on u from p to q following direction d).
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Main Lemma: 
Let F be an "-free Tr-good rational expression with Tr(F ) = sF . We can
construct a map CF : sF ! RTE such that for each step x = (p, d, q) 2 sF :
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Main Lemma: 
Let F be an "-free Tr-good rational expression with Tr(F ) = sF . We can
construct a map CF : sF ! RTE such that for each step x = (p, d, q) 2 sF :

1. dom(CF (x)) = L(F ),

2. for each u 2 L(F ), [[CF (x)]](u) is the output produced by A when running
step x on u (i.e., running A on u from p to q following direction d).

p q
F

CF (x)

2DFT to RTE: Kleene-plus

F ::= ; | " | a | F [ F | F · F | F+

CF (x)

C 0
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p3
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x2
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�
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�
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Main Lemma: 
Let F be an "-free Tr-good rational expression with Tr(F ) = sF . We can
construct a map CF : sF ! RTE such that for each step x = (p, d, q) 2 sF :

1. dom(CF (x)) = L(F ),

2. for each u 2 L(F ), [[CF (x)]](u) is the output produced by A when running
step x on u (i.e., running A on u from p to q following direction d).

F ::= ; | " | a | F [ F | F · F | F+

Theorem: (Paul Gastin, S.Krishna) 
For each s 2 S, there is an "-free good rational expression Fs such that

L(Fs) = '�1(s) \ {"} ✓ ⌃+

Therefore, G = " [
S

s2S Fs is an unambiguous rational expression over ⌃ such
that L(G) = ⌃⇤.



Main Lemma: 
Let F be an "-free Tr-good rational expression with Tr(F ) = sF . We can
construct a map CF : sF ! RTE such that for each step x = (p, d, q) 2 sF :

1. dom(CF (x)) = L(F ),

2. for each u 2 L(F ), [[CF (x)]](u) is the output produced by A when running
step x on u (i.e., running A on u from p to q following direction d).

F ::= ; | " | a | F [ F | F · F | F+

Theorem: (Paul Gastin, S.Krishna) 
For each s 2 S, there is an "-free good rational expression Fs such that

L(Fs) = '�1(s) \ {"} ✓ ⌃+

Therefore, G = " [
S

s2S Fs is an unambiguous rational expression over ⌃ such
that L(G) = ⌃⇤.

If TrM = {s1, s2, . . . , sm}

(Tr�1(sm�1) ?CFsm�1
: CFsm

))) .
<latexit sha1_base64="U21oXXCsNRpLXDGC8A8AAlfad7c="></latexit><latexit sha1_base64="U21oXXCsNRpLXDGC8A8AAlfad7c="></latexit><latexit sha1_base64="U21oXXCsNRpLXDGC8A8AAlfad7c="></latexit><latexit sha1_base64="U21oXXCsNRpLXDGC8A8AAlfad7c="></latexit>

CA = " ?C" : (Tr
�1(s1) ?CFs1

: (Tr�1(s2) ?CFs2
: · · ·
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Regular Transducer Expressions over ⍵-words

C ::= d | K ?C : C | C ⊙ C | C ! C | C
←−
! C | C! | C

←−

! | [K,C]2! | [K,C]
←−

2!

d ∈ Γ ∗ " {⊥} K ⊆ Σ∗ regular

E ::= L ?E : E | E � E | C � E | C! | [K,C]2!
<latexit sha1_base64="EkoYqWe+UUxdb4JRHTOz8dJOTe0="></latexit><latexit sha1_base64="EkoYqWe+UUxdb4JRHTOz8dJOTe0="></latexit><latexit sha1_base64="EkoYqWe+UUxdb4JRHTOz8dJOTe0="></latexit><latexit sha1_base64="k1aAwnZfbmiUQQ4SQUC5jnZ92uw="></latexit><latexit sha1_base64="qnVpUZA37h6frnyqztzy6bkRr4Q="></latexit><latexit sha1_base64="qnVpUZA37h6frnyqztzy6bkRr4Q="></latexit><latexit sha1_base64="Pyr7Lse1S/kI1dkiSYXwvXPt8ac="></latexit><latexit sha1_base64="EkoYqWe+UUxdb4JRHTOz8dJOTe0="></latexit><latexit sha1_base64="EkoYqWe+UUxdb4JRHTOz8dJOTe0="></latexit><latexit sha1_base64="EkoYqWe+UUxdb4JRHTOz8dJOTe0="></latexit><latexit sha1_base64="EkoYqWe+UUxdb4JRHTOz8dJOTe0="></latexit><latexit sha1_base64="EkoYqWe+UUxdb4JRHTOz8dJOTe0="></latexit><latexit sha1_base64="EkoYqWe+UUxdb4JRHTOz8dJOTe0="></latexit>

L ✓ ⌃! regular
<latexit sha1_base64="j1ZOCGlR11lXIDjEXr2sLGJhH/4="></latexit><latexit sha1_base64="j1ZOCGlR11lXIDjEXr2sLGJhH/4="></latexit><latexit sha1_base64="j1ZOCGlR11lXIDjEXr2sLGJhH/4="></latexit><latexit sha1_base64="j1ZOCGlR11lXIDjEXr2sLGJhH/4="></latexit>

Unambiguous ⍵-iteration 

If then else 

(L ? g : h)(w) =

(
g(w) if w 2 L

h(w) otherwise
<latexit sha1_base64="P1Fred3zwKSjbKaJefJnkx0VVjs="></latexit><latexit sha1_base64="P1Fred3zwKSjbKaJefJnkx0VVjs="></latexit><latexit sha1_base64="P1Fred3zwKSjbKaJefJnkx0VVjs="></latexit><latexit sha1_base64="P1Fred3zwKSjbKaJefJnkx0VVjs="></latexit>

f!(w) = f(u1)f(u2) · · · 2 �1
<latexit sha1_base64="I4B9NVWSxGwIW2IqHBPuh0y1AXk="></latexit><latexit sha1_base64="I4B9NVWSxGwIW2IqHBPuh0y1AXk="></latexit><latexit sha1_base64="I4B9NVWSxGwIW2IqHBPuh0y1AXk="></latexit><latexit sha1_base64="I4B9NVWSxGwIW2IqHBPuh0y1AXk="></latexit>

If w = u1u2 · · · with ui 2 dom(f)
<latexit sha1_base64="RvwCoZXVzvxP5hUElNhIp1GkaA8=">AAAEo3icjVPbbtQwEHXbBUq5tfDIi0tUqUjVap0iFSEhKnih4qWg3qQ4rBzH2bXq2JHtdHdl+VP4Gl7hA/gbnN1FdLPlMlKkycw545kzmqwS3Nhe78fK6lrn1u0763c37t1/8PDR5tbjM6NqTdkpVULpi4wYJrhkp5ZbwS4qzUiZCXaeXb5r8udXTBuu5ImdVCwtyUDyglNiQ6i/eYAtG1t3VEAPR6/rPoJ1P4aY5soaOMvBEb </latexit><latexit sha1_base64="RvwCoZXVzvxP5hUElNhIp1GkaA8=">AAAEo3icjVPbbtQwEHXbBUq5tfDIi0tUqUjVap0iFSEhKnih4qWg3qQ4rBzH2bXq2JHtdHdl+VP4Gl7hA/gbnN1FdLPlMlKkycw545kzmqwS3Nhe78fK6lrn1u0763c37t1/8PDR5tbjM6NqTdkpVULpi4wYJrhkp5ZbwS4qzUiZCXaeXb5r8udXTBuu5ImdVCwtyUDyglNiQ6i/eYAtG1t3VEAPR6/rPoJ1P4aY5soaOMvBEb </latexit><latexit sha1_base64="RvwCoZXVzvxP5hUElNhIp1GkaA8=">AAAEo3icjVPbbtQwEHXbBUq5tfDIi0tUqUjVap0iFSEhKnih4qWg3qQ4rBzH2bXq2JHtdHdl+VP4Gl7hA/gbnN1FdLPlMlKkycw545kzmqwS3Nhe78fK6lrn1u0763c37t1/8PDR5tbjM6NqTdkpVULpi4wYJrhkp5ZbwS4qzUiZCXaeXb5r8udXTBuu5ImdVCwtyUDyglNiQ6i/eYAtG1t3VEAPR6/rPoJ1P4aY5soaOMvBEb </latexit><latexit sha1_base64="RvwCoZXVzvxP5hUElNhIp1GkaA8=">AAAEo3icjVPbbtQwEHXbBUq5tfDIi0tUqUjVap0iFSEhKnih4qWg3qQ4rBzH2bXq2JHtdHdl+VP4Gl7hA/gbnN1FdLPlMlKkycw545kzmqwS3Nhe78fK6lrn1u0763c37t1/8PDR5tbjM6NqTdkpVULpi4wYJrhkp5ZbwS4qzUiZCXaeXb5r8udXTBuu5ImdVCwtyUDyglNiQ6i/eYAtG1t3VEAPR6/rPoJ1P4aY5soaOMvBEb </latexit>

Unambiguous 2-chained ⍵-iteration 

[K, f ]2!(w) = f(u1u2)f(u2u3) · · ·
<latexit sha1_base64="K2PSGGTT7Zu6Ta+YGWNQasmOuGQ="></latexit><latexit sha1_base64="K2PSGGTT7Zu6Ta+YGWNQasmOuGQ="></latexit><latexit sha1_base64="K2PSGGTT7Zu6Ta+YGWNQasmOuGQ="></latexit><latexit sha1_base64="K2PSGGTT7Zu6Ta+YGWNQasmOuGQ="></latexit>

w = u1u2 · · · with ui 2 K 8i
<latexit sha1_base64="fvo4nAu5FzEyfcH0XAroOoYsSvg="></latexit><latexit sha1_base64="fvo4nAu5FzEyfcH0XAroOoYsSvg="></latexit><latexit sha1_base64="fvo4nAu5FzEyfcH0XAroOoYsSvg="></latexit><latexit sha1_base64="fvo4nAu5FzEyfcH0XAroOoYsSvg="></latexit>

Unambiguous Cauchy product 

(f � g)(w) = f(u) · g(v)
<latexit sha1_base64="xUa5B5iymlxMWSljMu+ys3t9r00=">AAAEiXicjVNta9swEFbbbOvSbW23j2PgzgwSKCFKByuFsbJ+2b510DewvCLL58RUlowkJw3Cn/Zr9nX7Nfs3k52MJU73ciA43T13eu45FOU81abf/7G2vtG6d//B5sP21qPHT7Z3dp9eaFkoBudMcqmuIqqBpwLOTWo4XOUKaBZxuIxuTqr85RiUTqU4M9McwowORZqkjBoXut550UkIV7E03rDbmXTfJp2iS1h974y71zt+v9 </latexit><latexit sha1_base64="xUa5B5iymlxMWSljMu+ys3t9r00=">AAAEiXicjVNta9swEFbbbOvSbW23j2PgzgwSKCFKByuFsbJ+2b510DewvCLL58RUlowkJw3Cn/Zr9nX7Nfs3k52MJU73ciA43T13eu45FOU81abf/7G2vtG6d//B5sP21qPHT7Z3dp9eaFkoBudMcqmuIqqBpwLOTWo4XOUKaBZxuIxuTqr85RiUTqU4M9McwowORZqkjBoXut550UkIV7E03rDbmXTfJp2iS1h974y71zt+v9 </latexit><latexit sha1_base64="xUa5B5iymlxMWSljMu+ys3t9r00=">AAAEiXicjVNta9swEFbbbOvSbW23j2PgzgwSKCFKByuFsbJ+2b510DewvCLL58RUlowkJw3Cn/Zr9nX7Nfs3k52MJU73ciA43T13eu45FOU81abf/7G2vtG6d//B5sP21qPHT7Z3dp9eaFkoBudMcqmuIqqBpwLOTWo4XOUKaBZxuIxuTqr85RiUTqU4M9McwowORZqkjBoXut550UkIV7E03rDbmXTfJp2iS1h974y71zt+v9 </latexit><latexit sha1_base64="xUa5B5iymlxMWSljMu+ys3t9r00=">AAAEiXicjVNta9swEFbbbOvSbW23j2PgzgwSKCFKByuFsbJ+2b510DewvCLL58RUlowkJw3Cn/Zr9nX7Nfs3k52MJU73ciA43T13eu45FOU81abf/7G2vtG6d//B5sP21qPHT7Z3dp9eaFkoBudMcqmuIqqBpwLOTWo4XOUKaBZxuIxuTqr85RiUTqU4M9McwowORZqkjBoXut550UkIV7E03rDbmXTfJp2iS1h974y71zt+v9 </latexit>

If w = u · v with
<latexit sha1_base64="osWwGwDhyaaKKArDam5ur+ncTeE="></latexit><latexit sha1_base64="osWwGwDhyaaKKArDam5ur+ncTeE="></latexit><latexit sha1_base64="osWwGwDhyaaKKArDam5ur+ncTeE="></latexit><latexit sha1_base64="osWwGwDhyaaKKArDam5ur+ncTeE="></latexit>

u 2 dom(f) and v 2 dom(g)
<latexit sha1_base64="C51AD4mmiCpN21lC/NKIt+1efRs=">AAAEt3icjVPbatwwEFWSbZtuL0nax74oNYEUwrLeFHqB0tC+NPQlhWwSsNxFluW1iCy5krybReij+jWlb+2fVN4LzXrTy4BhPHPOaOYMk5ScadPtfl9b32jdun1n82773v0HD7e2dx6daVkpQvtEcqkuEqwpZ4L2DTOcXpSK4iLh9Dy5fF/nz0dUaSbFqZmUNC7wULCMEWx8aLD9cQ8ZemWgPc6gg+M3FSKpNHAEp2ELx8zk0L </latexit><latexit sha1_base64="C51AD4mmiCpN21lC/NKIt+1efRs=">AAAEt3icjVPbatwwEFWSbZtuL0nax74oNYEUwrLeFHqB0tC+NPQlhWwSsNxFluW1iCy5krybReij+jWlb+2fVN4LzXrTy4BhPHPOaOYMk5ScadPtfl9b32jdun1n82773v0HD7e2dx6daVkpQvtEcqkuEqwpZ4L2DTOcXpSK4iLh9Dy5fF/nz0dUaSbFqZmUNC7wULCMEWx8aLD9cQ8ZemWgPc6gg+M3FSKpNHAEp2ELx8zk0L </latexit><latexit sha1_base64="C51AD4mmiCpN21lC/NKIt+1efRs=">AAAEt3icjVPbatwwEFWSbZtuL0nax74oNYEUwrLeFHqB0tC+NPQlhWwSsNxFluW1iCy5krybReij+jWlb+2fVN4LzXrTy4BhPHPOaOYMk5ScadPtfl9b32jdun1n82773v0HD7e2dx6daVkpQvtEcqkuEqwpZ4L2DTOcXpSK4iLh9Dy5fF/nz0dUaSbFqZmUNC7wULCMEWx8aLD9cQ8ZemWgPc6gg+M3FSKpNHAEp2ELx8zk0L </latexit><latexit sha1_base64="C51AD4mmiCpN21lC/NKIt+1efRs=">AAAEt3icjVPbatwwEFWSbZtuL0nax74oNYEUwrLeFHqB0tC+NPQlhWwSsNxFluW1iCy5krybReij+jWlb+2fVN4LzXrTy4BhPHPOaOYMk5ScadPtfl9b32jdun1n82773v0HD7e2dx6daVkpQvtEcqkuEqwpZ4L2DTOcXpSK4iLh9Dy5fF/nz0dUaSbFqZmUNC7wULCMEWx8aLD9cQ8ZemWgPc6gg+M3FSKpNHAEp2ELx8zk0L </latexit>



Regular Transducer Expressions over ⍵-words

C ::= d | K ?C : C | C ⊙ C | C ! C | C
←−
! C | C! | C

←−

! | [K,C]2! | [K,C]
←−

2!

d ∈ Γ ∗ " {⊥} K ⊆ Σ∗ regular

E ::= L ?E : E | E � E | C � E | C! | [K,C]2!
<latexit sha1_base64="EkoYqWe+UUxdb4JRHTOz8dJOTe0="></latexit><latexit sha1_base64="EkoYqWe+UUxdb4JRHTOz8dJOTe0="></latexit><latexit sha1_base64="EkoYqWe+UUxdb4JRHTOz8dJOTe0="></latexit><latexit sha1_base64="k1aAwnZfbmiUQQ4SQUC5jnZ92uw="></latexit><latexit sha1_base64="qnVpUZA37h6frnyqztzy6bkRr4Q="></latexit><latexit sha1_base64="qnVpUZA37h6frnyqztzy6bkRr4Q="></latexit><latexit sha1_base64="Pyr7Lse1S/kI1dkiSYXwvXPt8ac="></latexit><latexit sha1_base64="EkoYqWe+UUxdb4JRHTOz8dJOTe0="></latexit><latexit sha1_base64="EkoYqWe+UUxdb4JRHTOz8dJOTe0="></latexit><latexit sha1_base64="EkoYqWe+UUxdb4JRHTOz8dJOTe0="></latexit><latexit sha1_base64="EkoYqWe+UUxdb4JRHTOz8dJOTe0="></latexit><latexit sha1_base64="EkoYqWe+UUxdb4JRHTOz8dJOTe0="></latexit><latexit sha1_base64="EkoYqWe+UUxdb4JRHTOz8dJOTe0="></latexit>

L ✓ ⌃! regular
<latexit sha1_base64="j1ZOCGlR11lXIDjEXr2sLGJhH/4="></latexit><latexit sha1_base64="j1ZOCGlR11lXIDjEXr2sLGJhH/4="></latexit><latexit sha1_base64="j1ZOCGlR11lXIDjEXr2sLGJhH/4="></latexit><latexit sha1_base64="j1ZOCGlR11lXIDjEXr2sLGJhH/4="></latexit>



Regular Transducer Expressions over ⍵-words

C ::= d | K ?C : C | C ⊙ C | C ! C | C
←−
! C | C! | C

←−

! | [K,C]2! | [K,C]
←−

2!

d ∈ Γ ∗ " {⊥} K ⊆ Σ∗ regular

E ::= L ?E : E | E � E | C � E | C! | [K,C]2!
<latexit sha1_base64="EkoYqWe+UUxdb4JRHTOz8dJOTe0="></latexit><latexit sha1_base64="EkoYqWe+UUxdb4JRHTOz8dJOTe0="></latexit><latexit sha1_base64="EkoYqWe+UUxdb4JRHTOz8dJOTe0="></latexit><latexit sha1_base64="k1aAwnZfbmiUQQ4SQUC5jnZ92uw="></latexit><latexit sha1_base64="qnVpUZA37h6frnyqztzy6bkRr4Q="></latexit><latexit sha1_base64="qnVpUZA37h6frnyqztzy6bkRr4Q="></latexit><latexit sha1_base64="Pyr7Lse1S/kI1dkiSYXwvXPt8ac="></latexit><latexit sha1_base64="EkoYqWe+UUxdb4JRHTOz8dJOTe0="></latexit><latexit sha1_base64="EkoYqWe+UUxdb4JRHTOz8dJOTe0="></latexit><latexit sha1_base64="EkoYqWe+UUxdb4JRHTOz8dJOTe0="></latexit><latexit sha1_base64="EkoYqWe+UUxdb4JRHTOz8dJOTe0="></latexit><latexit sha1_base64="EkoYqWe+UUxdb4JRHTOz8dJOTe0="></latexit><latexit sha1_base64="EkoYqWe+UUxdb4JRHTOz8dJOTe0="></latexit>

L ✓ ⌃! regular
<latexit sha1_base64="j1ZOCGlR11lXIDjEXr2sLGJhH/4="></latexit><latexit sha1_base64="j1ZOCGlR11lXIDjEXr2sLGJhH/4="></latexit><latexit sha1_base64="j1ZOCGlR11lXIDjEXr2sLGJhH/4="></latexit><latexit sha1_base64="j1ZOCGlR11lXIDjEXr2sLGJhH/4="></latexit>

Hadamard product 

If w 2 dom(g) \ dom(h) with g(w) 2 �⇤
<latexit sha1_base64="jHD4LkwGrBfE7mHSkwiYqtv+Spc="></latexit><latexit sha1_base64="jHD4LkwGrBfE7mHSkwiYqtv+Spc="></latexit><latexit sha1_base64="jHD4LkwGrBfE7mHSkwiYqtv+Spc="></latexit><latexit sha1_base64="jHD4LkwGrBfE7mHSkwiYqtv+Spc="></latexit>

(g � h)(w) = g(w) · h(w)
<latexit sha1_base64="Dld/XpCrn8om65wflEV4XfBV97Q="></latexit><latexit sha1_base64="Dld/XpCrn8om65wflEV4XfBV97Q="></latexit><latexit sha1_base64="Dld/XpCrn8om65wflEV4XfBV97Q="></latexit><latexit sha1_base64="Dld/XpCrn8om65wflEV4XfBV97Q="></latexit>
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Extension to Infinite words
Tr : ⌃⇤ ! TrM 🤔

⌃! =
m[

k=1

Fk ·G!
k

<latexit sha1_base64="Q024OLNoNWqhEqX2PKp+ccy6tiM="></latexit><latexit sha1_base64="Q024OLNoNWqhEqX2PKp+ccy6tiM="></latexit><latexit sha1_base64="Q024OLNoNWqhEqX2PKp+ccy6tiM="></latexit><latexit sha1_base64="Q024OLNoNWqhEqX2PKp+ccy6tiM="></latexit>

Fk, Gk � good
<latexit sha1_base64="B/zvm3mMx1sIpPRP6i16UWnyfSA="></latexit><latexit sha1_base64="B/zvm3mMx1sIpPRP6i16UWnyfSA="></latexit><latexit sha1_base64="B/zvm3mMx1sIpPRP6i16UWnyfSA="></latexit><latexit sha1_base64="B/zvm3mMx1sIpPRP6i16UWnyfSA="></latexit>

Gk ! idempotent
<latexit sha1_base64="OsVZKqPCSJ75c0gZ2Q+r+qAdJcI="></latexit><latexit sha1_base64="OsVZKqPCSJ75c0gZ2Q+r+qAdJcI="></latexit><latexit sha1_base64="OsVZKqPCSJ75c0gZ2Q+r+qAdJcI="></latexit><latexit sha1_base64="OsVZKqPCSJ75c0gZ2Q+r+qAdJcI="></latexit>



Extension to Infinite words
Tr : ⌃⇤ ! TrM 🤔

⌃! =
m[

k=1

Fk ·G!
k

<latexit sha1_base64="Q024OLNoNWqhEqX2PKp+ccy6tiM="></latexit><latexit sha1_base64="Q024OLNoNWqhEqX2PKp+ccy6tiM="></latexit><latexit sha1_base64="Q024OLNoNWqhEqX2PKp+ccy6tiM="></latexit><latexit sha1_base64="Q024OLNoNWqhEqX2PKp+ccy6tiM="></latexit>

Fk, Gk � good
<latexit sha1_base64="B/zvm3mMx1sIpPRP6i16UWnyfSA="></latexit><latexit sha1_base64="B/zvm3mMx1sIpPRP6i16UWnyfSA="></latexit><latexit sha1_base64="B/zvm3mMx1sIpPRP6i16UWnyfSA="></latexit><latexit sha1_base64="B/zvm3mMx1sIpPRP6i16UWnyfSA="></latexit>

Gk ! idempotent
<latexit sha1_base64="OsVZKqPCSJ75c0gZ2Q+r+qAdJcI="></latexit><latexit sha1_base64="OsVZKqPCSJ75c0gZ2Q+r+qAdJcI="></latexit><latexit sha1_base64="OsVZKqPCSJ75c0gZ2Q+r+qAdJcI="></latexit><latexit sha1_base64="OsVZKqPCSJ75c0gZ2Q+r+qAdJcI="></latexit>

CFG!
<latexit sha1_base64="W1nMiOuJ9d565/OY7rZmQdgF1yY="></latexit><latexit sha1_base64="W1nMiOuJ9d565/OY7rZmQdgF1yY="></latexit><latexit sha1_base64="W1nMiOuJ9d565/OY7rZmQdgF1yY="></latexit><latexit sha1_base64="W1nMiOuJ9d565/OY7rZmQdgF1yY="></latexit>

✔
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Transducer Expression for Aperiodic Transformation? 🤔 


